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Introduction



Necessity of the extension of standard model of
particle physics and gravity

S — Sg —|— Sm (M(% =1/(87@G))
4 1,2 4
= d x\/—g EMGR_I_ d x\/—g Lo\
Einstein-Hilbert action (GR) Action for SM of particle physics

These actions might not be able to account for DE(inflation) and/or DM
(in addition to the non-zero neutrino masses, baryon asymmetry, etc.)

‘ Extension of GR and/or SM of particle physics

‘ Add new d.o.f. responsible for DE(inflation) and/or DM.



Standard way of the extension of
GR and/or (SM of particle physics)

S = Sg—+ Sm (MZ = 1/(87G))
4 1,2 4
= d x\/—g EMGR_I_ d x\/—g Lo\
Einstein-Hilbert action (GR) Action for SM of particle physics
For example ‘
S = Sg+ Sm

_— /d4$v —9 LHorndeski T+ /d4$v —9 LMSSM
.

Luorndeski = L2+ L3+ L4+ Ls,
Ly = K($,X),
< Lz = —G3(,X)00,
Lo = Ga(¢, X)R+Gax [(09)° — (VuVué)?],
Ls = Gs(¢,X)GuVFV

k ~<Gsx[(O8)° - 3(06) (V,i¥u8)? + 2 (VuVu)?]




Another way of the extension

S = Sg+ Sm (MG = 1/(87G))
4 1,2 4
= d x\/—g EMGR_I_ d x\/—g Lo\
Einstein-Hilbert action (GR) Action for SM of particle physics

‘ Extension through field transformation

Juv — Guv (hor, @)

N.B. No new d.o.f. appears as long as a transformation is regular and invertible.
However, if a transformation is singular, this might not be the case.



Singular transformation

Transformation : 9, = fz (333)

Jacobian matrix : % %
ori1 Ox»o
J ori1 Ox»o

Singular “ detﬂj =0 “ An eigenvalue vanishes
( Regular “ det%j 7+_ O “ No eigenvalue vanishes )



Mimetic gravity (dark matter)

(Chamseddine & Mukhanov 2013)

Seed system . g. and matter field (‘¥M) with a seed action,
Sseedl9, W ]

Singular transformation (w

Juv — Juv (hO"Ta §b)

Transformed system : h, and matter field (¥m) with
new d.o.f (@) (constrained by conformal inv.)

SdiS[h’a ¢, WM] — Pseed [g(h’a ¢)7 WM]

conformal (Weyl) invariance)

(guy — guy fOI’ huy — (.UQhuy)

‘ 5SdiS[h’a¢a \'UM] 5SdiS[ha¢a \'UM]

— O, — O,
N 0P

give gravitational eq. including new d.o.f and its eq.




Concrete (original) example of mimetic gravity

(Chamseddine & Mukhanov 2013)

Seed system : gw and matter field (¥™M) with a seed action,
e.0. Sseedlg, V] = /d4:c\/ —gR 4+ Smatter

Singular transformation 9w = (h*0addsd) huw = Y by
with conformal invariance

(gu,y — QMV fOI’ hap;y —> (.UQh.uy)

(Dis)transformed system : h,, and matter field (¥m) with
new d.o.f ¢ (constrained by conformal inv.)

SdiS[h’a ¢, WM] — Mseed [g(h’a ¢)7 WM]

r
0Sseedlg, V] = /d4$\/—9 (GH(g) = TH) dguw

Oguw = Y ohop (5255 - gy’ gpﬁé‘aﬁbaﬂcb) + 2909”050 90p¢h
\

5Saislh &, W) _ ,  OSaislh, 6, W] _
Shuw ’ ¢




Concrete (original) example of mimetic gravity ||

(Chamseddine & Mukhanov 2013)

SdiS[h7 ?, WM] — seed[g(ha b), WM] S /d437\/ —gR + Smatter-

Juv = (haﬁaoz@aﬁ(b) huv = Y hpuw (91 = Gy T Py — )

B
(:’ 9 0upDu$ = S-DubOue = 1) (G(g) =T) (1 — g"8uddy$) = O.

p #0 Trace part is trivially satisfied.

0Sseed lg, WM] - /d4$v —9 (GHU(Q) - T‘W) 59;11/

dguy = Y ohop (5555 — gyugaag’ﬁ@aqﬁ@@qﬁ) + quugapaaéﬁbaqu

\.
r
Pash @Vl _ o amig) ~ 1~ (Glg) ~ 1) g P00 08p0 = 0
Ny
__ = () =TT with G T =0
el vl _o — . (@) - =0 il

TH = (e + p)uru” —pg”’, e =G(g) =T, p=0, u* = g'*d,¢ (dust)
(vfuy = g""0udpovd = 1)



Important extension and applications

Depending on seed action and/or transformation,
one can obtain different features of mimetic matters.

® Change seed actions:
Chamseddine, Mukhanov, Vikman 2014
Mirzagholi, Vikman 2015
Arroja, Bartolo, Karmakar, Matarrese 2015
Takahashi, Kobayashi 2017
Gorji, Mansoori, Firouzjahi 2018
many many important others...

® Change transformations:
Gorji, Mukohyama, Firouzjahi, Mansoori 2018
Gorji, Mukohyama, Firouzjahi 2019
Jirousek, Vikman 2019
Hammer, Jirousek, Vikman 2020
many many important others..

In this talk, we will take another direction.



The following questions arise !!

( ® \What’s the essence of mimetic gravity ?

® \What determines the form of a mimetic matter ?

< ® How important is conformal invariance ?

® Is there any relation between conformal invariance
and the form of mimetic matter ?

® Do we need to impose conformal invariance
\_ontransformation “a priori” ?

These are the questions we would like to address in this talk.



What’s the essence of
mimetic gravity ?

(Pavel Jirousek, Keigo Shimada, Alexander Vikman, MY, arXiv: 2207.12611)



Singular
(disformal) transformation



Disformal transformation ekenstein 1992

Juv — C(Y, (b)h;w + D(Y, ¢)au¢8u<b: Y = h?" 05907 ¢

(0= (= G w?99)

To check the invertibility, we consider Jacobian, its eigenvalues and eigenvectors.
(Zumalacarregui & Garcia-Bellido 2014)

5
Th = 970 — O1SY — Cyhapd$d”$ — Dy BedBpdd"¢d” ¢
(Sh‘uy ( _oC 3D)
j#[g/ggu == Aazggpa Cgpj#; — ACLC(&LU:

® (9) eigenvalues, eigenvectors, dual-eigenvectors :

C aE v
Ac = C, gw/ — qbuw Cgfv — ¢I:|L‘V (qbiyaﬁfba”qb =0, ¢f f;?y S O)

® (1) eigenvalue, eigenvector, dual-eigenvector :
Ap=C—CyY —DyY? ¢5, =Cyhu + DyOuddud, (Y = 0+¢d"¢

A =0 and/orab =0 < Singular transformation



~

.

Consequences of singular transformation

SdiS[ha ¢a WM] =

» 590,0) : 0Sqdis
Tk " reqular —
(1) p( g > =0 =

gop

(i) 74 ( dif: ) : singular (Aa = 0)

)
EE) §Sgis = /d4$ ( Sseed _ pCq )j#py Jomy

95dis _ ¢
Shyw
’ 5gap
In original case (C=Y+#0, D=0)
Guy

(,\D =C —CyY — DyY?2 = 0)

5Sseed —

(caPTty = rah”,
op
a

— Ty = pOupdvd = Ty

(G!T)

seed [gCh, @), W /]

Aa:o)




The first Important message :

The property of mimetic matter
IS determined by the eigenvector with
zero eigenvalue.



Why conformal symmetry ?



f

Eigenvector as generator of symmetry transformation

Consider the infinitesimal change of huv such that

5€huy — Eé-/'”/
TN

small parameter eigenvector of Jacobian

‘ 5€guy — nglljogo'p — GASMV
=) A\ =0 <= 06cguy =0

This infinitesmal change of h becomes symmetry transformation of g.

Inoriginal case (C =y #0,D =0 = Ap=C-CyY — DyY2=0)

Ochyy = efﬁ)y = ehy, :conformal trans. <— 6.9, = O

(&0 = Cyhu + Dy 8u60,0)

o



Conformal symmetry appears
as the result of singular transformation.

Do we need to impose conformal invariance
on transformation “a priori” ?



Singular behavior of disformal transformation
Juv — C(Y, (b)h;w + D(Y, ¢)au¢8u<b: Y = h?" 0507 ¢

Jacobian matrix, its eigenvalues and eigenvectors.

590‘{)
5}1“1/

(1) eigenvalue, eigenvector:

V72—
jc‘;'p .

= 0056, — Cyhopd"$0”¢ — Dy 05¢dpp0H 0" ¢, T, &1 = Aa&ap,

C
Ap=C = CyY —DyY? = Y20y (C+D), €8, = Cyhyu + Dydustus,

® )0 =0 as a function (for all configurations of @) (Deruelle & Rua 2014)
_ O, ¢9)
u DY, ¢) = - Y +ele) ¥~ arbitrary function
® o = 0 for some configuration for ¢ — thistalk

u C =CyY + DyY?

interpreted as a non-trivial equation of motion
which may be used to determine the behavior of ¢.



In fact, we do NOT need to impose
conformal Iinvariance
on transformation “a priori”.



Examples without conformal invariance
on transformation “a priori”.



Example 1 (oo e0)

(no matter
for simplicity)

(
Seed action :  Sseedl9: V] = / d*c/—gR

{ Transformation g =€ Thuy (Y = h79,40,6)

\ No conformal invariance: 9. # guv for huy = w?hu,

e 0Sseed 585eed /Lu/ —_ . Y—-1 v po Mol N
> = Tsp =€ (G (g9) — G (g)hpod" 90" $) = O
5}&”1/ 5go'p

Trace w.r.t. g (contracting with E}W = guv)

=) G(g)e” '(1-Y)=0. (G(g)=0: (standard) GR branch)

= AD
D =0 (Y=1) branch ( )

m) G, — GOupd,¢p = 0. NB. ® G (=p) is not fixed

— because the trace part is
MULTUTE Dl Fi compensated by Y=1 & X=1.

d0Syis (g9) = —
5@ —0 (=) V4 (GOM$) = 0 ® On Y=1 & X=1,
4 gu = hy  regular trans.




Example 2 (D(Y@)#C(};(b)—l—c((ﬁ))

(no matter
for simplicity)

-
Seed action :  Sseedl9: V] = / d*c/—gR

< Transformation : guv = hyw + YOupov® (v = h770,40:¢)

5 No conformal invariance: 9. # gu for hu, = w?hu

EOM for h 5S

53
mm) %9 = St g1 — G (g) — GOP(g) 00 pOpddH 0" = O
5hu1/ 590‘p

Contracting with §EU = Oupoy ¢
‘ G“”(g)@uqb@ufﬁ (1 — Yz) = 0. (Gqsqs = G"(9)0uddv$ = 0: GR branch)
AD =0 (Y==*x1) branch (: }'D)

(G = i2G¢¢) Mimetic DM

0S5dis __ KA — N.B. Multiple solutions of AD=0.
=0 ﬁc‘? G0o0"¢p) = 0. PIE€ solutions o
0¢ p( ) Time-like one and space-like one.




Singular but invertible transformation

(Pavel Jirousek, Keigo Shimada, Alexander Vikman, MY, arXiv: 2208.05951)

N.B. A regular and invertible transformation gives the physically same dynamics
(and the same number of d.o.f.) because it is nothing but relabelling.



Inverse function theorem

Transformation: Y; — f@(xg)

1 = 0 0
Jacobian matrix : g ooh

Regular “ detjij = 0 “ No eigenva}lue vanishes

Inverse function theorem :

If the transformation is regular at some point, I
there is one-to-one correspondence (invertible) locally around that pomt

But, the opposite is not necessarily true, that is, even if the transformation
Is singular at some point, it can be (locally) invertible.

Singular “ detjz-j =0 ﬁ An eigenvalue vanishes



Example of singular but invertible transformation

The transformation is
singular at the origin.

But, the transformation
IS invertible !!

Regular “ detjij #= 0 ‘ (locally) invertible

(Inverse function theorem)

Singular “ detxjij = 0 ‘ invertible or non-invertible



Appearance of new d.o.f from
singular but invertible transformation

1 rt2 , -
Sl =3 |, i mmy q=0
mm) g(t) =qo+ vt

(2 initial conditions: go (initial position), vo (initial velocity) =» 1 d.o.f.)

(Singular but) invertible transformation of the variable Q <&  :

1(Q,0)=Q>+¢ <(mm) Q(q, $) = Vg — ¢

(one-to-one correspondence)

LI

J = — 3(Q¢ singularatQ=0
0Q



Appearance of new d.o.f from
singular but invertible transformation I

oq

(QH=Q+¢  (1=55=)

t
s =1 [Tw (3+30%) 4mm Sk)= [ s

i1
dS dS d
— 50 ¢ 56 dt’

f‘ Regular branchwithJ#0 mm) ¢ = 0 ®mm) q(t) =qo +vot

@ Singular branch with J=0at Q = 0, (2 constants, 1 d.o.f.)

5S  d*
< ﬂ 5c;5_dt4¢_0

42
‘ o(t) =co+c1t + 2 + c3

g 4 constants, 2 d.o.f.

e New d.o.f. appeared !!

\_ ‘ 9(Q,P)lg=0 = ¢ = c1 +cot + 35



Appearance of new “dynamics” from
singular but invertible transformation

S[q,¢]=;/tt2dt (4 + ¢°) ‘ §g=0, ¢ =0.

1

) 9(t) =qo0+vot, ¢(t) =0+ uot.

(4 initial conditions: qo, Vo, @0, uo =» 2d.o.f.)
(Singular but) invertible transformation of the variables :
- 3 .
q _ Q _I_ ¢ 9
9= 9.




Appearance of new “dynamics” from
singular but invertible transformation Il

1=Q>+¢, o= 9.

s10.01= 5 [ [(3+3020)° +¢*] Gm Sla.0) = [*ar (i +62)

65 D oS d /..

== =0, —=— — =0 .

50 qQ 56 di (q cb)

‘@ Regular branchwithQ#0 mmm) § = 0, ¢ = 0. (4constants, 2d.o.f.)

@ Singular branch with Q =0,

5S _d o
< > 36— a (¢ —0)=0 4 constants, 2 d.o.f.
The number of d.o.f.
‘ d(t) = co + c1t + cosinh(t) + c3 cosh(t) remains unchanged.

. . = l'
\ ‘ 9(Q, 3)|g=0 = ¢ = ¢1 + casinh(t) + e3 cosh(t) But, new dynamics appeared!!




Summary

® GR and SM of particle physics are very successful theories, but needs to be
modified in order to explain DE (inflation), DM, and so on.
® Another way to add d.o.f. is to use singular transformation,
whose typical example is mimetic gravity.
® \What’s the essence of mimetic gravity ?
Singular transformation
® \What determines the form of a mimetic matter ?
Eigenvector of Jacobian matrix with zero eigenvalue
® How important is conformal invariance ?
Important but might be not crucial
® |s there any relation between conformal invariance
and the form of mimetic matter ?
No
® Do we need to impose conformal invariance
on transformation “a priori” ?
No
® Singular but invertible can change d.o.f as well as change dynamics.
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