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Theory & Observations



OUTLINE

RW metric (CP + Weyl’s postulate)

Big Bang Model

Problems of Big Bang

Solutions for problems (Yamaguchi’s talk)

Predictions of Inflation (Gong’s talk)

Stochastic properties

Observables (Appleby’s talk)



COSMOLOGY

• General theory of Relativity (GR) : local theory (Gaussian 
normal coordinate), geometric theory of gravitation

• 2nd order nonlinear partial DEs : difficult to solve and no 
general solutions

• Few specific solutions for GR
• Static (stationary) local solutions : BHs
• Static global solution : Einstein static univ (assume spatial hom + 

iso : CP , need Λ to satisfy EFEs)
• Dynamical sols : de Sitter, RW metric (assume CP+Weyl’s 

postulate) : cosmic (global) time + comoving spatial element + 
scale factor (information for expansion)

• Cosmology : Solve EFEs by using  RW type metric 𝐺!" + 
Thermodymanics 𝑇!" (adiabaticity)



ROBERTSON-
WALKER (RW) 
METRIC
• Cosmological principle : 3D space is 

hom + iso at a given cosmic time, 𝑡#
(Killing vectors) = same as Einstein’s 
static Univ

• Weyl’s postulate : Spacelike 
hypersurfaces = surfaces of 
simultaneity w.r.t the t 

• Time varying speed of light ( VSL in 
the expanding Univ, out of scope)

• Refer : Islam p.37-45, Ryder p.344-
355, Hubson p.355-367, Narlikar p.94-
112 
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BIG BANG 
MODEL
• Einstein’s Field equation : FLRW 

equations

• Solutions for FLRW eqs : Big Bang 
Models

• BB = Decelerated expanding Univ with 
ordinary materials (radiation + baryon)

• FLRW Univ assumes CP but it can’t 
explain it : horizon problem

• BB shows that early Univ was made of 
many causally disconnected regions of 
space : horizon problem



PROBLEMS OF BIG BANG UNIVERSE
• Flatness problem (= oldness problem, 

fine-tuning) : even closer to 1 in the past
• Horizon problem (CMB isotropy)



REASON FOR BB PROBLEMS 
AND SOLUTIONS

• Both problems are due to the increasement of Hubble radius ( $
%&
= $

%̇
) during decelerating expansion

• Require shrinking Hubble radius ( i) accelerating expansion , ii) 
larger c , iii) bouncing (Novello & Bergliaffa 08 or Brandenberger & 
Peter 17)  ) at early Univ

• (Refer Yamaguchi’s talk for similar approaches in different areas)

• Early Univ = before hot BB



HOW MUCH 
INFLATION DO 
WE NEED?

• At least, we need the larger 
Hubble radius at the 
beginning of the inflation 
than that of today :
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PREDICTIONS OF 
INFLATION
(REFER GONG’S TALK 
FOR DETAILS)

• Inflation models provide a testable 
prediction of PS of primordial 
fluctuations (CMB anisotropy & LSS)

• Cosmology starts to predict 
observational results

• Pioneering works by Starobinsky 
(79), Guth (81), Linde (82), Albrecht 
& Steinhardt (82)  

• Single scalar field slow-roll inflation



SINGLE SCALAR FIELD SLOW-ROLL 
INFLATION

• Equations 
• Slow-roll conditions & 

parameters



REHEATING

Need to terminate inflation

Slow-roll parameters attain values of order 
unity (breaking slow-roll conditions)

Potential around its minimum becomes 
harmonic oscillations

Propose coupling of inflaton to other fluids 
(put by hand , need to be solved) 

How? (parametric resonant, etc…)



PRODUCTION 
OF GWS
DURING 

INFLATION



PRODUCTION OF 
SCLAR 

PERTURBATIONS 
DURING 

INFLATION



LINK TO 
OBSERVATIONS

•Planck 2018 results. X : Constraints on inflation



STOCHASTIC COSMOLOGICAL 
PERTURBATIONS

• Cosmological perturbations                  statistics

• Set of DEs for 𝛿s with ICs (from spatial (scale) dependences : δ(𝜂, 𝑥⃗))  

• Ex : Evolution eqs depend only on  magnitude 𝑘 ∶ |𝑥⃗| not 𝑘 : 𝛿$( + 𝑘𝑉$ + 3Φ( = 0, 𝑉$( +ℋ𝑉$ − 𝑘Ψ = 0

• IC for CDM : 𝛿$ 𝑘 = )*
)*+,-!

𝜁(𝑘)

• IC from quantum origin = probability feature (random variables)

• If probability distribution is Gaussian (all information in its variance = PS)

• Descriptive statistics (Due to signals from past light cone)



RANDOM FIELDS 

• A function 𝐺(𝑥⃗) : a random field (RF) with g a certain value

• Probability distribution function 𝑝) 𝑔) = ./"(1")
.1"

where  F is a cumulative probability : 𝐹) −∞ =
0, 𝐹) ∞ = 1

• In cosmology, 𝐺(𝑥⃗) is a perturbative quantity, such as 𝛿(𝑥)

• Ensemble average = an expectation value of random field : < 𝐺(𝑥)) > ≡ ∫3 𝑔)𝑝) 𝑔) 𝑑𝑔) where Ω
denotes ensemble

• For a statistically homogeneous random field, ensemble average becomes independent of 𝑥⃗ : < 𝐺 ≥
∫3 𝑔𝑝 𝑔 𝑑𝑔



TWO-POINT CORRELATION FUNCTION

• Probability of 𝐺(𝑥)) and 𝐺(𝑥4) being 𝑔) and 𝑔4 : 𝑝)4 𝑔), 𝑔4 𝑑𝑔) 𝑑𝑔4 : can be written as derivatibe of 
distribution function of 𝐹)4

• In general, 𝑝)4 𝑔), 𝑔4 ≠ 𝑝)(𝑔))𝑝4(𝑔4)

• 𝑝)4 𝑔), 𝑔4 = 𝑝)(𝑔))𝑝4(𝑔4) : when realisations are independent (Poissonian random process)

• Two-point correlation function (2-pt CF) : 𝜉 𝑥), 𝑥4 =< 𝐺 𝑥) 𝐺 𝑥4 >≡ ∫3 𝑔)𝑔4 𝑝)4 𝑔), 𝑔4 𝑑𝑔) 𝑑𝑔4

• One can generalize to N-point CFs

• For a statistically homogeneous RF, 2-pt CF becomes 𝜉 𝑥), 𝑥4 = 𝜉 𝑥) − 𝑥4
• Statistically isotropic : 𝑝) 𝑔) = 𝑃-)(𝑔-)) where 𝑥-) = 𝑅(𝑥)) for a rotation matrix R

• If a RF is statistically hom + iso, then 2-pt CF becomes 𝜉 𝑥), 𝑥4 = 𝜉 𝑥) − 𝑥4 = 𝜉 𝑟)4 : depends only on 
the distance btw two points



ERGODIC THEOREM



GAUSSIAN RFS & POWER SPECTRUM



OBSERVATIONS 
& COSMIC 
VARIANCE



NON-
GAUSSIANI
TY



OBSERVABLES
(REFER APPLEBY’S 
TALK FOR DETAILS)



LSS AND CMB
(DETAILS IN THE 

SECOND REVIEW)



LARGE SCALE STRUCTURE 
(MATTER POWER 
SPECTRUM)



COSMIC MICROWAVE 
BACKGROUND ANISOTROPY



OBSERVATIONAL LIMITS



OBSERVATIONAL CHALLENGES
(WHEN Z, WHERE K,L, WHO EARTH, WHAT Γ,Ν,Δ, HOW GROUND, SATELLITE) 

28

Real Universe Observed Universe

Theories can never 
be proved,  only 
disproved

Analyzed UniversesAnalyzed Universes

TeVeS
from
Rot 
Curve

Overemphasize on 
small scale data


