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The first theoretical approach to collapsing stars was taken by Oppenheimer 
 and Snyder in 1939, and they showed that Schwarzschild black hole is  
formed from the collapse of spherically symmetric dust cloud. 

To generalize the geometry of collapsing objects, cylindrically symmetric spacetime has also 
been investigated. 
- infinitely long cylindrical shell ( thin shell of dust)  
- homogeneous dust cloud 
- fluids, massless scalar fields, so on.
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In particular, in three dimensions, it has been known that a spherically symmetric black hole (BTZ 
black hole) can be formed through homogeneous and inhomogeneous dust clouds. 

How about a cylindrically symmetric dust cloud in three dimensions? 
Can cylindrical black holes ( black strings) be formed from collapsing? 

Non-rotating BTZ black hole    =( dual )=>  uncharged black string 

This subject was investigated from the numerical argument on the dust edge. 
Interestingly, it was claimed that the dust cloud should be spatially inhomogeneous (r-dependent).

Motivation

[Ross, Mann (1993)] [Gutti (2005)]

[Banados,Teitelboim,Zanelli (1992)] [Horowitz and Welch (1993)]

[Hyun, Jeong,Kim,Oh (2007)]



Let us start with the action given as  
 

where  is a parameter length scale,  is a dilation field,  is the anti-de sitter radius 
and  is a mass action. 

The equations of motions with respect to  and  are obtained as 
 

 
where .

S =
1

2κ2 ∫ d3x −ge−2ϕ (gμνRμν + 4 (∇ϕ)2 +
4
ℓ2 ) + SM,

κ2 ϕ ℓ
SM

gμν ϕ

e−2ϕ (Rμν + 2∇μ ∇νϕ) = TM
μν,

gμνRμν − 4 (∇ϕ)2 + 4 □ ϕ +
4
ℓ2

= 0,

TM
μν = (−2/ −g) (δSM /δgμν)



The combined metric tensor and the dilation field are 
 and  

where (out) and (in) in the superscripts denote the outer and inner space, respectively. 

Then the EOM for the metric tensor are divided into 3 parts: 

 

 

gμν = Θ(L)g(out)μν + Θ(−L)g(in)μν ϕ = Θ(L)ϕ(out) + Θ(−L)ϕ(in),

Θ(L)e−2ϕ(out)(R(out)μν + 2∇(out)μ ∇(out)ν ϕ(out)) + Θ(−L)e−2ϕ(in)(R(in)μν + 2∇(in)μ ∇(in)ν ϕ(in))
+δ(L)e−2ϕ { 1

2 (nμκναnα + κμαnαnν − κμν − κα
αnμnν) + 2nμ[∂νϕ]} = TM

μν

L=0: the edge of 
dust cloud

[Israel (1996)]



The combined metric tensor and the dilation field are 
 and  

where (out) and (in) in the superscripts denote the outer and inner space, respectively. 

Then the EOM for the metric tensor is divided into 3 parts:  

 

 

gμν = Θ(L)g(out)μν + Θ(−L)g(in)μν ϕ = Θ(L)ϕ(out) + Θ(−L)ϕ(in),

Θ(L)e−2ϕ(out)(R(out)μν + 2∇(out)μ ∇(out)ν ϕ(out)) + Θ(−L)e−2ϕ(in)(R(in)μν + 2∇(in)μ ∇(in)ν ϕ(in))
+δ(L)e−2ϕ { 1

2 (nμκναnα + κμαnαnν − κμν − κα
αnμnν) + 2nμ[∂νϕ]} = TM

μν

defined only on the edgeon  the edge

the outer space the inner space

L=0: the edge of 
dust cloud

[A] = A
L→0+

− A
L→0−

[∂γgμν] = nγκμν

: a unit vector normal to nμ L = 0

The first  junction condition is assumed. 
(will be explained in the next slide)

[Israel (1996)]



Likewise, the EOM for the dilaton field is 

 

 

So the stress tensor can also be expressed as 
 

Dust cloud                  

Θ(L)(g(out)μνR(out)μν −4 (∇(out)ϕ(out))
2

+4 □(out)ϕ(out)+ 4
ℓ2)

+Θ(−L)(g(in)μνR(in)μν −4 (∇(in)ϕ(in))
2

+ 4 □(in)ϕ(in)+ 4
ℓ2)+ δ(L)(nακαβnβ − κα

α + nα[∂αϕ]) = 0.

TM
μν = Θ(L)TM(out)

μν + Θ(−L)TM(in)
μν + δ(L)TM(edge)

μν .

TM(out)
μν = TM(edge)

μν = 0, TM(in)
μν = ρuμuν



Now we are in a position to introduce junction conditions on the edge. 
The first junction condition is given as 

 
which should be satisfied. 
Also, the absence of matter on the edge ( ) gives the second junction condition. 

 

where the extrinsic curvature of the hypersurface of  is  
with 

[gμν] = 0, [ϕ] = 0,

TM(edge)
μν = 0

[Kμν] = 0, nα[∂αϕ] = 0,

L = 0 Kμν = hγ
μ ∇γnν

hμν = gμν − nμnν .



We considered the following line elements:  
      

     ( : mass parameter of the black string, : radial coordinate) 
      
     (  :comoving coordinates, : a scale factor,  : constant)

ds2
(out) = − (1 −

M
R ) dT2 +

ℓ2

4R2 (1 −
M
R )

−1

dR2 + dσ2, ϕ(out)(R) = −
1
2

ln (Rℓ),

M R

ds2
(in) = − dt2 + a2(t, r)dr2 + dσ2, ϕ(in) = ϕ(in)(t, r),

(t, r, σ) a(t, r) r0

[gμν] = 0, [ϕ] = 0, [Kμν] = 0, nα[∂αϕ] = 0,

1st junction condition  2nd junction condition

 
  
  

L = 0
⇔ R = ℛ(t)
⇔ r = r0

 

Time relation

·T =
1

F(ℛ)
F(ℛ) +

ℓ2 ·ℛ2

4ℛ2
ϕ(out)(ℛ(t)) = ϕ(in)(t, r0)

 −
2ℛ
ℓ ·ℛ

d
dt

F(ℛ) +
ℓ2 ·ℛ2

4ℛ2
= 0

F(ℛ)
ℓ2

+
·ℛ2

4ℛ2
+

ϕ(in) ′ (t, r0)
a(t, r0)

= 0



From ③, we get .. 

 

where a collapse time  is defined by  which gives 

 

So we should check that the outer and inner solutions should satisfy ② and ④ on the edge. 
Note that ④ indicates that the dilation solution is spatially inhomogeneous on the edge. 

④: .

ℛ(t)

ℛ(t) =
M

1 − η2
sin2

1 − η2

ℓ
(t − tc) ,

tc ℛ(tc) = 0

tc =
ℓ

1 − η2
sin−1 (1 − η2)ℛ0

M
.

F(ℛ)
ℓ2

+
·ℛ2

4ℛ2
+

ϕ(in) ′ (t, r0)
a(t, r0)

= 0

nonzero in general

the outer radial coordinate

the inner time coordinate



Next, let as find out the inner solution satisfying the EOMs for  and  given as 
                                 

       

By solving these equations we get two types of solutions. 
                                                      ( i )                             ( ii )  

The existence of homogeneous limit                   ❌                                                 ⭕   

                                                                                                                              

g(in)μν ϕ(in)

e−2ϕ(in)(−
··a
a

+ 2 ··ϕ(in)) = ρ, ·ϕ(in) ′ −
·a
a

ϕ(in) ′ = 0,

··a
a

+
2
a2 (ϕ(in) ′ ′ − a ·a ·ϕ(in) −

a′ 

a
ϕ(in) ′ ) = 0, ( ·ϕ(in))

2

− (ϕ(in) ′ 

a )
2

− ··ϕ(in) +
1
ℓ2

= 0.

c1(r) ≠ 0 c1(r) = 0

ϕ(in) ′ (t, r)
a(t, r)

=
c1(r)

ℓ

some aribitrary 
function 
indicating  
inhomogeneous  
property of  
the dilaton field



The explicit forms of the solutions are… 

 for the both cases of  ( i )&( ii ), 

  ( i )  

 

( ii )  

ϕ(in)(t, r) = −
1
2

ln[c3(r)

sin2( 1 − c2
1(r) ( t

ℓ
+c2(r)))

1 − c2
1(r) ]

c1(r) ≠ 0

a(t, r) = −
ℓ

c1(r)
c1(r)c′ 1(r)
1 − c2

1(r)
+

c′ 3(r)
2c3(r)

+ −
c1(r)c′ 1(r)

1 − c2
1(r) ( t

ℓ
+ c2(r)) + 1 − c2

1(r)c′ 2(r) cot ( 1 − c2
1(r) ( t

ℓ
+ c2(r)))

c1(r) = 0

a(t, r) = c4(r)cot ( t
ℓ

+ c2(r)) + c5(r)
This is actually identical with  
the homogeneous cosmological solutions 
in two-dimensional dilaton gravity.

[Mann, Ross (1993)]



As we expected, it is found that the outer spacetime and the inner spacetime for the case ( ii )  
cannot be smoothly matched. 
On the other hand, the case ( i ) is possible if  and  satisfy the conditions on the edge. 

We found a simple model satisfying the conditions given as 
 

where  
In this simple model, the total mass of the dust cloud corresponds to . 

g(in)μν ϕ(in)

c1(r) = − |η |(1 +
Δ
2 ), c2(r) = −

tc
ℓ

, c3(r) = Mℓ − Mℓ |η |Δ2 (1 +
Δ
3 ),

Δ(r) = (r/r0) − 1.
M

∫
r0

0
ρ(t, r)a(t, r)dr = M

junction conditions



The profiles of the scale factor and dilaton field on the edge

The initial finite scale factor eventually vanishes when the comoving time approaches the 
collapse time and the dilaton field diverges at the collapse time( ). 
Also the curvature scalar on the edge diverges as  . 

t → tc
t → tc

Rcurvature(t, r0) =
4(1 − η2)

ℓ2 sin2 ( 1 − η2 ( t − tc
ℓ ))



 🔹 Motivated by the formation of the BTZ black hole which is dual to the black string in 
three dimensions, we studied the formation of the black string from the dust cloud. 

🔹 The equations of motions for the inner spacetime describing the dust cloud were exactly 
solved for arbitrary inhomogeneous distribution of the dust. 

🔹 In order to smoothly match the inner spacetime and the outer spacetime of the black 
string, the Israel junction conditions was imposed on the dust edge, which tells us that the 
inhomogeneous dust distribution is unavoidable. 

🔹 The curvature singularity occurs at the end of collapsing on the edge, but it is cloaked 
inside the horizon of the black string.

Conclusions & Discussions



 🔹 We proposed one simple model and it is not unique. There would exist infinitely many 
models satisfying the conditions on the edge. For example, a slightly general model is given as 

 where  

🔹As the previous work for the two-dimensional dilaton gravity with a homogeneous dust, 
one may match the outer spacetime of the black string solution and the inner spacetime of 
the homogeneous dust solution by introducing additional junction matter, i.e., . 
However this model with the junction matter may not ensure analytically soluble equations of 
motion, which deserves further study.

c3(r) = Mℓ + |η |ℓ
N

∑
n=1

(−1)nαn {Δn+1 +
(n + 1)Δn+2

2(n + 2) },
N

∑
n=1

αn = M .

TM(edge)
μν ≠ 0

Conclusions & Discussions



Thank you for listening!


