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What is the role of the extra dimension of a bulk geometry?



Two-point correlation function

The AdS metric becomes
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A scalar field fluctuation in the AdS space (corresponding fluctuation in the dual CFT)

with Bulk-to-boundary propagator

Solution
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Near the boundary (              ), 

Contents

1 Introduction 1

2 Discussion 1

1 Introduction

S =
1

16⇡G

Z
d5x

p
�g

✓
R� 2⇤� 1

2
gµ⌫@µ�@⌫�� 1

2
m2�2

◆
S =

1

16⇡G

Z
d5x

p
�g

✓
R� 2⇤� 1

2
gµ⌫@µ�@⌫�� 1

2
m2�2

◆
(1)

and the free energy, F = E � THSBH , is given by

�(z, x) =

Z
d4x0D�

�
z, x; 0, x0

�
�0(0, x

0
) (2)

D�

�
z, x; 0, x0

�
⇠

✓
z

z2 + (x� x0)2

◆�

(3)

�(z, x) z ! 0

2 Discussion

Acknowledgement

C. Park was supported by Basic Science Research Program through the National Research Foun-

dation of Korea funded by the Ministry of Education (NRF-2013R1A1A2A10057490) and also by the

Korea Ministry of Education, Science and Technology, Gyeongsangbuk-Do and Pohang City.

References

[1] C. Park, Phys. Lett. B 708, 324 (2012) [arXiv:1112.0386 [hep-th]].

[2] B. -H. Lee, S. Mamedov, S. Nam and C. Park, JHEP 1308, 045 (2013) [arXiv:1305.7281 [hep-th]].

[3] B. -H. Lee, C. Park and S. Shin, JHEP 1012, 071 (2010) [arXiv:1010.1109 [hep-th]].

[4] M. Henningson and K. Sfetsos, Phys. Lett. B 431, 63 (1998) [hep-th/9803251]; W. Mueck and

K. S. Viswanathan, Phys. Rev. D 58, 041901 (1998) [hep-th/9804035]; M. Henneaux, In *Tbilisi

1998, Mathematical methods in modern theoretical physics* 161-170 [hep-th/9902137].

1

the bulk-to-boundary propagator reduces to
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which leads to the boundary-to-boundary propagator
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As a consequence, the two-point correlation function reads
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The boundary (on-shell) action of matter becomes
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: conformal dimension of the dual operator

Therefore, we can identify the bulk quantities with the boundary quantities

: dual operator

This is because of the scaling invariance
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If we further take into account the gravitational backreaction of the massive scalar field, 

the inside geometry corresponding the IR region of the dual QFT is deviated from the 

AdS geometry. The dual QFT is not conformal anymore and allows the nontrivial RG flow 

of the dual QFT.

In general, the scaling dimension is well defined only in a scale invariant theory. Then,

how can we connect the scale-dependent correlation functions to bulk solutions?
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1

We expect that a coupling constant becomes scale-dependent for a nonconformal QFT.

However, the coefficients of the bulk solution are given by two integral constants

What are the scale-dependent coupling and vev of the operator?



Answering this question is important to understand IR physics along the RG flow.

For example)

It was known that QCD is asymptotically free. Therefore, QCD has a UV fixed point where a conformal 
symmetry is restored. The conformal symmetry requires

quantum corrections is the �-function. The �-function describes how the coupling constant

depends on the energy scale. In general, physical phenomena crucially depends on the strength

of a coupling constant. At the classical level, the �-function can be classified by the conformal

dimension of a deformation operator. When the coupling constant � couples to an operator

with the conformal dimension � in a d-dimensional CFT, the classical �-function is given by

[40]

�cl = �(d��)�. (1.1)

If we further take into account quantum corrections, the �-function generalizes to

� = �cl + �q, (1.2)

where �q indicates quantum corrections. If we concentrate on a classically marginal operator

with � = d, the classical �-function automatically vanishes. However, the quantum e↵ect

leads to a nonvanishing �-function and generates a nontrivial RG flow. As explained here, the

quantum correction plays a crucial role in determining the RG flow triggered by a marginal

operator. In this work, we investigate the holographic description of such quantum correction

and discuss how such a marginal deformation modifies a UV CFT.

Related to the marginal deformation in QCD, one of the important quantities is the gluon

condensation, hGi. Its one-loop correction in the UV region leads to the following trace anomaly

[20, 21]

hT µ
µi = �Nc

8⇡

��

�2
hGi , (1.3)

where � and �� indicate the t’ Hooft coupling and its �-function, respectively. This trace

anomaly is crucially associated with the RG flow caused by the gluon condensation. In the

present work, we investigate the trace anomaly and its RG scale dependence by applying the

holographic RG flow technique.

The rest of this paper is organized as follows. In Sec. 2, we discuss the �-function of a

marginal operator and the RG equation appearing in a QFT. In Sec. 3, we study a gravity theory

involving a scalar field which is dual of a marginal operator. In addition, we investigate how

to construct the holographic RG flow caused by such a marginal operator with discussing the

correct counterterms required to renormalize the UV divergences. By applying this holographic

RG flow technique, we investigate the trace anomaly caused by the gluon condensation in Sec.

4. We finish this work with some concluding remarks in Sec. 5.

2 RG flow in QFT

At a low energy scale, understanding new physics laws of macroscopic systems is one of the

important issues to be resolved. To understand macroscopic theories, we need to know how a

3

gluon condensations. The chiral condensation is the condensate of two fermions with breaking

the chiral symmetry spontaneously and yields a large e↵ective mass to quarks and most hadrons.

The other example is the gluon condensation. For a four-dimensional Yang-Mills theory, the

kinetic term of the gauge field is given by

SYM = � 1

4g2YM

Z
d
4
x
p
� TrF 2

. (4.1)

In this case, since the Yang-Mills coupling constant is classically marginal, the classical �-

function automatically vanishes. However, the one-loop quantum correction generates a non-

vanishing �-function [5, 54, 55].

When QCD deforms by the gluon condensation, we are able to regard � = 1/(4g2YM) as a

coupling constant and G = �TrF 2 as a deformation operator called the gluon condensation,

respectively. Although it is not clear whether the gluon condensation is associated with the

known phase change, there are many indications for the nonvanishing gluon condensation in

lattice QCD simulations. The gluon condensation may be partly responsible for masses of

hadrons and leads to a nontrivial RG flow closely related to the trace anomaly. The lattice

QCD simulations expects that the one-loop quantum correction in the UV region leads to the

following trace anomaly [20, 21]

hT µ
µi = �Nc

8⇡

��

�2
hGi , (4.2)

where Nc indicates the rank of the gauge group and �� means a �-function of the ’t Hooft

coupling constant �. In general, the condensation plays a crucial role in nonperturbative

phenomena. To understand such nonperturbative features, the AdS/CFT correspondence may

be helpful. The e↵ect of the gluon condensation on the trace anomaly can be understood by the

holographic RG flow discussed before. Although the gravity model we considered is too simple

to study IR physics, the present model is still useful to account for the UV physics because it

gives rise to the leading behavior of the marginal deformation at least in the UV region.

Now, we specify the parameters of the gravity theory in terms of those of the dual QFT. For

applying the AdS/CFT correspondence, we define the ‘t Hooft coupling constant as � = Nc g
2
YM

and take the double scaling limit whereNc ! 1 and g
2
YM ! 0 with a fixed �. Despite an infinite

rank of the gauge group, the AdS/CFT correspondence still has an advantage in catching the

important feature of the nonperturbative RG flow. If we identify the vev of the dual operator

with the gluon condensation, hGi, the bulk scalar field is associated with the ’t Hooft coupling

constant

� =
Nc

4�
. (4.3)
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with
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hTµ
µi = 0

However, when QCD deforms by the gluon condensation, the trance anomaly appears at the one-loop 
level

How can we describe such a deformation in the holographic setup?



For CFT
<latexit sha1_base64="XZ9YszCOSxsI5Vkr0aPeoJcsSO4="></latexit>

�CFT = 0- CFT has a vanishing beta-function                   (due to the scale symmetry)

- CFT is a dual of an AdS geometry (isometry of AdS space = conformal symmetry)

microscopic UV theory flows to a new IR theory along the RG flow. A relevant or marginally

relevant operator causes a nontrivial RG flow and its e↵ect becomes signigicant in the IR

region. In this RG flow process, nonperturbative quantum corrections play a crucial role.

Unfortunately, we do not have an analytic method accounting for the nonperturbative RG flow

in the traditional QFT. In this situation, the AdS/CFT correspondence may provide a new

chance to investigate such a nonperturbative RG flow.

Before studying the holographic RG flow, we first discuss general aspects of the RG flow

in a d-dimensional QFT for the comparison with the holographic result. Assuming that a CFT

deforms by an operator of a conformal dimension �, the deformed theory is described by

SQFT = SCFT +

Z
d
d
x
p
� µ

d��
� Ō, (2.1)

where �µ⌫ corresponds to the background metric and Ō is a dimensionful composite operator

of the fundamental field. Here, µ and � denotes an RG scale and a dimensionless coupling

constant, respectively. Ignoring quantum e↵ects, the deformation can be characterized by the

conformal dimension �. At the classical level, for example, the dimensionless coupling and the

dimensionless operator, O = µ
��

Ō, under the RG or scale transformation scale as [5, 40]

� ! µ
�(d��)

� and O ! µ
��

O. (2.2)

Under the RG transformation, the deformation operator is classified into three di↵erent

categories: relevant for � < d, marginal for � = d, and irrelevant for � > d. The deformation

e↵ect of a relevant operator is negligible in the UV regime, while it becomes important in the

IR regime and changes the UV theory into another IR theory. A marginal operator at the

classical level does not break the conformal symmetry, so that the deformed theory remains

conformal in the entire energy range. The irrelevant operator gives rise to a serious e↵ect on

the UV theory, so that the resulting theory even in the UV limit di↵ers from the original UV

CFT. This means that the deformed theory is UV incomplete. These features become manifest

when we take into account a classical �-function [40]

�cl ⌘
@�

@ log µ
= �(d��)�. (2.3)

The coupling constant determined by the classical �-function automatically satisfies the scaling

behavior in (2.2). For a marginal operator with � = d, the classical �-function automatically

vanishes and the coupling constant does not change along the RG flow. The coupling constant of

an irrelevant operator has a positive �-function, so that the coupling constant becomes large as

µ increases. This implies that the e↵ect of the irrelevant deformation becomes more important

in the UV region. As a consequence, the deformed theory is not the same as the undeformed

4

Deformation of UV CFT by an operator with a conformal dimension 

microscopic UV theory flows to a new IR theory along the RG flow. A relevant or marginally

relevant operator causes a nontrivial RG flow and its e↵ect becomes signigicant in the IR

region. In this RG flow process, nonperturbative quantum corrections play a crucial role.

Unfortunately, we do not have an analytic method accounting for the nonperturbative RG flow

in the traditional QFT. In this situation, the AdS/CFT correspondence may provide a new
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deforms by an operator of a conformal dimension �, the deformed theory is described by
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where �µ⌫ corresponds to the background metric and Ō is a dimensionful composite operator

of the fundamental field. Here, µ and � denotes an RG scale and a dimensionless coupling

constant, respectively. Ignoring quantum e↵ects, the deformation can be characterized by the

conformal dimension �. At the classical level, for example, the dimensionless coupling and the

dimensionless operator, O = µ
��

Ō, under the RG or scale transformation scale as [5, 40]
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� and O ! µ
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O. (2.2)

Under the RG transformation, the deformation operator is classified into three di↵erent

categories: relevant for � < d, marginal for � = d, and irrelevant for � > d. The deformation

e↵ect of a relevant operator is negligible in the UV regime, while it becomes important in the

IR regime and changes the UV theory into another IR theory. A marginal operator at the

classical level does not break the conformal symmetry, so that the deformed theory remains

conformal in the entire energy range. The irrelevant operator gives rise to a serious e↵ect on

the UV theory, so that the resulting theory even in the UV limit di↵ers from the original UV

CFT. This means that the deformed theory is UV incomplete. These features become manifest

when we take into account a classical �-function [40]
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The stress tensor of a CFT must be traceless up to a conformal anomaly [43]. We may associate

the right hand side with a conformal anomaly depending on the topology of the background

spacetime. Hereafter, we concentrate on a flat spacetime which has no conformal anomaly.

When a CFT deforms by an operator, a nontrivial trace of the stress tensor newly appears and

generally breaks the conformal symmetry. Ignoring the RG flow of the generating functional

with fixed coupling constants (@�/@µ = 0), the trace of the stress tensor is determined by the

deformation

hT µ
µi ⇠ ��� hOi . (2.11)

To avoid the confusion with the conformal anomaly, from now on, we call a nonvanishing hT µ
µi

caused by a deformation a trace anomaly.

The quantum e↵ect involved in the renormalization procedure modifies the classical �-

function, as mentioned before. For a marginal and a relevant deformation, the �-function in

the UV region can be written as

�� = �cl + �q = �(d��)�+ �q. (2.12)

where �q means all quantum corrections. For a relevant deformation, the quantum e↵ect

becomes subdominant in the UV region. In general, the �-function is given by a function of

the coupling constant relying on the RG scale. Then, the vev of the operator is derived from

the variation of the generating functional with respect to the coupling constant, as shown in

(2.8). For a marginal deformation with � = d, the classical �-function vanishes and the action

still preserves the scale invariance. Therefore, the classical RG flow becomes trivial and the

trace of the stress tensor vanishes at the classical level. However, this is not the case at the

quantum level. The quantum e↵ect allows a nonvanishing �-function. If �q = 0, for example,

the corresponding operator is called a truly marginal operator. In this case, the conformal

symmetry of the UV theory preserves under the RG transformation even at the quantum level.

Therefore, the deformed theory remains as the CFT in the entire RG scale. For �q < 0 (or

�q > 0), we call such an operator a marginally relevant (or marginally irrelevant) operator.

A marginally relevant (or irrelevant) operator behaves similar to a relevant (or irrelevant)

operator except that a marginally irrelevant operator unlike an irrelevant operator still allows

a UV fixed point. The marginally relevant or irrelevant deformation involves the nontrivial

quantum correction and give rise to a nonvanishing trace of the stress tensor which we called

the trace anomaly.

3 Holographic dual of a marginal deformation

According to the AdS/CFT correspondence, a d-dimensional QFT is dual to a classical (d+1)-

dimensional gravity theory. Therefore, we may expect that a gravity theory realizes the RG flow
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This is the story at the classical level. If we further consider quantum corrections, the 
scaling behavior of the coupling constant and operator change. 
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Figure 1. The RG flows caused by marginally relevant and irrelevant operators.

3.2.2 Truly marginal deformation

There exists another solution satisfying the Hamiltonian constraint. The second superpotential

is given by

W =
6

R
. (3.46)

This reproduces the trivial solution, (3.7) with ⌘ = 0. Plugging this superpotential into (3.37)

and (3.35), we finally reobtain the trivial solution in (3.10). In this case, the coupling constant

� = 0 of the undeformed CFT changes into � = �0 for the deformed CFT. This is a typical

feature of the truly marginal deformation satisfying

�� = hT µ
µi = 0. (3.47)

Therefore, this truly marginal operator changes a CFT into another CFT with shifting the

value of the coupling constant and without generating a nontrivial RG flow.

4 Holographic dual of the gluon condensation

Several distinct condensations appear in QCD. They are usually associated with a certain

spontaneous symmetry breaking and responsible for the mass of hadrons. Due to the Lorentz

invariance, the condensation should be a Lorentz scalar and have vanishing charges under

various global and local symmetries. The well-known condensations in QCD are the chiral and
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On the QFT side, after an appropriate renormalization procedure, the renormalized 
partition function is given by a functional of the coupling constants 

one even in the UV limit. On the other hand, a relevant operator has a negative �-function and

its coupling constant decreases as µ increases. Therefore, the e↵ect of a relevant operator is

negligible in the UV region. Note that this is the story at the classical level. If we further take

into account quantum e↵ects, they can modify behaviors of the classical �-function. From now

on, we consider a QFT defined at a flat spacetime to ignore the e↵ect of a conformal anomaly.

Quantum e↵ects in the renormalization procedure usually cause UV divergences. Since

physical quantities must be finite, we need to get rid of such UV divergences by adding appro-

priate counterterms. After an appropriate renormalization, the renormalized partition function

reduces to

Z =

Z
D� e

�(SQFT+Sct) = e
��[�µ⌫(µ),�(µ);µ], (2.4)

where � is called the generating functional. The background metric �µ⌫ in a QFT usually

does not vary along the RG flow. In this work, however, we take into account the background

metric as another coupling constant depending the RG scale as done in Ref. [41, 42]. Since the

renormalized partition function is independent of the RG scale, the variation of the partition

function gives rise to the following RG equation

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (2.5)

where

�� =
d�

d log µ
, (2.6)

hTµ⌫i = � 2
p
�

@�

@�µ⌫
, (2.7)

hOi = 1
p
�

@�

@�
. (2.8)

When the background metric is independent of the RG scale, the above RG equation reduces

to

0 = µ
@�

@µ
+ �� hOi . (2.9)

This is the typical RG equation of a QFT. However, assuming that the metric scales under

the RG transformation, the generalized RG equation (2.5) gives us more information about the

stress tensor of a system which plays an important role in understanding the connection to the

dual gravity, as will be seen later.

For the undeformed CFT with �� = 0, the RG equation reduces to

hT µ
µi = � µ

p
�

@�

@µ
. (2.10)

5

Here, we took into account the metric as a coupling (the method was also used to explain 
the conformal anomaly in CFT).

Since the partition function must be independent of the cutoff scale, it should satisfy
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(1) When the metric is scale invariant, 
the traditional RG equation occurs 

(2) The vev of operators are derived quantities

The stress tensor of a CFT must be traceless up to a conformal anomaly [43]. We may associate

the right hand side with a conformal anomaly depending on the topology of the background

spacetime. Hereafter, we concentrate on a flat spacetime which has no conformal anomaly.

When a CFT deforms by an operator, a nontrivial trace of the stress tensor newly appears and

generally breaks the conformal symmetry. Ignoring the RG flow of the generating functional

with fixed coupling constants (@�/@µ = 0), the trace of the stress tensor is determined by the

deformation

hT µ
µi ⇠ ��� hOi . (2.11)

To avoid the confusion with the conformal anomaly, from now on, we call a nonvanishing hT µ
µi

caused by a deformation a trace anomaly.

The quantum e↵ect involved in the renormalization procedure modifies the classical �-

function, as mentioned before. For a marginal and a relevant deformation, the �-function in

the UV region can be written as

�� = �cl + �q = �(d��)�+ �q. (2.12)

where �q means all quantum corrections. For a relevant deformation, the quantum e↵ect

becomes subdominant in the UV region. In general, the �-function is given by a function of

the coupling constant relying on the RG scale. Then, the vev of the operator is derived from

the variation of the generating functional with respect to the coupling constant, as shown in

(2.8). For a marginal deformation with � = d, the classical �-function vanishes and the action

still preserves the scale invariance. Therefore, the classical RG flow becomes trivial and the

trace of the stress tensor vanishes at the classical level. However, this is not the case at the

quantum level. The quantum e↵ect allows a nonvanishing �-function. If �q = 0, for example,

the corresponding operator is called a truly marginal operator. In this case, the conformal

symmetry of the UV theory preserves under the RG transformation even at the quantum level.

Therefore, the deformed theory remains as the CFT in the entire RG scale. For �q < 0 (or

�q > 0), we call such an operator a marginally relevant (or marginally irrelevant) operator.

A marginally relevant (or irrelevant) operator behaves similar to a relevant (or irrelevant)

operator except that a marginally irrelevant operator unlike an irrelevant operator still allows

a UV fixed point. The marginally relevant or irrelevant deformation involves the nontrivial

quantum correction and give rise to a nonvanishing trace of the stress tensor which we called

the trace anomaly.

3 Holographic dual of a marginal deformation

According to the AdS/CFT correspondence, a d-dimensional QFT is dual to a classical (d+1)-

dimensional gravity theory. Therefore, we may expect that a gravity theory realizes the RG flow
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Holographic dual of a classically marginal operator

We take into account a 5-dimensional Einstein-scalar gravity theory

where the bulk scalar field is the dual of a deformation operator.

a classicall gravity theory maps to a QFT involving all quantum e↵ects. Now, we investigate

how we can describe an RG flow including all quantum e↵ects on the dual gravity side.

We take into account a four-dimensional CFT deformed by a scalar operator. According

to the AdS/CFT correspondence, its dual gravity theory with a Euclidean signature can be

described by

S = � 1
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where ⇤ = �6/R2 is a cosmological constant with an AdS radius R. Note that above the bulk

field � is dimensionless and that gMN and �µ⌫ indicate bulk and boundary metrics, respectively.

The variation of the gravity action usually has a radial derivative of the metric at the boundary,

so that the last Gibbons-Hawking term is required to get rid of such a derivative term or to

define a Dirichlet boundary condition well.

For � = 0, in particular, an AdS space appears as a geometric solution

ds
2 =

R
2

z2

�
dz

2 + �ijdx
i
dx

j
�
, (3.2)

which is a dual of an undeformed CFT with � = 0. When turning a bulk scalar field on, it

corresponds to a deformation operator of the dual CFT. In this case, the mass of the bulk field

is related to the conformal dimension of the dual operator

� = 2 +
p
4 +m2. (3.3)

Near the asymptotic boundary (z ! 0), the bulk scalar field allows the following perturbative

solution

� = c1z
4�� (1 + · · ·) + c2z

� (1 + · · ·) , (3.4)

where c1 and c2 are two integral constants.

In the holographic studies, c1 and c2 for � > 2 are usually identified with the source (or

coupling constant) and vev of a deformation operator, respectively [2–4]. For later convenience,

hereafter, we call this identification a UV identification. Near a UV fixed point, the UV

identification reproduces the correct scaling dimension of a dual operator. However, the UV

identification becomes unclear in an IR regime due to the mixing of two independent solutions.

To define a coupling constant well at the low energy scale, we exploit a di↵erent identification.

After we relate the radial position of the boundary to the RG scale of the dual QFT, we

identify the boundary value of the dual bulk field, �, with the dimensionless coupling constant

of the dual QFT. For the comparison with the UV identification, from now on we call this

prescription a new identification. Under this new identification, c1 again becomes a dimensionful
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of a dual QFT. If possible, the AdS/CFT correspondence would be helpful to understand the

nonperturbative RG flow because the AdS/CFT correspondence claims that the dual gravity

maps to a QFT involving all quantum e↵ects. Now, we investigate how we can describe the

RG flow including quantum e↵ects on the dual gravity side. In this work, we concentrate

on a gravity theory which is dual to a UV CFT deformed by a classically marginal operator.

Although the microscopic details of the deformed theory are obscure, studying the dual gravity

theory can give us important information about the RG flow of the deformed QFT.

From now on, we focus on the case of d = 4. According to the AdS/CFT correspondence,

the mass of the bulk field is related to the conformal dimension of the dual operator

� = 2 +

r
4 +

m2

R2
. (3.1)

If we take into account a massless scalar field with m = 0, the dual operator corresponds to

a marginal operator with a conformal dimension � = 4. To consider a classically marginal

deformation, we start with the following Euclidean Einstein-scalar gravity
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where ⇤ = �6/R2 is a cosmological constant with an AdS radius R. Here, gMN and �µ⌫ indicate

a bulk metric and an induced metric on the boundary respectively. Since the variation of the

gravity action usually has a radial derivative of the metric at the boundary, the last term called

the Gibbons-Hawking term is required to get rid of such a radial derivative term. Assuming

that the scalar field depends only on the radial coordinate and that the boundary space is flat,

the most general metric ansatz preserving the boundary’s planar symmetry is expressed as

ds
2 = e

2A(y)
�µ⌫dx

µ
dx

⌫ + dy
2
. (3.3)

The detail of this geometry is governed by �(y) and A(y) satisfying the following equations

of motion

0 = 24Ȧ2 � �̇
2 + 4⇤, (3.4)

0 = 12Ä+ 24Ȧ2 + �̇
2 + 4⇤, (3.5)

0 = �̈+ 4Ȧ�̇, (3.6)

where the dot means a derivative with respect to y. Here the first equation is a constraint,

while the others describe dynamics of A and �. Note that only two of the above three equations

are independent. These equations allow the following analytic solution [44, 45]
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2 + 4⇤, (3.5)

0 = �̈+ 4Ȧ�̇, (3.6)
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- the vev of the operator is not determined from the partition function.

We need to improve the holographic definition of the coupling constant and operator’s vev 
in order to describe the RG flow correctly.



We begin with the following gravity theory

of a dual QFT. If possible, the AdS/CFT correspondence would be helpful to understand the

nonperturbative RG flow because the AdS/CFT correspondence claims that the dual gravity

maps to a QFT involving all quantum e↵ects. Now, we investigate how we can describe the

RG flow including quantum e↵ects on the dual gravity side. In this work, we concentrate

on a gravity theory which is dual to a UV CFT deformed by a classically marginal operator.

Although the microscopic details of the deformed theory are obscure, studying the dual gravity

theory can give us important information about the RG flow of the deformed QFT.

From now on, we focus on the case of d = 4. According to the AdS/CFT correspondence,

the mass of the bulk field is related to the conformal dimension of the dual operator
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If we take into account a massless scalar field with m = 0, the dual operator corresponds to

a marginal operator with a conformal dimension � = 4. To consider a classically marginal
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where ⇤ = �6/R2 is a cosmological constant with an AdS radius R. Here, gMN and �µ⌫ indicate

a bulk metric and an induced metric on the boundary respectively. Since the variation of the

gravity action usually has a radial derivative of the metric at the boundary, the last term called

the Gibbons-Hawking term is required to get rid of such a radial derivative term. Assuming

that the scalar field depends only on the radial coordinate and that the boundary space is flat,

the most general metric ansatz preserving the boundary’s planar symmetry is expressed as

ds
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. (3.3)

The detail of this geometry is governed by �(y) and A(y) satisfying the following equations

of motion

0 = 24Ȧ2 � �̇
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where the dot means a derivative with respect to y. Here the first equation is a constraint,

while the others describe dynamics of A and �. Note that only two of the above three equations

are independent. These equations allow the following analytic solution [44, 45]
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using the following metric ansatz in the normal coordinate system

Einstein equations are

and the solution is given by
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with

z = Re
�y/R

, (3.9)

where �0 and �1 are two integral constants. Assuming that two integral constants are positive,

�0 maps to a coupling constant of the dual UV CFT defined at the boundary (y = 1). The

invariance of the gravity action under the parity, � ! ��, allows two di↵erent profiles with

⌘ = ±1. According to the AdS/CFT correspondence, a classical gravity theory is matched to a

full quantum theory defined at the boundary. Therefore, the classical geometric solution (3.7)

can give us information about the quantum e↵ect of the deformation. Since the inner geometry

of (3.7) di↵ers from the AdS space, the conformal symmetry is broken in the IR regime. This

fact indicates that the deformation is not truly marginal. In other words, the deformation in

(3.7) is either marginally relevant or marginally irrelevant due to the quantum corrections.

There exists another solution which yields a truly marginal deformation. When the scalar

field has a constant profile which corresponds to the case with ⌘ = 0 in (3.7), its gravitational

backreaction is absent. Thus, the AdS metric of the undeformed theory still becomes the

solution of the deformed theory

� = �0, (3.10)

A(y) =
y

R
. (3.11)

Since the resulting geometry is still the AdS space, the deformed theory remains as a CFT,

on the dual field theory side. In this case, the undeformed and deformed theories are di↵erent

because their dual CFTs have di↵erent coupling constants. This is a typical feature of a

truly marginal deformation which shifts the value of the coupling constant with a vanishing

�-function.

We have several important remarks. The classical conformal dimension of the dual operator

can be easily read from the profile of the bulk scalar field. Near the boundary, for example, a

general massive bulk scalar field expands into

� = c0z
4�� + c1z

� + · · · . (3.12)

Recalling that the radial coordinate maps to the energy scale of the dual field theory, the scal-

ing behavior of the scalar field, without an appropriate renormalization procedure, allows us to

identify c0 and c1 with a source (or coupling constant) and the vev of a dual operator, respec-

tively. This identification is consistent with the classical scaling dimension of the dual QFT. If

we further take into account quantum corrections through an appropriate renormalization, the

classical scaling dimension modifies along the RG flow. In the above gravity action, the bulk

scalar field is dimensionless because the gravitational constant has the dimension of mass
�3.

Therefore, the bulk field is matched to a dimensionless coupling constant of the dual QFT.
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These are the second-order differential equations. 
However, we need to the first-order differential equations to describe the RG flow.



- (2) Hamilton-Jacobi formalism (1st-order differential equation)

Since the RG equation is given by the first-order differential equation, the 
Hamilton-Jacobi formulation is useful to describe the RG flow of the dual QFT.

After the ADM decomposition 

3.1 Holographic description of the RG flow

The RG equation is usually represented as first-order di↵erential equations, while the equations

of motion determining the dual geometry are governed by the second-order di↵erential equa-

tions. To derive the RG flow from the bulk equations, we reformulate the bulk equations by

applying the Hamilton-Jacobi formalism in which the bulk equations are rewritten as the first-

order di↵erential equations [10–13, 15, 16]. To do so, we first notice that the metric solution in

(3.3) is a specific case of the following general metric

ds
2 = N

2
dy

2 + �µ⌫(x, y)dx
µ
dx

⌫
, (3.13)

where N is a lapse function and �µ⌫ = e
2A(y)

�µ⌫ . Note that the lapse function is non-dynamical

and that varying the action with respect to the lapse function gives rise to a constraint equation.

Therefore, we can set N = 1, without loss of generality, after all calculation.

Regarding the radial coordinate y as a Euclidean time, we can rewrite the previous Einstein-

scalar gravity action as a functional form of the extrinsic curvature [10–12]

S =
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where the extrinsic curvature tensor is defined as
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1
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. (3.16)

Above R(4) denotes an intrinsic curvature of the boundary spacetime. Since the boundary is

flat in our setup, R(4) automatically vanishes. The canonical momenta of the boundary metric

�µ⌫ and scalar field � are given by

⇡µ⌫ ⌘ @S
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= � 1
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(Kµ⌫ � �µ⌫K) ,
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These canonical momenta enable us to reexpress the action as the first-order form
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where the Hamiltonian density is given by
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and the intrinsic curvature of the boundary vanishes for a flat boundary
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R(4) = 0
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Above R(4) denotes an intrinsic curvature of the boundary spacetime. Since the boundary is
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with the following Hamiltonian constraint

3.1 Holographic description of the RG flow

The RG equation is usually represented as first-order di↵erential equations, while the equations

of motion determining the dual geometry are governed by the second-order di↵erential equa-

tions. To derive the RG flow from the bulk equations, we reformulate the bulk equations by

applying the Hamilton-Jacobi formalism in which the bulk equations are rewritten as the first-

order di↵erential equations [10–13, 15, 16]. To do so, we first notice that the metric solution in

(3.3) is a specific case of the following general metric

ds
2 = N

2
dy

2 + �µ⌫(x, y)dx
µ
dx

⌫
, (3.13)

where N is a lapse function and �µ⌫ = e
2A(y)

�µ⌫ . Note that the lapse function is non-dynamical

and that varying the action with respect to the lapse function gives rise to a constraint equation.

Therefore, we can set N = 1, without loss of generality, after all calculation.

Regarding the radial coordinate y as a Euclidean time, we can rewrite the previous Einstein-

scalar gravity action as a functional form of the extrinsic curvature [10–12]

S =

Z
d
4
xdy

p
g L, (3.14)

with

L =
1

22


N

�
�R(4) +Kµ⌫K

µ⌫ �K
2 + 2⇤

�
+

1

2N
�̇
2

�
, (3.15)

where the extrinsic curvature tensor is defined as

Kµ⌫ =
1

2N

@�µ⌫

@y
. (3.16)

Above R(4) denotes an intrinsic curvature of the boundary spacetime. Since the boundary is

flat in our setup, R(4) automatically vanishes. The canonical momenta of the boundary metric

�µ⌫ and scalar field � are given by

⇡µ⌫ ⌘ @S

@�̇µ⌫
= � 1

22
(Kµ⌫ � �µ⌫K) ,

⇡� ⌘ @S

@�̇
=

1

22
�̇. (3.17)

These canonical momenta enable us to reexpress the action as the first-order form

S =

Z
d
4
xdy

p
g

⇣
⇡µ⌫ �̇

µ⌫ + ⇡��̇�NH
⌘
, (3.18)

where the Hamiltonian density is given by

H = 22

✓
�
µ⇢
�
⌫�
⇡µ⌫⇡⇢� �

1

3
⇡
2 +

1

2
⇡
2
�

◆
� ⇤

2
. (3.19)

9

<latexit sha1_base64="XW1e8b8BkhiYOvEwQ7f+dPbilaI="></latexit>

= 0

Here, the Hamiltonian corresponds to a generator of the translation in the y-direction. All 

solutions connected by this transformation are gauge-equivalent.
<latexit sha1_base64="T/TrSIdl01A1TjUDoKnM0O3y1gk="></latexit>! This corresponds to the RG transformation of the dual QFT.



The variation of the on-shell bulk action reduces to the variation of the boundary action

with ⇡ = �
µ⌫
⇡µ⌫ . The variation of this action with respect to the lapse function leads to the

Hamiltonian constraint, H = 0. This Hamiltonian is a generator of the translation in the

y-direction. All solutions connected by this transformation are gauge equivalent.

After imposing the Hamiltonian constraint, the variation of the action finally results in the

variation of the boundary action

�SB =

Z

@M
d
4
x
p
� (⇡µ⌫��

µ⌫ + ⇡���) , (3.20)

where all variables are defined at the boundary. In the Hamilton-Jacobi formalism, the canonical

momenta are defined as

⇡µ⌫ =
1
p
�

�SB

��µ⌫
and ⇡� =

1
p
�

�SB

��
. (3.21)

According to the AdS/CFT correspondence, we identify the above boundary action with the

generating functional of the dual QFT. We also identify the radial coordinate of the bulk

geometry with the energy scale of the dual QFT. Then, we can investigate the RG flow of the

dual QFT by changing the boundary position on the gravity side. To map the above equations

to the RG equations correctly, we need to resolve two issues. First, we have to clarify how the

radial position of the boundary is related to the RG scale [46–48]. Second, the above boundary

action is an unrenormalized generating functional because we did not get rid of UV divergences

yet. Therefore, we have to renormalize the above boundary action by adding appropriate

counterterms.

Although the RG flow can vary the value of coupling constants including the metric, it

does not change the background geometry where the QFT is defined. On the dual gravity

side, this implies that the boundary spacetime described by ds
2 = �µ⌫dx

µ
dx

⌫ must be invariant

under the scale transformation. Since the metric component in (3.13) scales by e
A(ȳ) ! e

�
e
A(ȳ)

under x ! e
��

x or µ ! e
�
µ, we can associate the RG scale of the dual QFT with the metric

component at the boundary

µ =
e
A(ȳ)

R
, (3.22)

where A(ȳ) indicates the value of A at the boundary. Above, we introduced the AdS radius R

for the correct dimension count. This relation represents how the RG scale changes when the

boundary moves in the radial direction. From now on, we concentrate on the dual QFT defined

at the boundary, so we drop out the bar symbol. For ⌘ = ±1, the RG scale of the dual QFT

is related to the radial position of the boundary by

µ =
e
y/R

R
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According to the AdS/CFT correspondence, the above boundary action corresponds to the 

generating functional of the dual QFT. 
<latexit sha1_base64="gUriCA4yJIqTA7RV+NOz8ohCd8Y="></latexit>

Z ⇡ e�SB

These two relations and the previous Hamiltonian constraint are equivalent to the Einstein 

equations

Since the above boundary action suffers from the UV divergence, 

we need to renormalize it by adding appropriate counterterms (holographic renormalization).



Even though we know how to relate the radial coordinate to the RG scale, we need to

add appropriate counterterms to remove the UV divergences appearing in the boundary action.

In this renormalization procedure, there can exist several di↵erent counterterms which have

the same UV divergent terms [38]. Although the regular terms do not give any e↵ect on the

renormalization, they can provide a nontrivial e↵ect on the RG flow in the intermediate energy

scale. The regular part of the counterterms is associated with the quantum corrections and

seriously modify the IR physics. Therefore, it is an important to fix the counterterms correctly

to understand the RG flow and its IR physics. The UV divergence of the above boundary

action appears at a UV cuto↵ ȳ ! 1 due to the invariant integral measure
Z

d
4
x
p
� ⇠

Z
d
4
x e

4ȳ/R
. (3.24)

On the other hand, the integrands of the boundary action in the aymptotic region behave as

⇡µ⌫�
µ⌫ ⇠ Ȧ ⇠ 1

R
,

⇡�� ⇠ e
�4ȳ/R

. (3.25)

As shown in these asymptotic behaviors, the gravity part,
R p

� ⇡µ⌫�
µ⌫ , gives rise to a UV

divergence proportional to e
4y/R, whereas the scalar field part,

R p
� ⇡��, does not make any

additional UV divergence. Therefore, we need the counterterm which cancels only the di-

vergence of the gravity part. In other words, since the marginal deformation does not any

additional UV divergence, we exploit the same counterterm used in the undeformed CFT [43]

Sct = � 1

22

Z
d
4
x
p
� Lct. (3.26)

with

Lct =
6

R
. (3.27)

Then, the renormalized action is given by

�[�µ⌫ ,�; ȳ] = SB � Sct. (3.28)

The resulting renormalized action is finite and corresponds to the renormalized generating

functional of the dual QFT. The UV cuto↵ we introduced is artificial, so the the physical

renormalized action must be independent of this artificial UV cuto↵. The scale independence

of the renormalized action leads to the RG equation

0 = µ
@�

@µ
+

@�
µ⌫

@ log µ

@�

@�µ⌫
+

@�

@ log µ

@�

@�
, (3.29)
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The marginal deformation does not generate additional UV divergence, so that only the 
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As a consequence, the renormalized boundary action (generating functional) is given by

Since the generating function must be independent of the UV cutoff, 

it has to satisfy the following RG equation 

where µ is the RG scale satisfying (3.22). Here � indicates the boundary value of the bulk

scalar field. Identifying � with the dimensionless coupling of the dual QFT, the vev of a scalar

operator is derived from the generating functional, as it should do. Due to the following relation

d�
µ⌫

d log µ
= �2�µ⌫

. (3.30)

we further rewrite the above RG equation as the usual form

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (3.31)

with the following definitions

�� ⌘ @�

@ log µ
, (3.32)

hTµ⌫i ⌘ � 2
p
�
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hOi ⌘ 1
p
�

��
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= ⇡� +

1

22

@Lct

@�
. (3.34)

This is the same as the generalized RG equation (2.5) of a QFT, where we take into account

the metric as an additional coupling constant.

3.2 RG flow triggered by a marginal operator

When we describe the holographic RG flow, it is more convenient to introduce a superpotential.

To do so, we return to the bulk equations of motion. Since the bulk equations of motion,(3.4),

(3.5), and (3.6), are depending only on Ȧ and Ä, we can introduce a superpotential which

satisfies [13, 44, 49–53]

W (�) = 6Ȧ. (3.35)

Then, the bulk equations reduce to two first-order di↵erential equations

2⇤ =
1

2

✓
@W

@�

◆2

� 1

3
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2
, (3.36)

�̇ = �@W

@�
. (3.37)

Here the first equation is just the Hamiltonian constraint which determines the superpotential

as a function of �. Then, we rewrite the RG equation in terms of the superpotential

0 =
µ
p
�
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µ⌫ hTµ⌫i+ �� hOi , (3.38)
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Then, the bulk equations reduce to two first-order di↵erential equations

2⇤ =
1

2

✓
@W

@�

◆2

� 1

3
W

2
, (3.36)

�̇ = �@W

@�
. (3.37)

Here the first equation is just the Hamiltonian constraint which determines the superpotential

as a function of �. Then, we rewrite the RG equation in terms of the superpotential

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (3.38)
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with



Two prescriptions for the holographic RG flow

(1) In the normal coordinate system, 

the scaling of the dual QFT is related to translation in the radial direction of the dual gravity.

with ⇡ = �
µ⌫
⇡µ⌫ . The variation of this action with respect to the lapse function leads to the

Hamiltonian constraint, H = 0. This Hamiltonian is a generator of the translation in the

y-direction. All solutions connected by this transformation are gauge equivalent.

After imposing the Hamiltonian constraint, the variation of the action finally results in the

variation of the boundary action

�SB =

Z

@M
d
4
x
p
� (⇡µ⌫��

µ⌫ + ⇡���) , (3.20)

where all variables are defined at the boundary. In the Hamilton-Jacobi formalism, the canonical

momenta are defined as

⇡µ⌫ =
1
p
�

�SB

��µ⌫
and ⇡� =

1
p
�

�SB

��
. (3.21)

According to the AdS/CFT correspondence, we identify the above boundary action with the

generating functional of the dual QFT. We also identify the radial coordinate of the bulk

geometry with the energy scale of the dual QFT. Then, we can investigate the RG flow of the

dual QFT by changing the boundary position on the gravity side. To map the above equations

to the RG equations correctly, we need to resolve two issues. First, we have to clarify how the

radial position of the boundary is related to the RG scale [46–48]. Second, the above boundary

action is an unrenormalized generating functional because we did not get rid of UV divergences

yet. Therefore, we have to renormalize the above boundary action by adding appropriate

counterterms.

Although the RG flow can vary the value of coupling constants including the metric, it

does not change the background geometry where the QFT is defined. On the dual gravity

side, this implies that the boundary spacetime described by ds
2 = �µ⌫dx

µ
dx

⌫ must be invariant

under the scale transformation. Since the metric component in (3.13) scales by e
A(ȳ) ! e

�
e
A(ȳ)

under x ! e
��

x or µ ! e
�
µ, we can associate the RG scale of the dual QFT with the metric

component at the boundary

µ =
e
A(ȳ)

R
, (3.22)

where A(ȳ) indicates the value of A at the boundary. Above, we introduced the AdS radius R

for the correct dimension count. This relation represents how the RG scale changes when the

boundary moves in the radial direction. From now on, we concentrate on the dual QFT defined

at the boundary, so we drop out the bar symbol. For ⌘ = ±1, the RG scale of the dual QFT

is related to the radial position of the boundary by

µ =
e
y/R

R
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with ⇡ = �
µ⌫
⇡µ⌫ . The variation of this action with respect to the lapse function leads to the

Hamiltonian constraint, H = 0. This Hamiltonian is a generator of the translation in the

y-direction. All solutions connected by this transformation are gauge equivalent.

After imposing the Hamiltonian constraint, the variation of the action finally results in the

variation of the boundary action

�SB =

Z

@M
d
4
x
p
� (⇡µ⌫��

µ⌫ + ⇡���) , (3.20)

where all variables are defined at the boundary. In the Hamilton-Jacobi formalism, the canonical

momenta are defined as

⇡µ⌫ =
1
p
�

�SB

��µ⌫
and ⇡� =

1
p
�

�SB

��
. (3.21)

According to the AdS/CFT correspondence, we identify the above boundary action with the

generating functional of the dual QFT. We also identify the radial coordinate of the bulk

geometry with the energy scale of the dual QFT. Then, we can investigate the RG flow of the

dual QFT by changing the boundary position on the gravity side. To map the above equations

to the RG equations correctly, we need to resolve two issues. First, we have to clarify how the

radial position of the boundary is related to the RG scale [46–48]. Second, the above boundary

action is an unrenormalized generating functional because we did not get rid of UV divergences

yet. Therefore, we have to renormalize the above boundary action by adding appropriate

counterterms.

Although the RG flow can vary the value of coupling constants including the metric, it

does not change the background geometry where the QFT is defined. On the dual gravity

side, this implies that the boundary spacetime described by ds
2 = �µ⌫dx

µ
dx

⌫ must be invariant

under the scale transformation. Since the metric component in (3.13) scales by e
A(ȳ) ! e

�
e
A(ȳ)

under x ! e
��

x or µ ! e
�
µ, we can associate the RG scale of the dual QFT with the metric

component at the boundary

µ =
e
A(ȳ)

R
, (3.22)

where A(ȳ) indicates the value of A at the boundary. Above, we introduced the AdS radius R

for the correct dimension count. This relation represents how the RG scale changes when the

boundary moves in the radial direction. From now on, we concentrate on the dual QFT defined

at the boundary, so we drop out the bar symbol. For ⌘ = ±1, the RG scale of the dual QFT

is related to the radial position of the boundary by

µ =
e
y/R

R
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with ⇡ = �
µ⌫
⇡µ⌫ . The variation of this action with respect to the lapse function leads to the

Hamiltonian constraint, H = 0. This Hamiltonian is a generator of the translation in the

y-direction. All solutions connected by this transformation are gauge equivalent.

After imposing the Hamiltonian constraint, the variation of the action finally results in the

variation of the boundary action

�SB =

Z

@M
d
4
x
p
� (⇡µ⌫��

µ⌫ + ⇡���) , (3.20)

where all variables are defined at the boundary. In the Hamilton-Jacobi formalism, the canonical

momenta are defined as

⇡µ⌫ =
1
p
�

�SB

��µ⌫
and ⇡� =

1
p
�

�SB

��
. (3.21)

According to the AdS/CFT correspondence, we identify the above boundary action with the

generating functional of the dual QFT. We also identify the radial coordinate of the bulk

geometry with the energy scale of the dual QFT. Then, we can investigate the RG flow of the

dual QFT by changing the boundary position on the gravity side. To map the above equations

to the RG equations correctly, we need to resolve two issues. First, we have to clarify how the

radial position of the boundary is related to the RG scale [46–48]. Second, the above boundary

action is an unrenormalized generating functional because we did not get rid of UV divergences

yet. Therefore, we have to renormalize the above boundary action by adding appropriate

counterterms.

Although the RG flow can vary the value of coupling constants including the metric, it

does not change the background geometry where the QFT is defined. On the dual gravity

side, this implies that the boundary spacetime described by ds
2 = �µ⌫dx

µ
dx

⌫ must be invariant

under the scale transformation. Since the metric component in (3.13) scales by e
A(ȳ) ! e

�
e
A(ȳ)

under x ! e
��

x or µ ! e
�
µ, we can associate the RG scale of the dual QFT with the metric

component at the boundary

µ =
e
A(ȳ)

R
, (3.22)

where A(ȳ) indicates the value of A at the boundary. Above, we introduced the AdS radius R

for the correct dimension count. This relation represents how the RG scale changes when the

boundary moves in the radial direction. From now on, we concentrate on the dual QFT defined

at the boundary, so we drop out the bar symbol. For ⌘ = ±1, the RG scale of the dual QFT

is related to the radial position of the boundary by

µ =
e
y/R

R
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On the QFT side, the scaling behavior of the coordinate and momentum is 

At the boundary of the bulk geometry

with ⇡ = �
µ⌫
⇡µ⌫ . The variation of this action with respect to the lapse function leads to the

Hamiltonian constraint, H = 0. This Hamiltonian is a generator of the translation in the

y-direction. All solutions connected by this transformation are gauge equivalent.

After imposing the Hamiltonian constraint, the variation of the action finally results in the

variation of the boundary action

�SB =

Z

@M
d
4
x
p
� (⇡µ⌫��

µ⌫ + ⇡���) , (3.20)

where all variables are defined at the boundary. In the Hamilton-Jacobi formalism, the canonical

momenta are defined as

⇡µ⌫ =
1
p
�

�SB

��µ⌫
and ⇡� =

1
p
�

�SB

��
. (3.21)

According to the AdS/CFT correspondence, we identify the above boundary action with the

generating functional of the dual QFT. We also identify the radial coordinate of the bulk

geometry with the energy scale of the dual QFT. Then, we can investigate the RG flow of the

dual QFT by changing the boundary position on the gravity side. To map the above equations

to the RG equations correctly, we need to resolve two issues. First, we have to clarify how the

radial position of the boundary is related to the RG scale [46–48]. Second, the above boundary

action is an unrenormalized generating functional because we did not get rid of UV divergences

yet. Therefore, we have to renormalize the above boundary action by adding appropriate

counterterms.

Although the RG flow can vary the value of coupling constants including the metric, it

does not change the background geometry where the QFT is defined. On the dual gravity

side, this implies that the boundary spacetime described by ds
2 = �µ⌫dx

µ
dx

⌫ must be invariant

under the scale transformation. Since the metric component in (3.13) scales by e
A(ȳ) ! e

�
e
A(ȳ)

under x ! e
��

x or µ ! e
�
µ, we can associate the RG scale of the dual QFT with the metric

component at the boundary

µ =
e
A(ȳ)

R
, (3.22)

where A(ȳ) indicates the value of A at the boundary. Above, we introduced the AdS radius R

for the correct dimension count. This relation represents how the RG scale changes when the

boundary moves in the radial direction. From now on, we concentrate on the dual QFT defined

at the boundary, so we drop out the bar symbol. For ⌘ = ±1, the RG scale of the dual QFT

is related to the radial position of the boundary by

µ =
e
y/R

R
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3.1 Holographic description of the RG flow

The RG equation is usually represented as first-order di↵erential equations, while the equations

of motion determining the dual geometry are governed by the second-order di↵erential equa-

tions. To derive the RG flow from the bulk equations, we reformulate the bulk equations by

applying the Hamilton-Jacobi formalism in which the bulk equations are rewritten as the first-

order di↵erential equations [10–13, 15, 16]. To do so, we first notice that the metric solution in

(3.3) is a specific case of the following general metric

ds
2 = N

2
dy

2 + �µ⌫(x, y)dx
µ
dx

⌫
, (3.13)

where N is a lapse function and �µ⌫ = e
2A(y)

�µ⌫ . Note that the lapse function is non-dynamical

and that varying the action with respect to the lapse function gives rise to a constraint equation.

Therefore, we can set N = 1, without loss of generality, after all calculation.

Regarding the radial coordinate y as a Euclidean time, we can rewrite the previous Einstein-

scalar gravity action as a functional form of the extrinsic curvature [10–12]

S =

Z
d
4
xdy

p
g L, (3.14)

with

L =
1

22


N

�
�R(4) +Kµ⌫K

µ⌫ �K
2 + 2⇤

�
+

1

2N
�̇
2

�
, (3.15)

where the extrinsic curvature tensor is defined as

Kµ⌫ =
1

2N

@�µ⌫

@y
. (3.16)

Above R(4) denotes an intrinsic curvature of the boundary spacetime. Since the boundary is

flat in our setup, R(4) automatically vanishes. The canonical momenta of the boundary metric

�µ⌫ and scalar field � are given by

⇡µ⌫ ⌘ @S

@�̇µ⌫
= � 1

22
(Kµ⌫ � �µ⌫K) ,

⇡� ⌘ @S

@�̇
=

1

22
�̇. (3.17)

These canonical momenta enable us to reexpress the action as the first-order form

S =

Z
d
4
xdy

p
g

⇣
⇡µ⌫ �̇

µ⌫ + ⇡��̇�NH
⌘
, (3.18)

where the Hamiltonian density is given by

H = 22

✓
�
µ⇢
�
⌫�
⇡µ⌫⇡⇢� �

1

3
⇡
2 +

1

2
⇡
2
�

◆
� ⇤

2
. (3.19)
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with

the bulk coordinate must transform

Therefore, we have to identify the radial coordinate with the RG scale of the dual QFT 



(2)  When the CFT deforms with a nontrivial beta-function, 

the coupling constant becomes a function of the RG scale and the vev of the operator must 

be derived from the generating functional.

To describe the scale dependence of the coupling constant,

we identify the value of the bulk field at the boundary with the strength of the coupling constant

a classicall gravity theory maps to a QFT involving all quantum e↵ects. Now, we investigate

how we can describe an RG flow including all quantum e↵ects on the dual gravity side.

We take into account a four-dimensional CFT deformed by a scalar operator. According

to the AdS/CFT correspondence, its dual gravity theory with a Euclidean signature can be

described by

S = � 1

22

Z
d
5
X
p
g

✓
R� 2⇤� 1

2
g
MN

@M�@N�� 1

2

m
2

R2
�
2

◆
+

1

2

Z

@M
d
4
x
p
� K, (3.1)

where ⇤ = �6/R2 is a cosmological constant with an AdS radius R. Note that above the bulk

field � is dimensionless and that gMN and �µ⌫ indicate bulk and boundary metrics, respectively.

The variation of the gravity action usually has a radial derivative of the metric at the boundary,

so that the last Gibbons-Hawking term is required to get rid of such a derivative term or to

define a Dirichlet boundary condition well.

For � = 0, in particular, an AdS space appears as a geometric solution

ds
2 =

R
2

z2

�
dz

2 + �ijdx
i
dx

j
�
, (3.2)

which is a dual of an undeformed CFT with � = 0. When turning a bulk scalar field on, it

corresponds to a deformation operator of the dual CFT. In this case, the mass of the bulk field

is related to the conformal dimension of the dual operator

� = 2 +
p
4 +m2. (3.3)

Near the asymptotic boundary (z ! 0), the bulk scalar field allows the following perturbative

solution

� = c1z
4�� (1 + · · ·) + c2z

� (1 + · · ·) , (3.4)

where c1 and c2 are two integral constants.

In the holographic studies, c1 and c2 for � > 2 are usually identified with the source (or

coupling constant) and vev of a deformation operator, respectively [2–4]. For later convenience,

hereafter, we call this identification a UV identification. Near a UV fixed point, the UV

identification reproduces the correct scaling dimension of a dual operator. However, the UV

identification becomes unclear in an IR regime due to the mixing of two independent solutions.

To define a coupling constant well at the low energy scale, we exploit a di↵erent identification.

After we relate the radial position of the boundary to the RG scale of the dual QFT, we

identify the boundary value of the dual bulk field, �, with the dimensionless coupling constant

of the dual QFT. For the comparison with the UV identification, from now on we call this

prescription a new identification. Under this new identification, c1 again becomes a dimensionful

6

For example, 

classical quantum corrections 

where µ is the RG scale satisfying (3.22). Here � indicates the boundary value of the bulk

scalar field. Identifying � with the dimensionless coupling of the dual QFT, the vev of a scalar

operator is derived from the generating functional, as it should do. Due to the following relation

d�
µ⌫

d log µ
= �2�µ⌫

. (3.30)

we further rewrite the above RG equation as the usual form

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (3.31)

with the following definitions

�� ⌘ @�

@ log µ
, (3.32)

hTµ⌫i ⌘ � 2
p
�

@�

@�µ⌫
= �

✓
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1
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�µ⌫Lct

◆
, (3.33)

hOi ⌘ 1
p
�

��

��
= ⇡� +

1

22

@Lct

@�
. (3.34)

This is the same as the generalized RG equation (2.5) of a QFT, where we take into account

the metric as an additional coupling constant.

3.2 RG flow triggered by a marginal operator

When we describe the holographic RG flow, it is more convenient to introduce a superpotential.

To do so, we return to the bulk equations of motion. Since the bulk equations of motion,(3.4),

(3.5), and (3.6), are depending only on Ȧ and Ä, we can introduce a superpotential which

satisfies [13, 44, 49–53]

W (�) = 6Ȧ. (3.35)

Then, the bulk equations reduce to two first-order di↵erential equations

2⇤ =
1

2
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, (3.36)

�̇ = �@W

@�
. (3.37)

Here the first equation is just the Hamiltonian constraint which determines the superpotential

as a function of �. Then, we rewrite the RG equation in terms of the superpotential

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (3.38)
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at the leading order, we obtain  
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This is consistent with the identification                   at the UV fixed point.
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hOi = c2



From the bulk solution of the Einstein-scalar gravity

of a dual QFT. If possible, the AdS/CFT correspondence would be helpful to understand the

nonperturbative RG flow because the AdS/CFT correspondence claims that the dual gravity

maps to a QFT involving all quantum e↵ects. Now, we investigate how we can describe the

RG flow including quantum e↵ects on the dual gravity side. In this work, we concentrate

on a gravity theory which is dual to a UV CFT deformed by a classically marginal operator.

Although the microscopic details of the deformed theory are obscure, studying the dual gravity

theory can give us important information about the RG flow of the deformed QFT.

From now on, we focus on the case of d = 4. According to the AdS/CFT correspondence,

the mass of the bulk field is related to the conformal dimension of the dual operator

� = 2 +

r
4 +

m2

R2
. (3.1)

If we take into account a massless scalar field with m = 0, the dual operator corresponds to

a marginal operator with a conformal dimension � = 4. To consider a classically marginal

deformation, we start with the following Euclidean Einstein-scalar gravity

S = � 1

22

Z
d
5
X
p
g

✓
R� 2⇤� 1

2
g
MN

@M�@N�

◆
+

1

2

Z

@M
d
4
x
p
� K, (3.2)

where ⇤ = �6/R2 is a cosmological constant with an AdS radius R. Here, gMN and �µ⌫ indicate

a bulk metric and an induced metric on the boundary respectively. Since the variation of the

gravity action usually has a radial derivative of the metric at the boundary, the last term called

the Gibbons-Hawking term is required to get rid of such a radial derivative term. Assuming

that the scalar field depends only on the radial coordinate and that the boundary space is flat,

the most general metric ansatz preserving the boundary’s planar symmetry is expressed as

ds
2 = e

2A(y)
�µ⌫dx

µ
dx

⌫ + dy
2
. (3.3)

The detail of this geometry is governed by �(y) and A(y) satisfying the following equations

of motion

0 = 24Ȧ2 � �̇
2 + 4⇤, (3.4)

0 = 12Ä+ 24Ȧ2 + �̇
2 + 4⇤, (3.5)

0 = �̈+ 4Ȧ�̇, (3.6)

where the dot means a derivative with respect to y. Here the first equation is a constraint,

while the others describe dynamics of A and �. Note that only two of the above three equations

are independent. These equations allow the following analytic solution [44, 45]

� = �0 + ⌘

r
3

2
log

 
4
p
6� �1z

4
/R

4

4
p
6 + �1z

4/R4

!
, (3.7)

e
2A(y) =

R
2

z2

r
1� ⌘2�2

1

96

z8

R8
, (3.8)

7
1) For , a pure AdS is a solution which corresponds to an undeformed CFT.
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� = 0

2) The massless bulk scalar field at the boundary is matched to the coupling constant of a
classically marginal operator.

where µ is the RG scale satisfying (3.22). Here � indicates the boundary value of the bulk

scalar field. Identifying � with the dimensionless coupling of the dual QFT, the vev of a scalar

operator is derived from the generating functional, as it should do. Due to the following relation

d�
µ⌫

d log µ
= �2�µ⌫

. (3.30)

we further rewrite the above RG equation as the usual form

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (3.31)

with the following definitions

�� ⌘ @�

@ log µ
, (3.32)

hTµ⌫i ⌘ � 2
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�

@�

@�µ⌫
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hOi ⌘ 1
p
�
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= ⇡� +

1

22
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. (3.34)

This is the same as the generalized RG equation (2.5) of a QFT, where we take into account

the metric as an additional coupling constant.

3.2 RG flow triggered by a marginal operator

When we describe the holographic RG flow, it is more convenient to introduce a superpotential.

To do so, we return to the bulk equations of motion. Since the bulk equations of motion,(3.4),

(3.5), and (3.6), are depending only on Ȧ and Ä, we can introduce a superpotential which

satisfies [13, 44, 49–53]

W (�) = 6Ȧ. (3.35)

Then, the bulk equations reduce to two first-order di↵erential equations

2⇤ =
1

2
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, (3.36)

�̇ = �@W

@�
. (3.37)

Here the first equation is just the Hamiltonian constraint which determines the superpotential

as a function of �. Then, we rewrite the RG equation in terms of the superpotential

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (3.38)

12

3) The beta-function of a marginal operator with quantum corrections

- marginally relevant

- truly marginal

- marginally irrelevant
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Gluon condensation in QCD

In a 4-dimensional space, QCD is asymptotically free (conformal at the UV fixed point) 

If there is a non-vainshing gluon condensation

with

For QCD, the condensations are usually associated with the spontaneous symmetry 

breaking and responsible for the mass of hadrons 

QCD deforms by the condensation which gives rise to a new ground state.

The quantum correction at the one-loop level leads to the following trace anomaly  

where                     is the ‘t Hooft coupling.



we identify the bulk scalar field with the inverse of the Yang-Mills coupling or ‘t Hoot coupling

From the kinetic term of the Yang-Mills theory

Holographic dual of the gluon condensation

Then, the beta-function of      is related to that of the ‘t Hooft coupling

From the previous gravity solution,

where µ is the RG scale satisfying (3.22). Here � indicates the boundary value of the bulk

scalar field. Identifying � with the dimensionless coupling of the dual QFT, the vev of a scalar

operator is derived from the generating functional, as it should do. Due to the following relation

d�
µ⌫

d log µ
= �2�µ⌫

. (3.30)

we further rewrite the above RG equation as the usual form

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (3.31)

with the following definitions
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hOi ⌘ 1
p
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1

22

@Lct
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. (3.34)

This is the same as the generalized RG equation (2.5) of a QFT, where we take into account

the metric as an additional coupling constant.

3.2 RG flow triggered by a marginal operator

When we describe the holographic RG flow, it is more convenient to introduce a superpotential.

To do so, we return to the bulk equations of motion. Since the bulk equations of motion,(3.4),

(3.5), and (3.6), are depending only on Ȧ and Ä, we can introduce a superpotential which

satisfies [13, 44, 49–53]

W (�) = 6Ȧ. (3.35)

Then, the bulk equations reduce to two first-order di↵erential equations

2⇤ =
1

2

✓
@W

@�

◆2

� 1

3
W

2
, (3.36)

�̇ = �@W

@�
. (3.37)

Here the first equation is just the Hamiltonian constraint which determines the superpotential

as a function of �. Then, we rewrite the RG equation in terms of the superpotential

0 =
µ
p
�

@�

@µ
+ �

µ⌫ hTµ⌫i+ �� hOi , (3.38)
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Figure 1. The RG flows caused by marginally relevant and irrelevant operators.

3.2.2 Truly marginal deformation

There exists another solution satisfying the Hamiltonian constraint. The second superpotential

is given by

W =
6

R
. (3.46)

This reproduces the trivial solution, (3.7) with ⌘ = 0. Plugging this superpotential into (3.37)

and (3.35), we finally reobtain the trivial solution in (3.10). In this case, the coupling constant

� = 0 of the undeformed CFT changes into � = �0 for the deformed CFT. This is a typical

feature of the truly marginal deformation satisfying

�� = hT µ
µi = 0. (3.47)

Therefore, this truly marginal operator changes a CFT into another CFT with shifting the

value of the coupling constant and without generating a nontrivial RG flow.

4 Holographic dual of the gluon condensation

Several distinct condensations appear in QCD. They are usually associated with a certain

spontaneous symmetry breaking and responsible for the mass of hadrons. Due to the Lorentz

invariance, the condensation should be a Lorentz scalar and have vanishing charges under

various global and local symmetries. The well-known condensations in QCD are the chiral and
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For              , the asymptotic free theory at the UV fixed point flow into a new IR theory 

which has a non-vanishing gluon condensation.   

The holographic calculation allows the following beta-function and gluon condensate   

which rely on the RG scale.

Rewriting these result in terms of the ‘t Hooft coupling, we obtain

Since the ‘t Hooft coupling is dimensionless, its beta-function is at the tree level

Therefore,                      comes from the quantum correction



Varying the holographic generating functional with respect to the metric, we obtain the 

following trace anomaly

Comparing the obtained holographic results, we finally find the following relation

one-loop higher-loop

- The one-loop result is the expected trace anomaly caused by the gluon condensation.

- The nonvanishing higher order correction can modify the one-loop trace anomaly.



- By applying the holographic RG flow, 

we reproduced the expected trace anomaly caused by the gluon condensation.

Conclusion

- We discuss how to realize the RG flow in the holographic setup.

- Future works,

- Higher loop corrections

- RG flow caused by relevant deformations

- Nonperturbative IR physics after the RG flow 
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