
Rectifying No-Hair Theorems in Gauss-Bonnet
Theory

in collaboration with Alexandros Papageorgiou and Chan Park (IBS-CTPU) 1

Miok Park
Institute of Basic Science (IBS-CTPU), Daejeon, S. Korea

CQUeST 2022 workshop on Cosmology and Quantum Spacetime @ Utop Marina Hotel, Yeosu

June 29, 2022

12205.00907, 2209.XXXXX



Content

1 Introduction
Historical interests
Recent interests

2 No-Hair Theorems by J. Bekenstein
Old No-Hair Theorems by J. Bekenstein in 1972
Novel No-Hair theorem by J. Bekenstein in 1995

3 No-Hair Theorems in Einstein-Scalar-Gauss-Bonnet Theory
Evasion of no-hair theorems in ESGB Theory
Rectifying no-hair theorems in ESGB Theory

4 Exampes
Hairy Black Holes for f = αeγϕ in ESGB
Hairy Black Holes for f = αϕ2 in ESGB

5 Conclusion

Miok Park (IBS-CTPU) Rectifying No-Hair Theorems in Gauss-Bonnet Theory June 29, 2022 1 / 18



Introduction Historical interests

Uniqueness Theorem

A static, topologically spherical black hole in vacuum is described by the
Schwarzschild.
W. Israel, Phys. Rev. 164, 1776 (1967)

A static, topologically spherical black hole in electrovac spacetimes is
described by the Reissner-Nördström solutions.

W. Israel, Commun. math. Phys. 8, 245 (1968)

Carter(1971) and Robinson (1975) succeeded in proving that all
stationary and axisymmetric black holes are uniquely characterized by
the Kerr metric.
By Mazur in1982 and Bunting in 1983, it is studied for stationary and
axisymmetric case. the Kerr-Newman solutions.
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Introduction Historical interests

Israel-Carter Conjecture
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Introduction Historical interests

No-Hair Conjecture by Ruffini and Wheeler in 1971

“All details of the infalling matter are washed out. The final configuration is
believed to be uniquely determined by mass, electric charge, and angular
momentum."
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Introduction Recent interests

Recent interests

Spontaneous Scalarization2

Testing the No-Hair Theorem with GW150914 3

No global symmetry in quantum gravity (swampland conjecture)

2H. O. Silva, J. Sakstein, L. Gualtieri, T. P. Sotiriou, and E. Berti, Phys. Rev. Lett. 120, 131104
(2018)

3M. Isi, M. Giesler, W. M. Farr, M. A. Scheel, and S. A. Teukolsky, Phys. Rev. Lett. 123,
111102 (2019)
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Introduction Recent interests

Recent interests

Spontaneous Scalarization2

- The no-hair theorem gives indication for the non-existence/possible
existence of hairy black hole in given circumstances
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No global symmetry in quantum gravity (swampland conjecture)
- “A theory with a finite number of states, coupled to gravity, can have no

global symmetry."
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No-Hair Theorems by J. Bekenstein Old No-Hair Theorems by J. Bekenstein in 1972

Old No-Hair Theorems by J. Bekenstein in 1972

1 Klein-Gordon equation

�ψ(r)−m2ψ(r) = 0

2 manipulate as follows∫
d4x
√
−g ψ(r)

[
∂µ∂µψ(r)−m2ψ(r)

]
= −

∫
V

d4x
√
−g
[
∂µψ∂µψ +m2ψ2

]
+

∫
∂V

d3x
√
−hnµψ∂µψ

= −
∫
V

d4x
√
−g
(
∂µψ∂µψ +m2ψ2

)
= 0

3 Since grr(∂rψ)2 > 0 and m2ψ2 > 0, the integral can vanish only if ψ
vanishes indentically in the black hole’s exterior.

4 The proofs for vector and spin-2 fields are more complicated than the
above, but the basic idea is the same.
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No-Hair Theorems by J. Bekenstein Novel No-Hair theorem by J. Bekenstein in 1995

Novel No-Hair theorem by J. Bekenstein in 1995

The previous old no-hair theorem fails for a general potential, for
example, a double well potential.∫

V
d4x
√
−g
(
∂µψ∂µψ + V ′(ψ2)ψ2

)
= 0
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Novel No-Hair theorem by J. Bekenstein in 1995

Assumptions
minimal coupling to gravity.
the energy density (= TαβU

αUβ) carried by the scalar field is
non-negative.

Consider a static scalar field in a static black hole background

Sψ = −1

2

∫ [
ψ,αψ,

α + V (ψ2)

]
(−g)1/2d4x
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No-Hair Theorems by J. Bekenstein Novel No-Hair theorem by J. Bekenstein in 1995

Evasion of No-Hair theorem

The desire to find new black hole solutions led to the discovery of several
kinds of non-trivial field

black holes with YM fields
Skyrmion hair black holes

Miok Park (IBS-CTPU) Rectifying No-Hair Theorems in Gauss-Bonnet Theory June 29, 2022 8 / 18



No-Hair Theorems in Einstein-Scalar-Gauss-Bonnet Theory Rectifying no-hair theorems in ESGB Theory

Evasion of the old no-hair theorem in ESGB4

Einstein-Scalar-Gauss-Bonnet Theory

S =

∫
d4x
√
−g
[
R

2κ2
− 1

2
∇αϕ∇αϕ+ f(ϕ)G

]
, 2κ2 = 1

G = RµνρσR
µνρσ − 4RµνR

µν +R2

Old no-hair theorem∫
V

d4x
√
−gf(ϕ)

(
∇2ϕ+ ḟ(ϕ)G

)
= 0

= −
∫
V

d4x
√
−gḟ(ϕ)

(
∂µϕ∂µϕ− f(ϕ)G

)

f(ϕ) > 0

The Old No-Hair theorem is evaded, since grr∂rϕ∂rϕ > 0 and G > 0

4G. Antoniou, A. Bakopoulos, and P. Kanti, Phys. Rev. Lett. 120, 131102 (2018)
Miok Park (IBS-CTPU) Rectifying No-Hair Theorems in Gauss-Bonnet Theory June 29, 2022 9 / 18
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Rectifying the old no-hair theorem in ESGB5

Old no-hair theorem∫
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d4x
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−gf(ϕ)
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d4x
√
−gḟ(ϕ)

(
∂µϕ∂µϕ− f(ϕ)G
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+
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∂V

d3x
√
−hf(ϕ)nµ∂µϕ

the metric ansatz and ϕ expansion near infinigy

ds2 = −A(r)dt2 +
1

B(r)
dr2 + r2dΩ2, ϕ ∼ ϕ∞ +

ϕ1

r
+ · · ·

Then ∫ ∞
rh

dr
√
A

B
r2ḟ

(
∂µϕ∂µϕ− fG

)
= 0

If f(ϕ∞) = 0 or ϕ1 = 0, the no-hair theorem is evaded when

f(ϕ) > 0

If f(ϕ∞) 6= 0 and ϕ1 6= 0, the no-hair theorem fails. Black hole solution might exist

f(ϕ) > 0 and f(ϕ) < 0

5Alexandros Papageorgiou, Chan Park, and Miok Park, 2202.00907
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Evasion of the novel no-hair theorem in ESGB6

Assumptions
minimal coupling to gravity.

the energy density (= TαβU
αUβ ) carried by the scalar field is non-negative.

Near horizon and infinity expansion of energy-momentum tensor

Tt
t = Tr

r|r→rh > 0, (Tr
r)′|r→rh : undetermined

Tr
r|r→∞ > 0, (Tr

r)′|r→∞ < 0

where

(Tr
r)′|r→rh =

BA′

A

[
4 (rB′ + 1) ḟϕ′

r3
−

rϕ′2

4(r + 2ḟϕ′)
−

2(f̈ϕ′2 + ḟϕ′′)

r(r + 2ḟϕ′)

]
+O(ε)

Authours claim

there would be smooth matching of Trr at both asymptotics if V = 2(f̈ϕ′2 + ḟϕ′′) > 0

6G. Antoniou, A. Bakopoulos, and P. Kanti, Phys. Rev. Lett. 120, 131102 (2018)
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Rectifying the novel no-hair theorem in ESGB7

Near horizon and infinity expansion of energy-momentum tensor

Tt
t = Tr

r|r→rh > 0, (Tr
r)′|r→rh : undetermined

Tr
r|r→∞ ∼

1

r4
> 0, (Tr

r)′|r→∞ < 0

Authours claim “G. Antoniou, A. Bakopoulos, and P. Kanti, Phys. Rev. Lett. 120, 131102 (2018)"

X
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Previous study of no-hair theorem in EdGB

Bum-Hoon Lee, Wonwoo Lee, and Daeho Ro, Phys. Rev. D 99, 024002 (2019) “Expanded
evasion of the black hole no-hair theorem in dilatonic Einstein-Gauss-Bonnet theory"

found the hairy black hole solution when f(ϕ) < 0

the old no-hair theorem

Despite, employing the same methodology in the original papers, their physical results are
contrary to each other.

This might indicate that there is a privileged manner to validate the evasion of the old
no-hair theorem.

then the theorem loses its universal power.

This conflict occurred because of omitting the surface term.
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Hairy Black Holes for in ESGB

Our metric ansatz

ds2 = −A(r)dt2 +
1

B(r)
dr2 + r2dΩ2,

Boundary conditions

Near horizon : A(r) ∼ Ahε, B(r) ∼ Bhε, ϕ(r) ∼ ϕh + ϕh,1ε

Near infinity : A(r) ∼ 1 +
A1

r
, B(r) ∼ 1 +

A1

r
, ϕ(r) ∼ ϕ∞ +

ϕ1

r

where

ϕ′(rh) = ϕh,1 = −
rh

4ḟh

(
1∓

√
1−

96

r4h
ḟ2h

)
, Bh =

2

rh

(
1±

√
1−

96

r4h
ḟ2h

)−1

To avoid ϕ′′(rh) being divergent the inside of the root should not be zero, namely

ḟ2h <
r4h
96
.
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Conclusion

Summary

Hairy black hole : In this work, we defined that hairy black hole is having
non-trivial scalar field in the exterior spacetime regardless of the charge of scalar
field.

We revisit the no-hair theorems in Einstein-Scalar-Gauss-Bonnet theory with a
general coupling function between the scalar and the Gauss-Bonnet term in four
dimensional spacetime.

We first resolve the conflict caused from the incomplete derivation of the old
no-hair theorem by taking into account the surface term and restore its reliability.

We also clarify that the novel no-hair theorem is always evaded for regular black
hole solutions without any restrictions as long as the regularity conditions are
satisfied.

Thank You!
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