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PART I



Scattering amplitudes 
and their classical limits

Spin-dependent



Spinor-helicity variables

Massless : 

Massive : 

<latexit sha1_base64="6KDHY+uH8sWL8O+39TShN3PZTqY="></latexit>

paȧ = pµ(s
µ)aȧ

<latexit sha1_base64="Ci6Tv4Z8M3+d//QHdBuO4gSYDmk="></latexit>

paȧ = �lal̄ȧ = �|p]ahp|ȧ

<latexit sha1_base64="eL2lZMP26orxdWRARVfl51KIBLo="></latexit>

paȧ = �laI l̄
I
ȧ = �|p]aIhp|I ȧ

<latexit sha1_base64="X8uPv22uS5w+shJ0T7GNgjqd7Y8=">AAACCXicdVDLSsNAFJ3UV62vqks3g0Wom5DUWutCKAjisoJthSaUyWTSDp0kw8xEqKXg3r1b/QV34tav8A/8DCdpBSt64MLhnHvn3jkeZ1Qqy/owcguLS8sr+dXC2vrG5lZxe6ct40Rg0sIxi8WNhyRhNCItRRUjN1wQFHqMdLzheep3bomQNI6u1YgTN0T9iAYUI6Ulx/GJKvNDeAYt2CuWLPPYsk9rR9AyrQwZqduVOrRnSgnM0OwVPx0/xklIIoUZkrJrW1y5YyQUxYxMCk4iCUd4iPqkq2mEQiLdcXbzBB5oxYdBLHRFCmbqz4kxCqUchZ7uDJEayN9eKv7ldRMV1N0xjXiiSISni4KEQRXDNADoU0GwYiNNEBZU3wrxAAmElY5pbkv6Nkd38aSgo/n+P/yftCumXTOrV9VS4+J+GlIe7IF9UAY2OAENcAmaoAUw4OARPIFn48F4MV6Nt2lrzpgFuwvmYLx/AeRcmjA=</latexit>

det(p) = 0

<latexit sha1_base64="taazHsFQKzAQxKBDz51bk0D44T0=">AAACCnicdVDLSgMxFM34rPVVdekmWIS6GWZqrXUhFARxWcE+oB1LJpO2oZnJmGSEOhT8APdu9RfciVt/wj/wM8xMK1jRAxcO59ybe3PckFGpLOvDmJtfWFxazqxkV9fWNzZzW9sNySOBSR1zxkXLRZIwGpC6ooqRVigI8l1Gmu7wLPGbt0RIyoMrNQqJ46N+QHsUI6Ulp+MRVQgP4Cn0r4vdXN4yjyz7pHwILdNKkZKKXaxAe6rkwRS1bu6z43Ec+SRQmCEp27YVKidGQlHMyDjbiSQJER6iPmlrGiCfSCdOjx7Dfa14sMeFrkDBVP05ESNfypHv6k4fqYH87SXiX147Ur2KE9MgjBQJ8GRRL2JQcZgkAD0qCFZspAnCgupbIR4ggbDSOc1sSd4O0R0fZ3U03/+H/5NG0bTLZumylK+e309CyoBdsAcKwAbHoAouQA3UAQY34BE8gWfjwXgxXo23SeucMQ12B8zAeP8CInua5w==</latexit>

det(p) = m2

<latexit sha1_base64="ZRbWcJV3Pm1WG7M/lmcYv3hsICc=">AAACEHicdVDLSsNAFJ34rPWV6tLNYBHqJiS11roQCoK4rGAf0IQymUzaoZMHMxOlloLf4N6t/oI7cesf+Ad+hpO0ghU9MHA4577muDGjQprmh7awuLS8sppby69vbG5t64WdlogSjkkTRyziHRcJwmhImpJKRjoxJyhwGWm7w/PUb98QLmgUXstRTJwA9UPqU4ykknp6wfaILNlMdXjoEJ7BoKcXTePYtE6rR9A0zAwZqVnlGrRmShHM0Ojpn7YX4SQgocQMCdG1zFg6Y8QlxYxM8nYiSIzwEPVJV9EQBUQ44+z0CTxQigf9iKsXSpipPzvGKBBiFLiqMkByIH57qfiX102kX3PGNIwTSUI8XeQnDMoIpjlAj3KCJRspgjCn6laIB4gjLFVac1vS2TG6iyZ5Fc33/+H/pFU2rKpRuaoU6xf305ByYA/sgxKwwAmog0vQAE2AwS14BE/gWXvQXrRX7W1auqDNgt0Fc9DevwARspz9</latexit>

det(l) = m



"Should I learn how to use them?"

Spinor-helicity variables



QFT course, 1st semester

<latexit sha1_base64="bkLEBwdYXQLZELw6LAWZVvzVWzo="></latexit>

Y(x) =
Z

fdp
h
eipxuI(p)bI + e�ipxvI(p)b†

I

i

Wigner's "little group" SU(2)
for massive particles

<latexit sha1_base64="+RTHQLYidyPjthZxuUqaIDAlP3s="></latexit>

{bI(p), b†
J (q)} = (2p)3(2w~p)d

3(~p �~q) dI
J



QFT course, 1st semester

<latexit sha1_base64="Q8AJ5EhvaKKUjgor9OJfcRt3O/o="></latexit>

drs makes no sense!
<latexit sha1_base64="dVfnOcxlix+lucIxUF2rE5H3LcQ="></latexit>

dr̄s or dr
s will do.

[Peskin-Schoeder, chapter 3]



QFT course, 1st semester

Little-group covariant notation:
<latexit sha1_base64="rG3+RVeNdvYh7wY8V0HzkR45hBQ="></latexit>

paȧ = �laI l̄
I
ȧ

Fine. But, are they useful in practical computations?

<latexit sha1_base64="Fs0A26sYnronj5kMhDsYSl36DCg="></latexit>

uI(p) =

0

@laI

l̄ȧ
I

1

A , vI(p) =

0

@�laJ

l̄ȧ
J

1

A eJ I ,

ūI(p) =
⇣

lIa l̄I
ȧ

⌘
, v̄I(p) = eI J

⇣
lJa �l̄J

ȧ

⌘
.



3d "helicity basis"
<latexit sha1_base64="WiuGhIx2JXZ0J6VCck0Rg4UaV/c="></latexit>

k̂ = (sin q cos f, sin q sin f, cos q)

<latexit sha1_base64="avqfJz0DCiCdSq6DdOpOfpwXHqQ="></latexit>

k̂ ·~s = |k+)(k+|� |k�)(k�| ,

|k+) =

0

@ cq/2

e+ifsq/2

1

A , |k�) =

0

@�e�ifsq/2

cq/2

1

A .

Helicity basis [Jacob-Wick 1959] 



Helicity basis

(1+3)d "helicity basis"

<latexit sha1_base64="4PRuZJFd8f3DHh9oPhEaN4BCszQ="></latexit>

laI =
p

m
⇣

e�r/2|k+) e+r/2|k�)
⌘

, l̄I
ȧ =

p
m

0

@e�r/2(k+|

e+r/2(k�|

1

A ,

l̄ȧ
I =

p
m
⇣

e+r/2|k+) e�r/2|k�)
⌘

, lIa =
p

m

0

@e+r/2(k+|

e�r/2(k�|

1

A .

<latexit sha1_base64="hz15M4RRQXOk2PK4I31DyRIcohw="></latexit>

E = m cosh r , ~k = m sinh r k̂ .



A QED process
<latexit sha1_base64="YAQjJ+jvLuIq6ftIqAH0a0qKsKA="></latexit>

e�e+ ! µ+µ�

💥
<latexit sha1_base64="Nv4JXuWQRKaTYXe3+E/Qw0e+IB4=">AAACBXicbVDLTgIxFO34RHyhLt00EhNXOEOIuiRx4xKNPBKYkE7pQEOnnbR3THDC2r1b/QV3xq3+hn/gZ9gBFgKe5CYn59zbe3uCWHADrvvtrKyurW9s5rby2zu7e/uFg8OGUYmmrE6VULoVEMMEl6wOHARrxZqRKBCsGQyvM7/5wLThSt7DKGZ+RPqSh5wSsFKrAwMG5LzcLRTdkjsBXibejBTRDLVu4afTUzSJmAQqiDFtz43BT4kGTgUb5zuJYTGhQ9JnbUsliZjx08m9Y3xqlR4OlbYlAU/UvxMpiYwZRYHtjAgMzKKXif957QTCKz/lMk6ASTpdFCYCg8LZ53GPa0ZBjCwhVHN7K6YDogkFG9HcluztmDyqcd5G4y0GsUwa5ZJ3UarcVorVu69pSDl0jE7QGfLQJaqiG1RDdUSRQM/oBb06T86b8+58TFtXnFmwR2gOzucvlCaZ1Q==</latexit>

q/2
<latexit sha1_base64="Nv4JXuWQRKaTYXe3+E/Qw0e+IB4=">AAACBXicbVDLTgIxFO34RHyhLt00EhNXOEOIuiRx4xKNPBKYkE7pQEOnnbR3THDC2r1b/QV3xq3+hn/gZ9gBFgKe5CYn59zbe3uCWHADrvvtrKyurW9s5rby2zu7e/uFg8OGUYmmrE6VULoVEMMEl6wOHARrxZqRKBCsGQyvM7/5wLThSt7DKGZ+RPqSh5wSsFKrAwMG5LzcLRTdkjsBXibejBTRDLVu4afTUzSJmAQqiDFtz43BT4kGTgUb5zuJYTGhQ9JnbUsliZjx08m9Y3xqlR4OlbYlAU/UvxMpiYwZRYHtjAgMzKKXif957QTCKz/lMk6ASTpdFCYCg8LZ53GPa0ZBjCwhVHN7K6YDogkFG9HcluztmDyqcd5G4y0GsUwa5ZJ3UarcVorVu69pSDl0jE7QGfLQJaqiG1RDdUSRQM/oBb06T86b8+58TFtXnFmwR2gOzucvlCaZ1Q==</latexit>

q/2

<latexit sha1_base64="KUz4TMnbH7hJFHMyRf1KGdvWj8k=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9iHtUDJppg3NiyRTqMOAS/du9RfciVt/wz/wM0wfC9t64MLhnHtzb06kGDXW97+93Nr6xuZWfruws7u3f1A8PGoYmWhM6lgyqVsRMoRRQeqWWkZaShPEI0aa0fBm4jdHRBsqxb0dKxJy1Bc0phhZJz10RgSnKusG3WLJL/tTwFUSzEkJzFHrFn86PYkTToTFDBnTDnxlwxRpSzEjWaGTGKIQHqI+aTsqECcmTKcHZ/DMKT0YS+1KWDhV/06kiBsz5pHr5MgOzLI3Ef/z2omNr8OUCpVYIvBsUZwwaCWc/B72qCbYsrEjCGvqboV4gDTC1mW0sGXytkKPMiu4aILlIFZJ46IcXJYrd5VStfE0CykPTsApOAcBuAJVcAtqoA4w4OAFvII379l79z68z1lrzpsHewwW4H39At0ummI=</latexit>

~p1

<latexit sha1_base64="2zdRpzk+FnHOPKNhGO+I4O4hVG0=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjOlqMuCG5cV7EPaoWTSTBuaF0mmUIeCS/du9RfciVt/wz/wM8y0XWjrgQuHc+7NvTmRYtRY3//ycmvrG5tb+e3Czu7e/kHx8KhpZKIxaWDJpG5HyBBGBWlYahlpK00QjxhpRaPrzG+NiTZUijs7USTkaCBoTDGyTrrvjglO1bRX6RVLftmfAa6SYEFKYIF6r/jd7UuccCIsZsiYTuArG6ZIW4oZmRa6iSEK4REakI6jAnFiwnR28BSeOaUPY6ldCQtn6u+JFHFjJjxynRzZoVn2MvE/r5PY+CpMqVCJJQLPF8UJg1bC7PewTzXBlk0cQVhTdyvEQ6QRti6jP1uytxV6kNOCiyZYDmKVNCvl4KJcva2Was3HeUh5cAJOwTkIwCWogRtQBw2AAQfP4AW8ek/em/fufcxbc94i2GPwB97nD97ImmM=</latexit>

~p2

<latexit sha1_base64="Ky9Rv2/WmJFIDp57q7KKBueN5mg=">AAACBnicbVDLSgMxFM34rPVVdekmWARXZUaLuiy4cVnBPqQdSibNtKF5kWQKdSi4dO9Wf8GduPU3/AM/w0zbhW09cOFwzr25NydSjBrr+9/eyura+sZmbiu/vbO7t184OKwbmWhMalgyqZsRMoRRQWqWWkaaShPEI0Ya0eAm8xtDog2V4t6OFAk56gkaU4yskx7aQ4JTNe5cdApFv+RPAJdJMCNFMEO1U/hpdyVOOBEWM2RMK/CVDVOkLcWMjPPtxBCF8AD1SMtRgTgxYTo5eAxPndKFsdSuhIUT9e9EirgxIx65To5s3yx6mfif10psfB2mVKjEEoGni+KEQSth9nvYpZpgy0aOIKypuxXiPtIIW5fR3JbsbYUe5TjvogkWg1gm9fNScFkq35WLlfrTNKQcOAYn4AwE4ApUwC2oghrAgIMX8ArevGfv3fvwPqetK94s2CMwB+/rF+BimmQ=</latexit>

~p3

<latexit sha1_base64="pjkzgB3mUx5T7F3nUKcpSztoocM=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBjcsK9iHtUDJppg3NiyRTqMOAS/du9RfciVt/wz/wM0wfC9t64MLhnHtzb06kGDXW97+93Nr6xuZWfruws7u3f1A8PGoYmWhM6lgyqVsRMoRRQeqWWkZaShPEI0aa0fBm4jdHRBsqxb0dKxJy1Bc0phhZJz10RgSnKutWusWSX/angKskmJMSmKPWLf50ehInnAiLGTKmHfjKhinSlmJGskInMUQhPER90nZUIE5MmE4PzuCZU3owltqVsHCq/p1IETdmzCPXyZEdmGVvIv7ntRMbX4cpFSqxRODZojhh0Eo4+T3sUU2wZWNHENbU3QrxAGmErctoYcvkbYUeZVZw0QTLQaySxkU5uCxX7iqlauNpFlIenIBTcA4CcAWq4BbUQB1gwMELeAVv3rP37n14n7PWnDcP9hgswPv6BeH8mmU=</latexit>

~p4

<latexit sha1_base64="0w9sOi+eruNUYWD3KQo8iV2D30k=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GjLS1roruHHZgn1AO5RMmmlDM8mQZMQ6FLp3q7/gTtz6K/6Bn2H6EKzogcDhnJv7OEHMmTYIfTiZtfWNza3sdm5nd2//IH941NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRtczv3VHlWZS3JpxTP0IDwQLGcHGSvX7Xr6A3NKVRQUit4wQ8kpLgkrQc9EcBbBErZf/7PYlSSIqDOFY646HYuOnWBlGOJ3kuommMSYjPKAdSwWOqPbT+aITeGaVPgylsk8YOFd//khxpPU4CmxlhM1Q//Zm4l9eJzFhxU+ZiBNDBVkMChMOjYSzq2GfKUoMH1uCiWJ2V0iGWGFibDYrU2a9Y/wgJzkbzff98H/SvHC9slusFwvV5nQRUhacgFNwDjxwCargBtRAAxBAwSN4As/O1HlxXp23RWnGWQZ7DFbgvH8BHfGXQA==</latexit>x

<latexit sha1_base64="967CNixEjtcHkDn4FeSgMFETXzM=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GjLS1roruHHZgm2FdiiZNNOGZpIhyQjjUOjerf6CO3Hrr/gHfobpQ7CiBwKHc27u4wQxZ9og9OHk1tY3Nrfy24Wd3b39g+LhUVvLRBHaIpJLdRdgTTkTtGWY4fQuVhRHAaedYHw98zv3VGkmxa1JY+pHeChYyAg2Vmqm/WIJuZUrixpEbhUh5FWWBFWg56I5SmCJRr/42RtIkkRUGMKx1l0PxcbPsDKMcDop9BJNY0zGeEi7lgocUe1n80Un8MwqAxhKZZ8wcK7+/JHhSOs0CmxlhM1I//Zm4l9eNzFhzc+YiBNDBVkMChMOjYSzq+GAKUoMTy3BRDG7KyQjrDAxNpuVKbPeMX6Qk4KN5vt++D9pX7he1S03y6V6e7oIKQ9OwCk4Bx64BHVwAxqgBQig4BE8gWdn6rw4r87bojTnLIM9Bitw3r8AH4uXQQ==</latexit>y
<latexit sha1_base64="0gIkRm/lhi9Lx6C1noXqDH4/exs=">AAACBHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLgxmUV+4B2KJk004ZmkiG5I9Rhtu7d6i+4E7fib/gHfoaZtgvbeuDC4Zx7c29OEAtuwHW/ncLK6tr6RnGztLW9s7tX3j9oGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsHoOvdbD0wbruQ9jGPmR2QgecgpASu1ukMC6SjrlStu1Z0ALxNvRipohnqv/NPtK5pETAIVxJiO58bgp0QDp4JlpW5iWEzoiAxYx1JJImb8dHJuhk+s0seh0rYk4In6dyIlkTHjKLCdEYGhWfRy8T+vk0B45adcxgkwSaeLwkRgUDj/O+5zzSiIsSWEam5vxXRINKFgE5rbkr8dk0eVlWw03mIQy6R5VvUuque355Xa3dc0pCI6QsfoFHnoEtXQDaqjBqJohJ7RC3p1npw35935mLYWnFmwh2gOzucvrhaZ9A==</latexit>

k̂
<latexit sha1_base64="R5Fvq3jk01hli9CIKXDwMr8JqDk=">AAACBXicbVDLTgIxFO3gC/GFunTTSIyuyIwh6pLEjUs08khgQjqlQEOnnbR3THAya/du9RfcGbf6G/6Bn2EHWAh4kpucnHNv7+0JIsENuO63k1tZXVvfyG8WtrZ3dveK+wcNo2JNWZ0qoXQrIIYJLlkdOAjWijQjYSBYMxhdZ37zgWnDlbyHccT8kAwk73NKwEqtzpBAMkpPu8WSW3YnwMvEm5ESmqHWLf50eorGIZNABTGm7bkR+AnRwKlgaaETGxYROiID1rZUkpAZP5ncm+ITq/RwX2lbEvBE/TuRkNCYcRjYzpDA0Cx6mfif146hf+UnXEYxMEmni/qxwKBw9nnc45pREGNLCNXc3orpkGhCwUY0tyV7OyKPKi3YaLzFIJZJ47zsXZQrt5VS9e5rGlIeHaFjdIY8dImq6AbVUB1RJNAzekGvzpPz5rw7H9PWnDML9hDNwfn8BRSdmiU=</latexit>

k̂0



A QED process

<latexit sha1_base64="Y9Vt5XOzBGxUPgQCd42MZFl3KZc="></latexit>

MI3 I4 I1 I2 =
e2

s

h
ūI3(p3)gµvI4(p4)

i ⇥
v̄I2(p2)g

µuI1(p1)
⇤

(4x4) matrix

(2x2) blocks

<latexit sha1_base64="FrCHbyuQ7crZsvLXW9Txy3Zb5Uo="></latexit>

M = �2e2

s
(h31i[42] + h42i[31] + h41i[32] + h32i[41])

<latexit sha1_base64="YAQjJ+jvLuIq6ftIqAH0a0qKsKA="></latexit>

e�e+ ! µ+µ�



A QED process
<latexit sha1_base64="Lrf8b+UY8vzmUT0jClBA3kH7zVM="></latexit>

fM = � 1
2memµ

(h31i[42] + h42i[31] + h41i[32] + h32i[41])

<latexit sha1_base64="zMri5zKhRBGwYh+B3Mo+iGcA0hs="></latexit>

=

0

BBBBBB@

cq �ichesq �ichesq cq

�ichµsq chµche(cq + 1) chµche(cq � 1) �ichµsq

�ichµsq chµche(cq � 1) chµche(cq + 1) �ichµsq

cq �ichesq �ichesq cq

1

CCCCCCA

<latexit sha1_base64="MzDzaiXPFxxWFCDpVUkW5lIcxFc="></latexit>

me cosh re = E = mµ cosh rµ

<latexit sha1_base64="YAQjJ+jvLuIq6ftIqAH0a0qKsKA="></latexit>

e�e+ ! µ+µ�



More info to be available in 

[H. Lee, SL, S. Mazumdar]

in the 2nd half of 2022



PART II



Binary system with spin

Newton :

Einstein :

Newton ~ leading approximation to Einstein

A B



Between Newton and Einstein

Hamiltonian in the COM frame:

Post-Newtonian (PN) :

Post-Minkowskian (PM) :



PN vs PM

1PM

2PM

3PM

0PN 1PN 2PN 3PN

...
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓
Gm

r

◆
( 1 + v2 + v4 + v6 + v8 + · · · )

<latexit sha1_base64="3jRiP2CucKtJE9eStlqJ6lYBfLM="></latexit> ✓
Gm

r

◆2
( 1 + v2 + v4 + v6 + · · · )

<latexit sha1_base64="kAq74CkLquODFqpiMPugwYG3CGk="></latexit> ✓
Gm

r

◆3
( 1 + v2 + v4 + · · · )

<latexit sha1_base64="FSxFOdHvkZp+9QjgVRa+0IQjXis="></latexit> ✓
Gm

r

◆4
( 1 + v2 + · · · )

<latexit sha1_base64="PF0VZJeckYVEoPhwU/VtLlO2AZk="></latexit>

4PM

(1686) (1938) (1974) (2000)

[Hostein,Ross 08]
[Neill,Rothstein 13]

[Donoghue 96]
[Goldberger, Rothstein 04]

QFT-inspired methods

became main-stream around 2018



Small but not negligible

Not small : 

Small : 

Possibly small : 

(not negligible)



n

l m
1

2

3

4

Amplitude to GR : the frontier

PN order = n + m + l/2
[Cheung,Rothstein,Solon 18]

[Bern,Cheung,Roiban,Shen,Solon,Zeng 19]
[Bern,Parra-Martinez,Roiban,Ruf,Shen,Solon,Zeng 21] 

[Chung,Huang,Kim,SL 20] 

l = 4

[Chen,Chung,Huang,Kim 21] 



Our contribution Ming-Zhi Chung, Yu-tin Huang, Jung-Wook Kim, SL
[1812.08752][1908.08463][2003.06600]

"Complete" 1PM Hamiltonian

Linear in            

Exact in              and 

"conservative dynamics"
(ignoring radiation) 

Applicable for general spinning body (beyond Kerr BH)

For further progress at 2PM see [Kim, Levi, Yin 2112.01509] 
[Chen, Chung, Huang, Kim 2111.13639]



1PM kinematics

A3
<latexit sha1_base64="D+3QLAI4TVbAqrYDK0IPbUDEJ4c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoCeJePEY0TwgWcLsZDYZMjuzzMwKccnFu1f9BW/i1T/xD/wMZ5M9aGJBQ1HVTXdXEHOmjet+OYWl5ZXVteJ6aWNza3unvLvX1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpG15nfeqBKMynuzTimfoQHgoWMYGOlu6veaa9ccavuFGiReDmpQI56r/zd7UuSRFQYwrHWHc+NjZ9iZRjhdFLqJprGmIzwgHYsFTii2k+np07QkVX6KJTKljBoqv6eSHGk9TgKbGeEzVDPe5n4r5cpMX6Uc/tNeOGnTMSJoYLM1ocJR0aiLA3UZ4oSw8eWYKKY/QCRIVaYGJtZyUbjzQexSJonVe+06t6eVWqXeUhFOIBDOAYPzqEGN1CHBhAYwDO8wKvz5Lw5787HrLXg5DP78AfO5w953pbI</latexit>

A3
<latexit sha1_base64="D+3QLAI4TVbAqrYDK0IPbUDEJ4c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoCeJePEY0TwgWcLsZDYZMjuzzMwKccnFu1f9BW/i1T/xD/wMZ5M9aGJBQ1HVTXdXEHOmjet+OYWl5ZXVteJ6aWNza3unvLvX1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpG15nfeqBKMynuzTimfoQHgoWMYGOlu6veaa9ccavuFGiReDmpQI56r/zd7UuSRFQYwrHWHc+NjZ9iZRjhdFLqJprGmIzwgHYsFTii2k+np07QkVX6KJTKljBoqv6eSHGk9TgKbGeEzVDPe5n4r5cpMX6Uc/tNeOGnTMSJoYLM1ocJR0aiLA3UZ4oSw8eWYKKY/QCRIVaYGJtZyUbjzQexSJonVe+06t6eVWqXeUhFOIBDOAYPzqEGN1CHBhAYwDO8wKvz5Lw5787HrLXg5DP78AfO5w953pbI</latexit>

Spin-less 1PM potential: 
[Cheung,Rothstein,Solon 18]

[Bern,Cheung,Roiban,Shen,Solon,Zeng 19]



1PM potential with spin "spin kernel"

"spin multipole factors"

"(amplitude) x (Thomas precession)" Ex) Kerr BH



From Amplitude to Potential

Extract classical contributions from GR amplitudes

Full theory vs PM-EFT Cheung, Rothstein, Solon [1808.02489]

Spin-multipole moments Levi, Steinhoff [1501.04956]

Arkani-Hamed, Huang, Huang [1709.04891]

[Holstein,Ross 08]
[Neill,Rothstein 13]



Spin-multipole moments : C and c

In the large S limit, the generating functions satisfy

Amplitude :

Potential :



BH = minimally coupled particle ! [Hansen 74]
[Steinhoff,Vines 16]
[Vines, 1709.06016]

Kerr BH solution to all orders in spin

h̄µn =

✓
uµun cos(a · ∂) + u(µen)

rsguras∂g sin(a · ∂)
(a · ∂)

◆
4GM

r
<latexit sha1_base64="+T7PlsLVugkXEDCkS7GWGaE9hek="></latexit>

In terms of on-shell 3-point coupling,

C2n = C2n+1 = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Kerr BH : 

Kerr BH : c0 = 1 , cn = 0 (n � 1)
<latexit sha1_base64="YAc3EcPdWNzcoSXj+nFlQ4ugY8M="></latexit>



1PM parts of PN computations

A canonical transformation is needed  
    to compare results in different coordinate choices.

We work in the "isotropic gauge".

[Levi, Mougiakakos,  Vieira 1912]

No dependence on            or 

Factorization of the spin-dependence.

[Levi, McLeod, von Hippel 2003]

[Levi, McLeod, von Hippel 2003]

[Levi, Teng 2008]



Linear in spin

[Tulczyjew 59]
[Damour 82]

[Tagoshi,Ohashi,Owen 00]
[Faye,Blanchet,Buonanno 06]

[Damour,Jaranowski,Schäfer 07]

[Hartung,Steinhoff 11][Levi 11]
[Marsat,Bohe,Faye,Blanchet 12]
[Hartung,Steinhoff,Schäfer 13]

[Levi,Steinhoff 15]

[NEW]



Quadratic in spin

[Porto,Rothstein 08][Steinhoff,Hergt,Schäfer 08]

[Levi 11][Levi,Steinhoff 15-16]

[D'Eath 75]
[Thorne,Hartle 85]



Cubic in spin

[Levi,Mougiakakos, Vieira 19]*

[Hergt,Schäfer 07]
[Levi,Steinhoff 14]



[Levi,Mougiakakos, Vieira 19]
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"Spherical Top" in special relativity

<latexit sha1_base64="BN0mp6Be8O0/LiGVhzcLYjGHE+U="></latexit>

S =
Z

dt
✓

1
2

m~v2
◆ <latexit sha1_base64="4EVYp6KwM/9BgUOUEjQuxfezjzQ="></latexit>

S =
Z

dt
✓

1
2

m~v2 +
1
2

I~w2
◆

<latexit sha1_base64="WGSCbek6tODWSbkzyFJD0QfOUko="></latexit>

S = �
Z

ds
q
�habẋa ẋb

<latexit sha1_base64="lmDmn1MvqJ/5yiU6zqkFgUMXdeg="></latexit>

S = (?)

[Frenkel 1926][Thomas 1926]
... [Hanson,Regge 1974]

"spin"

(1+3)-dim
space-time



3 translation d.o.f. + 3 rotation d.o.f.

Translation:  4  →  3 

Rotation:  6  →  3 

<latexit sha1_base64="cQZ1rsEidWPnTEBHYTFvE1VEzjk="></latexit>

p2 + m2 = 0
<latexit sha1_base64="G2nEsM1HdvGpTf7TvFbEuXsF6RM="></latexit>

(?)

<latexit sha1_base64="8B7FhXTHrA2EWZVKt59FVLfMyw0="></latexit>

{xµ, pn} = dµ
n ,

{Lr
A, Sµn} = �(dr

µLnA � dr
nLµA) ,

{Sµn, Srs} = �(hnrSµs � hµrSns � hnsSµr + hµsSnr) .

<latexit sha1_base64="XxWphK9SCAUfS1MJMvhnYjf4pGI="></latexit>

x, p 2 R1,3
<latexit sha1_base64="Y1dBbn+qhqqY4tWMGrqkZOek3Tg="></latexit>

L 2 SO(1, 3)
<latexit sha1_base64="LX4mpuu68PG5oBDVUJo1AhgBKFI="></latexit>

S 2 so(1, 3)

"mass shell constraint"

"spin constraints"



But, boosts do not form a closed subalgebra.

Spin constraints

Intuition : remove the "boosts" from           .
<latexit sha1_base64="0YLhHCvP8Mdhp1p3Bceysl/NZdU="></latexit>

Lµ
A

<latexit sha1_base64="myZ5cuRfW2bnLR86Bz0MZsH7gnA="></latexit>

Lµ
0Sµn = 0

<latexit sha1_base64="9UQZwGA5+l3m9R4zmtAetzWDRJA="></latexit>

p̂µSµn = 0
<latexit sha1_base64="XVtpyEtNmEBJ2zzEyF89YzWcSc4="></latexit>

( p̂µ + Lµ
0)Sµn = 0

(covariant)

(temporal)

(Pryce-Newton-Wigner)

[Pryce 1948][Newton,Wigner 1949]



Our proposal

<latexit sha1_base64="u9pGmskaH6vHA+7foAc3MEpVDk8="></latexit>

f0 =
1
2
(p2 + m2) , fa =

1
2
( p̂µ + Lµ

0)SµnLn
a ,

c0 =
1
p2 xµ pµ , ca = p̂µLµa .

(modified PNW)(mass shell)

Canonically conjugate pairs of 

"gauge generators" and "gauge-fixing conditions"

[Steinhoff 2015]

<latexit sha1_base64="JDwL5bRyPMlUXN5ud14lKQSUXH4="></latexit>

{cA, fB} ⇡ dA
B

<latexit sha1_base64="S2PdO5ygmkxzqjm/pr+WOdw8RIE="></latexit>

{fA, fB} ⇡ 0



Dirac bracket
<latexit sha1_base64="Jwg/opHym1wLc1/2OGMet14WLcI="></latexit>

{ f , g}⇤ = { f , g}� { f , fA}{cA, g}+ { f , cA}{fA, g}

the "Regge trajectory"

[Hanson,Regge 1974]

The only dynamical information 
         not governed by symmetry is ...

<latexit sha1_base64="F7fs0Jh4fP0KiMzrOdsjeOKToys="></latexit>

p2 + m2(S̃2) = 0



Equations of motion
<latexit sha1_base64="5ZEq4wCR4511nJFcxmPl3/79+tc="></latexit>

S =
Z

ds

✓
pµ ẋµ +

1
2

SµnWµn � kf0 � kafa

◆

=
Z

ds

✓
pµ ẋµ +

1
2

SµnWµn � k

2
(p2 + m2)� ka

2
( p̂µ + Lµ

0)SµnLn
a

◆
.

<latexit sha1_base64="8MDacSKbtnAEVQujUgAmrU6ddio="></latexit>

dpµ

dt
= 0 , pµ = m

dxµ

dt
,

dSµn

dt
= 0 , Sµn =

1
2m0 W̄

µn .

<latexit sha1_base64="dhFbJchOX2AG6TOEaNh7N/v65e0="></latexit>✓
W̄µn = LµA dLn

A
dt

◆

Lagrange multipliers



Massive twistor

<latexit sha1_base64="UHrzWQE9OfaCOZHQYThY+ebfY5E="></latexit>

ZA
I =

 
la

I

iµȧI

!
, Z̄I

B = (ZA
I)† AĀB =

⇣
�iµ̄I

b l̄I ḃ

⌘
.

<latexit sha1_base64="LAZWRkBctaNSZlfHfhWBVJ1B2ZU="></latexit>

{ZA
I , Z̄J

B} = �i dA
BdI

J =) {la
I , µ̄J

b} = da
bdI

J , {l̄Iȧ, µḃJ} = dȧ
ḃdI

J .

<latexit sha1_base64="xyooYKJvb+f+WirTheULpOTJxZ4="></latexit>

SU(2, 2)⇥ SU(2)
conformal symmetry 

to be broken by 
the mass shell condition

interpreted as the 
"little group" symmetry

of a massive particle 

Poisson bracket algebra : 

Twistor coordinates : <latexit sha1_base64="5gX8elL2miLPXvdTs/x2Vsyy+54="></latexit>

(8C = 16R)



Constraints

<latexit sha1_base64="S/FsDyCm3g7q1YwoqiDKPIU32+E="></latexit>

f = �1
2

⇣
det(l)� m(S̃2)

⌘
, c̄ =

1
det(l)

hµ̄li ,

f̄ = �1
2

⇣
det(l̄)� m(S̃2)

⌘
, c =

1
det(l̄)

[l̄µ] .

Reduction from 16 to 12.

Spin constraints are not needed. 
Mass-shell constraint should be "complexified".

<latexit sha1_base64="R49agaD5VSq/ST4PeCEO5fZ868w="></latexit>

f0 =
1
2
(p2 + m2) , c0 =

1
p2 xµ pµ .

Twistor model "solves" the spin constraints.



Map to the spherical top

<latexit sha1_base64="zwbiZ+x0r64/h07Lje0bV2Pgbo0="></latexit>

paȧ = �la
I l̄Iȧ , xȧa =

1
2

✓
1

det(l)
µȧIlaJeI J +

1
det(l̄)

eI J l̄I
ȧµ̄J

a
◆

,

(Laȧ)
I

J =
2la

I l̄Jȧ

|det(l)| , Sab =
1
2

✓
µ̄I(alb)

I � 1
det(l)

l(a
Ilb)

J(µġ
I l̄Jġ)

◆
.

The map (assuming constraints)

Hints

<latexit sha1_base64="7tEQ6yp8RV0zQDTdxTeNWMHSiek="></latexit>

µȧI = �zȧblb
I , zµ = xµ + iyµ .

<latexit sha1_base64="Z79hiuT1rKP2/nsK3hn6YQBD4UE="></latexit>

Jµn = xµ pn � xn pµ + Sµn , Sµn =
1
2

#µn
rs(yr ps � ys pr) .

<latexit sha1_base64="QzPlm63GMWBJwBlYao4FsvEgUcc="></latexit>

paȧ = (sµ)aȧ pµ =

 
p0 + p3 p1 � ip2

p1 � ip2 p0 � p3

!

incidence relation
complex Minkowski space



Equations of motion
<latexit sha1_base64="2QX5u18aW9WDRZZqmU7T7dlX8G0="></latexit>

f = �1
2

⇣
det(l)� m(S̃2)

⌘
,

f̄ = �1
2

⇣
det(l̄)� m(S̃2)

⌘
.

Perfect agreement with the spherical top model !

<latexit sha1_base64="+nz3JEsRBKAvxLsVRLBiao4bt7U="></latexit>

S =
Z

ds

✓
i
2
�
Z̄I

AŻA
I � ZA

I ˙̄ZI
A�� k̄f � kf̄

◆

<latexit sha1_base64="RnNGnhhi3YFKP/amVLJRBaGcdsc="></latexit>

l̇a
I = �i(Re k)m0la

JWJ
I ,

µ̇ȧI = �i(Re k)m0µȧ JWJ
I +

k

2
l̄ȧI .



Quantization
Quantize first, and then impose constraints

<latexit sha1_base64="FJ3bAj/nmEYleyFT9MUlGPiob+U="></latexit>

µ̄I
a = �i

∂

∂la
I , µȧI = �i

∂

∂l̄Iȧ
.

On-shell fields and Fierz-Pauli/Bargmann-Wigner equation:



Newman-Janis shift [Newman, Janis 1965]

Complex Minkowski spacetime with the"spin-length" vector :

[Guevara, Maybee, O'Connell, Ochirov, Vines 2012.11570]

opens a way to couple the twistor model

[J. Kim, SL, work in progress]

to background fields.



Summary and Outlook

Spinor-helicity variables are useful. 

 - QFT (QED, QCD, ...) 

 - GR (post-Minkowskian expansion, Newman-Janis shift, etc.) 

Perhaps, we should rewrite some chapters of textbooks ?


