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Spinor-helicity variables

"Should I learn how to use them?”



OQFT course, 1st semester

¥(x) = / dp [eil”‘ul(mbl +e vl (p)by |

{b'(p),bj(q)} = (21)° (2w

Wigner's "little group” SU(2)
for massive particles



OQFT course, 1st semester
[Peskin-Schoeder, chapter 3]

There are two linearly independent solutions for u(p),

u®(p) = (\\Z;;gs) s=1,2

which we normalize according to

u" (p)u®(p) = 2mo"® or u"T(p)u®(p) = 2E,6"°.

0"° makes no sense! 0" or 40", will do.



OQFT course, 1st semester

Little-group covariant notation: Dag = —

ur(p) = (iw) . UI(P) — (_)W) e,
)\al Aa]

i’ (p) = (AM )_tla) , O1(p) = €y ()\]a —)_\]a) -

Fine. But, are they useful in practical computations?



Helicity basis flacob-Wick 1959]
3d "helicity basis" k = (sinf cos ¢, sin # sin ¢, cos 0)

k-G = k) (kg | = k=) (k-]

‘k ) B CQ/Z |k ) B —e_i(PSQ/z
T g S |
0/2 Co/2



Helicity basis

(1+3)d "helicity basis" E=mcoshp, k=msinhpk.

Aot = Vi (e=0/2)ky) et2k0)), Ao = /m

My =V (et2]ky) e k), A= V/m



A QED process "
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A QED process e e — uTu

MBI, = = 12 (pa) 7,0 (pa) | [0, (p2) 7" ur, (p1)
1
(4x4) matrix
M = 222 ((31)[42] + (42)[31] + (41)[32] + (32)[41])

\f

(2x2) blocks



A QED process e e — uu

M = o ((31)[42] + (42)(31] + (41)[32] + (32) [41]
ey
Co —iCthQ —iCthQ Co

—ichysg chyche(cg +1) chyche(cg —1) —ichysy
—ichysg chyche(cyg —1) chyche(cg +1) —ichysy

Co —iCheSQ —iCheSQ Co

m, cosh p, = E = my cosh p,



More info to be available 1in

[H. Lee, SL, S. Mazumdar}

in the 2nd half of 2022






Binary system with spin

1 —

zmapa

zmb pb )

r

Newton: H =

L 1
Einstein: S = 167G /d4x\/—gR + Smatter -

Newton ~ leading approximation to Einstein



Between Newton and Einstein

a:ﬁ:—pb

Hamiltonian in the COM frame:

Post-Newtonian (PN) :

1 1 G
H = (Zma + Zmb) ﬁz — mramb + (corrections)

Post-Minkowskian (PM) : Eop = \/ m2 , + P2

2.2

msm

H=E,+E,— (%) ( Ea Ebb ) cosh(20) + (corrections)
a



(1686) (1938) (1974) (2000)
OPN IPN 2PN 3PN

QFT-inspired methods ( Gm

[Donoghue 96]
[Goldberger, Rothstein 04] ( Gm ‘

[Hostein,Ross 08]
[Neill,Rothstein | 3]

became main-stream around 2018

. ) | PM
. ) 2PM
. ) 3PM

) 4PM



Small but not negligible

Not small : im,/my| = O(1),
o\ 2
Small : Gm ) (ﬂ)
r r

(not negligible)

s\ 2
Possibly small : ( P )
m



Amplitude to GR : the frontier

[Cheung,Rothstein,Solon | 8]

[Bern,Cheung,Roiban,Shen,Solon,Zeng |9]
[Bern,Parra-Martinez,Roiban,Ruf,Shen,Solon,Zeng 21]

PN order=n+m+1/2

Gm\" (7*\" (la]’
r m?2 7
[Chen,Chung,Huang,Kim 21]

[Chung,Huang,Kim,SL 20]



Ming-Zhi Chung, Yu-tin Huang, Jung-Wook Kim, SL

Our contribution [1812.08752][1908.08463][2003.06600]

"Complete” 1PM Hamiltonian
Gm

[inear in "conservative dynamics”
r (ignoring radiation)

-\ 2 =\ 2
Exact in (B> and (E)
m y

Applicable for general spinning body (beyond Kerr BH)

[Kim, Levi,Yin 2112.01509]
For further progress at 2PM see [Chen, Chung, Huang, Kim 2111.13639]



1PM kinematics

2\

Pa * P

mamy,

E p = \/m§,b+;_7'2, E=E,+E,, coshf =u,; u,=

Spin-less 1PM potential:

' 2.2 |
@ _ (G mMam
[Cheung,Rothstein,Solon 18] | Viepm = E,E, cosh(260) |

[Bern,Cheung,Roiban,Shen,Solon,Zeng | 9]



1PM potentlal with spm "spin kernel'

2.2
mmb

| d3[]’ 47T
Vi = T [T )

K=AXR "(amplitude) x (Thomas precession)” Ex) Kerr BH

1 W(x) =e¢"
A== [eZQWa(Ta)Wb(Tb) + e W, (— 1)) Wy (—3)

2 \ / |

R = efa efb "spin multipole factors”

! ~ . My _ 1.
TLZ — Si_nheg(q, ual ublaa) J Ta — —1 raE g(q, ua, ub,aa), ra — |



From Amplitude to Potential

Extract classical contributions from GR amplitudes

[Holstein,Ross 08]
[Neill,Rothstein | 3]

Full theory vs PM-EFT Cheung, Rothstein, Solon [ 1808.02489]

Levi, Steinhoff [1501.04956]

Spin-multipole moments |
Arkani-Hamed, Huang, Huang [1709.04891 ]



Spin-multipole moments : C and c

Amplitude :

<12>25

Potential :

(12)%°-1(13) (32)

In the large S limit, the generating functions satisfy

Alx) = io ea(x/S)", W(x)

o0

=

n=>0

Cy
n!




BH = minimally coupled particle ! [Hansen 74]
[Steinhoff,Vines |6]

[Vines, 1709.0601 6]
Kerr BH solution to all orders in spin

htY = (u”uv cos(a-d) + u(ﬂeV)pcf’yuPaaa”Y sin(a 8)) 4GM

(a-0) r

H — QH
Kerr BH: Co; = Copiq = 1 (a% = SF/m)

In terms of on-shell 3-point coupling, Ax) =1, W(x)=¢"




1PM parts of PN computations

LO | NLO | NNLO | N°LO
sl| v v v Y [Levi, McLeod, von Hippel 2003]
S2 | / v N4 — Yk [Levi, McLeod, von Hippel 2003]
S|V * — —
st | v —\\ _
*

[Levi, Mougiakakos, Vieira 1912]
[Levi, Teng 2008]

A canonical transformation is needed
to compare results in different coordinate choices.

. e . " No dependence on (ﬁ . ﬁ) or (ﬁ - a
We work in the ISOtI'OplC gauge . Factorization of the spin-dependence.



Linear in spin

¥LO  _ dm, + 3my
(1,0) 2my, '

(1,0) — 2

W NLO 18m3 + 8mgmy, — 5m? 2
8mzm;

X

Vasy = (52 ) mlft- (7 x )] Xr0)

[ Tulczyjew 59]
[Damour 82]

[ Tagoshi,Ohashi,Owen 00]
[Faye,Blanchet,Buonanno 06]
[Damour,|aranowski,Schafer 07]

[Marsat,Bohe,Faye,Blanchet | 2]

N2LO 15m — 15m> mb 12mamg’
(10) 16mim;

A [Hartung,Steinhoff | 1][Levi | 1]
7mb) }7

[Hartung,Steinhoff,Schafer | 3]
[Levi,Steinhoff 15]

NPLO __ 84m? SOmgm% 84m§m%
(L0) 128mym}

80mamb 45mb) ﬁé NEw



Quadratic in spin

G -—» — A ] |
- Vsas) = — (r_?’) mamy |4 = 3(@a - 1)°| Xo0)-

1
LO _ 1 ~(a)
X(Z,O) - 2C2 ‘ [D'Eath 75]

[Thorne,Hartle 85]

YNLO _ Cga) (6m5 + 16mamy + 6m2) — (8my + 7my)my, 72
(2,0) 8mim; |
[Porto,Rothstein 08][Steinhoff,Hergt,Schafer 08]

YN2LO _ Cé )( 5my + 18mims — 5my) — 3(7m; + dmgmy, — 2ms)ms _,

(2,0) 16m3m‘g P
Levi | 17[Levi,Steinhoff 15-16]




%= ((52) m b (7 x ) [ = 5 0] X

xLO _ _C(a) Mg + My, 3C(a) [Hergt,Sthéifer 07]
(3,0) |3 my, 42 |- [Levi,Steinhoff 14]

YNLO _ 24C§a)ma(ma + my) — 3C§a) (6m5 + 16mgmy, + 5m2) + (12m, + 11my)my, _,
(30) — 16m2ms? P

[Levi,Mougiakakos,Vieira 19]*



x4 [x—9

[Levi,Mougiakakos,Vieira | 9]
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[Hanson,Regge 1974] [Fedoruk,Lukierski 2014]

The Relativistic Spherical Top as a Massive Twistor

Joon-Hwi Kim?® Jung-Wook Kim® Sangmin Lee®%*

2021.02. B.S.SNU 2020.08. Ph.D.SNU
2021.09~, Ph.D. student, Caltech 2020-10~, Queen Mary University of London
2022.10~,Albert Einstein Institute, Potsdam



"Spherical Top'" in special relativity

I “spin’ I 1

(1+3)-dim

[Frenkel 1926][Thomas 1926]
... [Hanson,Regge 1974]



3 translation d.o.f. + 3 rotation d.o.t.

(%, pu} = 6", A € S0(13

{A'OA/ Sw/} — _(5p]4A1/A — 5'01//\;4/&) /
{S]/ﬂ/l Spa} — _(771/,05]4(7 — 77;4,051/0' — 771/(75]/1,0 1 Wyasvp) :

Translation: 4 — 3 pz + m? = ( "mass shell constraint”

Rotation: 6 — 3 (?) "spin constraints”



Spin constraints

Intuition : remove the "boosts" from A 4 .

But, boosts do not form a closed subalgebra.

AFoSyy = (temporal)
p "S UV = (covariant)
(ﬁy + AF 0 ) S Uy — 0 (Pryce-Newton-Wigner)

[Pryce 1948][Newton,Wigner |949]



Our proposal

(mass shell) (modified PNW) [Steinhoff 2015]
1 |
Po = §(P2 +m?), o= E(P” +A) S,
1
0 .
X = nyp]’t’ Xa:pyAl/m.

Canonically conjugate pairs of
'gauge generators” and "gauge-fixing conditions”

{x?, ¢} ~ 6%p {¢pa, ¢} ~ 0



Dirac bracket
{f.gt« ={f. 8} — {f. pat{x® g} + {f, x* Hoa g}

The only dynamical information
not governed by symmetry is ...

the "Regge trajectory”

p* +m*(5%) =0
[Hanson,Regge |974]



Equations of motion

1
S = /dU' (Pyxy ZS]’WQ‘”V _ K¢O o Kaq>a>

1 K
— /dU— (pﬂxy ZSP‘VQW/ 2(}7

dpy dxH

J— ]/t J—

dt O, P o
D _g, g — L

2m’

dt

2_|_m2)

Lagrange multipliers




Massive twistor

Twistor coordinates : (8¢ = 16R)
I _
ZI_ A“ ZB_(Z I)‘I‘AAB_ _Z—ﬁ )1
A=l I = (4A = 3 18) -
H
conformal symmetry C T interpreted as the
to be broken by - SU(2,2) xSU(2) | "little group" symmetry
the mass shell condition e of a massive particle

Poisson bracket algebra :

{ZAI/ Z]B} — _iéABél] — {A(XI/ ﬁ]ﬁ} — 5zxﬁ5[]/ {)_\Iéu ,uﬁ]} — 5écﬁ511-



Constraints L2 o)

Reduction from 16 to 12.

Spin constraints are not needed.

Mass-shell constraint should be "complexified".

p=—5 (det() =m(®) , %= 355 (7).

§= 5 (det®) = m(&)) , x= gl

Twistor model "solves” the spin constraints.



Map to the Spherical top Paic = ((ﬂ‘)mm — (pO TP3 P1— iPZ)

The map (assuming constraints)

incidence relation
complex Minkowski space

;I/tM — —z‘j‘ﬁ)xﬁl, 7" = xt +iy" .

1
]]/11/ — XuPv — XvPu + Syv / Syv — Eeyvpa(]/ppa — 3/(7]9,0) :



Equations of motion ¢ = -

Perfect agreement with the spherical top model !



. 0 i .0

Quantization it = —img . gt = i

Quantize first, and then impose constraints

On-shell fields and Fierz-Pauli/Bargmann-Wigner equation:

(I’gf&g)...azg (Z) — CI... 1z, /d[)\, >‘] )\éll )‘gzzz T )\ézzss EXp (m’ﬁﬂ;\gﬁ\é) ;

(I)(Zs—l,l) (:E) = CI, ..L. /dP‘? 5\] 5‘21 )\32 .o )\(IXQQSS eXp (i:cﬂﬁj\ﬁj)\é) ;

a1 |a2...a2s

0,2s S Ios . AR
802 @ = ctpna, [ ANNNENG, 3 exp (i2P725,05)

a1 A2s
where cy,...1,. is a totally symmetrized SU(2) tensor, and the integration measure is

d[X\, A] = d*Xd* X [6(det(A) — m)d(det(X) —m)] .




[Newman, Janis 1965]
[Guevara, Maybee, O'Connell, Ochirov,Vines 2012.11570]

Newman-Janis shift

Complex Minkowski spacetime with the"spin-length" vector :

1 1

xt — iy, oy, =W, = i
m

2 “uvpo P

opens a way to couple the twistor model

to background fields.

[J. Kim, SL, work in progress]



Summary and Outlook
Spinor-helicity variables are useful.

- QFT (QED, QCD, ...)

- GR (post-Minkowskian expansion, Newman-Janis shift, etc.)

Perhaps, we should rewrite some chapters of textbooks ?



