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Riemann Invariants

Why are scalar invariants of the Riemann tensor 𝑅𝜇𝜈𝜌𝜎 important?

 Allow a manifestly coordinate invariant characterization of spacetime

 Studying curvature singularities, e.g., Kretschmann scalar  

𝐾 = 𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 =

48𝐺2𝑀2

𝑐4𝑟6
for the Schwarzschild solution

 Classification of curvature tensors, e.g., Petrov & Segre classifications

 Equivalence problem, i.e., 

the question of whether two spacetime metrics are equivalent ?

 Understanding the structure of Diff(M), e.g., Riemann normal coordinates

 Effective action for quantum fields with gravitational interaction



Spacetime Invariants

 The invariant characterization of a curved space must be in terms of 
scalars constructed from 𝑅𝜇𝜈𝜌𝜎 and 𝑔𝜇𝜈.

 # of independent components of Riemann tensor 𝑅𝜇𝜈𝜌𝜎 in 𝑑 dimensions

#(Riem) = 
1

12
𝑑2 𝑑2 − 1

 # of such scalars (Weinberg, 1972; Penrose & Rindler, 1986)

𝐼(𝑑) = 
1

12
𝑑2 𝑑2 − 1 +

𝑑(𝑑+1)

2
− 𝑑2 =

𝑑+3

2

𝑑
3

in curved frame

= 
1

12
𝑑2 𝑑2 − 1 −

𝑑
2

=
𝑑+3

2

𝑑
3

in tangent frame

𝐼 4 = 14, 𝐼 5 = 40, 𝐼 6 = 90



Algebraic Invariants 

 Is it possible to encode all informations of the Riemann tensor 𝑅𝜇𝜈𝜌𝜎 in 

scalar polynomial invariants ?  

 No! Why? 

 It is known that 𝑝𝑝 waves have all scalar invariants, of all orders, equal to 
zero. (Ehlers & Kundt, 1962)

Algebraically independent scalar polynomial (sp) invariants:

invariants not satisfying any polynomial relation (called a syzygy)

Complete set {𝐼1, 𝐼2, ⋯ , 𝐼𝑘} if any other sp invariant can be written as a 
polynomial in the 𝐼𝑗 but no invariant in the set can be so expressed in 

terms of the others.

One of the deriving forces in the early development of computer algebra



Riemann Symmetry

 Antisymmetry

𝑅𝑎𝑏𝑐𝑑 = −𝑅𝑏𝑎𝑐𝑑 = −𝑅𝑎𝑏𝑑𝑐 = 𝑅𝑏𝑎𝑑𝑐

The first Bianchi identity

𝑅𝑎𝑏𝑐𝑑 + 𝑅𝑎𝑐𝑏𝑑 + 𝑅𝑎𝑑𝑏𝑐 = 0

Pair symmetry

𝑅𝑎𝑏𝑐𝑑 = 𝑅𝑐𝑑𝑎𝑏

 Of the 4! different possible orderings of the indices, only two are independent.

A convenient choice of them is

𝑅𝑎𝑏𝑐𝑑 and  𝑅𝑎𝑐𝑏𝑑



Irreducible decomposition of Riemann tensors

 The sp invariants are expressions whose contractions hide very large 

numbers of individual terms, and so hard to calculate. 

 To use the Newman-Penrose complex spinor formalism

 To use a bivector formalism (so-called, a rotor dubbed by mathematicians 

or ‘t Hooft symbols by physicists)

 Curvature form of any bundle with connection over an oriented four-manifold:

𝐹 ∈ 𝐶∞ 𝔤 ⊗ Ω2 = 2-form in Ω2 taking values in a Lie algebra 𝔤

 Riemann curvature tensor 𝑅 ∈ 𝐶∞ 𝔤⊗ Ω2 where 𝔤 = 𝑠𝑝𝑖𝑛(4) or 𝑠𝑜(4)

 Thus the curvature tensor is associated with two vector spaces 𝔤 and Ω2



Irreducible decomposition of Riemann tensors

 The splitting of vector spaces is induced by the existence of

the projection operators 



 with                              



Irreducible decomposition of Riemann tensors


 Combining of the decomposition of two vector spaces 𝔤 and Ω2, it leads to an irreducible 
decomposition of the general Riemann curvature tensor

𝑅𝑎𝑏𝑐𝑑 = 𝑅𝑐𝑑𝑎𝑏:

:    



Weyl and Ricci tensors





Quadratic (pseudo-)scalar invariants



 Gauss-Bonnet relation



Parity transformation: even (𝑃 = +1) vs. odd (𝑃 = −1)

 Let us introduce 3 × 3 matrices defined by

𝑄1 ≡



Cubic scalar invariants



 Cubic basis elements

 ∃ two algebraic relations (D. Xu, 1987)



Cubic second-rank tensors



 ∃ 14 linearly independent basis elements,

only two syzygy relations exist



Quartic scalar invariants


 ∃ 12 = 26 − 14 algebraic relations relation

 A. Harvey found 6 such relations (1995)

based on the fact that any object 

antisymmetrized over (𝑑 + 1) indices 

in 𝑑 dimensions identically vanishes.



Quartic scalar invariants


 Harvey relation 





Independent quintic basis elements






Including parity odd basis elements






Generalizations to several directions


 Going to higher dimensions


