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¢ Black holes behave as thermodynamic objects: [Bekenstein '73; Hawking '75]

A T="

S = ——
BE = 4Gn’ o

e What are the microstates that account for the black hole entropy?
SBH = log Q

e AdS/CFT duality: [Maldacena '97; Gubser, Klebanov, Polyakov '98; Witten *98]
Quantum gravity in AdS is equivalent to a CEF'T living on its boundary:
gravity in AdS CFT (N x N matrix fields)
1/N?

operator with dimension A

Newton’s constant Gy

quantum state with energy F

[11

black hole microstates which operators? (this talk)
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Two energy regimes in the large-N limit

e In the large-N limit, the bulk becomes classical gravity, whose physics depends

qualitatively on how the energy scales with N: GyE ~ E/N2.

Light: F ~ O(1) Heavy: E ~ O(N?)

- GyE — 0: no backreaction. - GyNE ~ O(1): backreaction matters.

- Nontrivial classical geometries,

- Matter/string excitations on top of a
including black holes.

fixed AdS background.

e Everything that defines a heavy object — energy, entropy, size — all scale with N, so

it is inherently tied to a specific finite-N theory.
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Black holes: maximally coarse-grained heavy states

e The classical bulk describes heavy states only in a coarse-grained manner.

o In the extreme case of a black hole, a single classical solution labeled by (M, J, Q)
corresponds to e## distinct quantum states, with Spg ~ O(N?).

e Known bulk objects account for only a tiny fraction of this entropy:

2
Shorizonless N Sgraviton < SBH ~ N~.

~

¢ So the microstates are invisible as ordinary bulk objects.

o In AdS/CFT, the microstates are honest states of the boundary CFT. Identify and
count them there.
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e But the dual CFT is strongly coupled.
¢ Supersymmetry: [Witten ’82; Kinney, Maldacena, Minwalla, Raju ’05]

Focus on the BPS states, and count them (with signs) by the index
Q|BPS) = Q'|BPS) =0, Z=Tr(-1)F-..
7 is protected under continuous deformations of couplings: compute at weak coupling, trust

at strong coupling.

e Indeed, this works: the index precisely reproduces the BPS black hole entropy in AdS.
[Cabo-Bizet, Cassani, Martelli, Murthy ’'18; Choi, Kim, Kim, Nahmgoong ’18; Benini, Milan ’18]

e But the index is a number: it tells us how many microstates exist, not what they are.

o Identifying the microstates directly remains difficult, since the condition QT|’¢J> = 0 depends
on the full strongly coupled dynamics.
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A refined tool: ()-cohomology

e A Hodge-theoretic argument removes QT from the problem (cf. harmonic forms):
Hpps =~ HQ—closed/HQ—exact = (-cohomology .

o What remains is an algebraic problem: states are gauge-invariant “words” in the
elementary N x N matrix fields, e.g.

Tr(¢?)Tr(Y0¢) + Tr(F2---) + -
e Given an explicit @-action, each cohomology class hands us an explicit operator.

Goal

Write down explicitly the black hole microstates contributing to Sgg, as CFT operators.
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Caveat: quantum corrections

e () depends on the coupling,
{Q7 QT} ~ H(gYM) )
so its cohomology can receive quantum corrections (starting at O(g%,,)).

e The cohomology of the classical @-action (++ one-loop H) already gives the exact BPS
Spectrum at any COllplil’lg. [Grant, Grassi, Kim, Minwalla ’08; Chang, Lin ’22]
o Recently, this conjectural statement is being tested — some candidate BPS states can

be lifted at hlgher order. [Choi, Lee ’25; Budzik, Kulp ’25; Kim, Kim, Lee, Park ’26]

e The same caveat applies — but the index protects the counting, and corrections can
only be studied on top of the one-loop answer. So we solve the one-loop problem.
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Trace relations

e In CFT, a BPS state is a gauge-invariant word — heavier state, longer word:

Tr(¢%) Tr(v O¢) + Tr(F2 ) + - -

# letters ~ E

e N X N matrices obey trace relations [y once the word is longer than N, i.e. £ 2 N.
o Example: N = 2, traceless A

Tr(4%) = 1(Tr(4%))”

A word of length 4 is not independent — it collapses into shorter words.

At finite N, there are fewer independent heavy operators than naively expected.

Light: E ~ O(1) Heavy: E ~ O(N?)
- # < N: relations never kick in. - # > N: relations everywhere.
- The same operator exists at every N. - The word is shaped by finite-N effects.
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Two kinds of BPS operators: monotone vs. fortuitous

o Monotones are Q-closed at any value of N and form an infinite family {Oy} that
survives at N = oo.

QO =0
e Fortuitous are Q-closed only via trace relations and exist only for some finite
N < N..
QO e Iy

¢ Monotones cannot account for Sgy, so typical black hole microstates must be
fortuitous: [Chang, Lin ’24]

Smonotone S N9/5 < N2 ~ SBH

~

Conjecture

Monotone BPS states are dual to smooth horizonless geometries, and fortuitous BPS
states are responsible for black hole microstates. [Chang, Lin '24]
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- How do black hole microstates behave along an RG flow?
e A minimal laboratory for both: turn on a mass term in N' =4 SYM that triggers an RG flow
to an A/ =1 SCFT in the IR: [Leigh, Strassler '95]

1 2
537 T ([@1, @2])

M
Wuv = Tr(®5[®1, ®2]) + ?Tr(@g) — Wir=-—
- Less supersymmetry: SU(4)r — SU(2)r x U(1)r
- Gravity dual of this RG flow is explicitly constructed. [Pilch, Warner ’00]
e The IR SCFT is intrinsically strongly coupled, with no weakly coupled point.

Nevertheless, the IR BPS data remains tractable via @-cohomology. [Choi, SK ’25]
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What we found

Using the @-cohomology of this SCFT (classical, 1-loop exact), we determined its BPS
spectrum explicitly.

¢ Result 1: we constructed the complete graviton spectrum.

¢ Result 2: explicit black hole microstate operators — from the lightest one up to
infinite towers.

¢ Result 3: along the RG flow, gravitons are converted into black hole

microstates.
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Result 1: the graviton spectrum
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Result 1: the graviton spectrum

e From the Kaluza—Klein spectrum of the gravity dual [Bobev, Malek, Robinson, Samtleben,
van Muiden '20], all single-trace gravitons (monotones) are generated by three towers:

ud ot = Tr((b(al . ¢‘1n+2))7 ot = Tr(¢(a1 .. .¢an+1¢an+2))7

wn = Tr(f(66)™ + § Tig(66)" " a(60)4").

e Not all survive at finite N: w, is @Q-exact for n > N — 2 — analogous to the stringy

exclusion principle [Maldacena, Strominger ’98].

e Multi-trace products then give the full graviton spectrum.
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o The lightest black hole (fortuitous) operator: (at the threshold ¢7 of the index)
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0% = ¢(® ¢'¢9- f — 5 ¢(* 4* x )

- not @-exact, not a graviton, and fortuitous (QO7 € ).

e Similar operators at higher orders (Og, O12, O14, ... ), and each generates an infinite
tower by dressing with gravitons.

2

o We also found a graviton of non-Coulomb type, w® — it vanishes on diagonal

configurations although w does not.

e And the first non-Coulomb fortuitous operator:

O16 = £ (Vo px1e) (V" x9°) + (fPax %) (f-d0) (V- e x 8°)
+ (f-da) (0% ¢ x 9°) (1) + 2(F 1) (0% 0p) (V- e x ¢°).
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e Under the deformation, the supercharge splits:

QR = Qn=4 + M Oy

(relating the two cohomologies: a standard structure — spectral sequence)

o Every IR cohomology descends from a UV cohomology of SU(2) SYM:

deformation

composite of UV monotones ——————— IR fortuitous (07, Oy, O12, O14)

deformation

lightest UV fortuitous IR fortuitous (Oi6)

e The RG flow converts gravitons into black hole microstates — being a

microstate is not RG-invariant.
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Conclusion

o We studied the Q-cohomology of the IR N' =1 SCFT, obtained by a relevant

deformation.

- We constructed explicit representatives of both monotone and fortuitous operators.

- Unlike the UV, the Coulomb/non-Coulomb classification # monotone/fortuitous

classification.

- We identified their UV origins under the RG flow.

Coulomb

non-Coulomb

Monotone (graviton)

U, v, Wo

2
Wy, Wi<n<N-—2

Fortuitous (black hole)

077 097 012, 014, 500

Oss
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Conclusion

o We studied the Q-cohomology of the IR N' =1 SCFT, obtained by a relevant
deformation.
- We constructed explicit representatives of both monotone and fortuitous operators.
- Unlike the UV, the Coulomb/non-Coulomb classification # monotone/fortuitous
classification.
- We identified their UV origins under the RG flow.

Coulomb non-Coulomb
Monotone (graviton) u, v, wWo wg, W1<n<N—2
Fortuitous (black hole) | O7, Oy, O12, O14, ... O16

o We speculate that the existence of the non-Coulomb graviton wg is related to:
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Conclusion

o We studied the Q-cohomology of the IR N' =1 SCFT, obtained by a relevant
deformation.
- We constructed explicit representatives of both monotone and fortuitous operators.
- Unlike the UV, the Coulomb/non-Coulomb classification # monotone/fortuitous
classification.
- We identified their UV origins under the RG flow.

Coulomb non-Coulomb
Monotone (graviton) u, v, wWo wg, W1<n<N—2
Fortuitous (black hole) | O7, Oy, O12, O14, ... O16

o We speculate that the existence of the non-Coulomb graviton wg is related to:
- Conical singularity in the D-brane (Coulomb branch) moduli space?

[Johnson, Lovis, Page ’00]
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Conclusion

o We studied the Q-cohomology of the IR N' =1 SCFT, obtained by a relevant

deformation.

- We constructed explicit representatives of both monotone and fortuitous operators.

- Unlike the UV, the Coulomb/non-Coulomb classification # monotone/fortuitous

classification.
- We identified their UV origins under the RG flow.

Coulomb

non-Coulomb

Monotone (graviton) u, v, Wo

2
Wy, Wi<n<N-—2

Fortuitous (black hole) | O7, Oy, O12, O14, ...

Oss

o We speculate that the existence of the non-Coulomb graviton wg is related to:

- Conical singularity in the D-brane (Coulomb branch) moduli space?

[Johnson, Lovis, Page ’00]

- Polarized D-brane (Myers effect)? [Polchinski, Strassler *00]
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Thank you!



Backup



Backup: toolkit and the ()-action

Full index Z
SU(2), BMN truncation
[ @-action J { Subtract Z — Zmon J
classical, 1-loop exact fortuitous candidates
Monotone index Zmon
trace relations ‘

Check non-exactness Find @-closed form
Coulomb /non-Coulomb trace relations

-

t

e (-action:

[Q>¢a] =0, {Q7 wa} = _2[¢aa¢b¢b]7 [Qvﬂ = _[¢(L7wa] (a‘ = 1’2)

- This is the BMN sector, a consistent truncation in the classical interacting theory.

- This Q-action can be obtained by cohomologically integrating out ®3 = (¢3,13).
The cubic term encodes the quartic Wig: ¢%¢pa = €qpd®d? = —[b1, d2] = (¢o).
17



Backup: index computations

e Index of the IR SCFT (receives contributions from both monotone and fortuitous states):
Zsy(2)(g,8) = Tr (=1)7 "+ >
=14+¢x2+ ¢ (xa—x2)+ " (X6 —xa—x2+ 1)+ ¢ xs+ -

o Eigenvalue (Coulomb) method: set all fields diagonal, A = diag(a, —a). The Coulomb part of

the monotone index is then analytic, and

Coulomb-mon
— Zsu(2)

Zsu(a) =q¢xs+a¢ (s —x3) + ¢ (xr— x5 —x3) + ¢ (xa+1) + -+

e Including the towers built on O7.9.12,14, €.g.

@ pooop 2543 _ u(al az | agk—1 a2k O;Zk:+1 a21¢+2a21¢+3>

U , the residual is

1

2 16
Z — ZCoulomb7 O7912,14 — 4 — 4

+¢ 06 +xa)+qt + -
e ¢': the non-Coulomb graviton w? = (¢1 X ¢2 - f + b1 ~w2)2; —¢'®: the non-Coulomb
fortuitous O16 (next slide).
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Backup: the non-Coulomb fortuitous operator Q4

O16 = % (Vo vy xtpe) (WP x 8°) + (f+dax d*) (f-dp) (V- de x ¢°)
+(fba) (Vo x0%) (1) + 2(f1ba) (9% 1b6) (V- e x 6°).

o Not Q-exact: the flavor-singlet ¢4° term cannot arise from QA — there is no flavor
singlet with letter content 1)*f.

e The same argument shows it is not a graviton.

19



Backup: higher Coulomb-type fortuitous operators

—49X3 ] oabc:gb(a_wbd)c).f_%w(a_wbXq)[}c)
q12X4 o Oabcd ¢(a_ ¢b¢cf¢d)f o ¢(a_f¢b. ,(/}c ~ 7ﬁ(i)
_q14X4 o abcd f ¢(af ¢ ,(/JC ¢d) f . 1p(awb . ,(/}c % ¢d)

Single-trace monotone towers (from the KK spectrum), schematically:

tower BPS operator ‘ KK-level
Un, T&«((z)(al .. .¢an+z)) n>0
U, Tr(¢(01 e Ppint1 ¢an+2)) n>0

wn | Tr(f(90)" ! + § Xiso(90)" Fa(@9)*v?) | n 20
The full KK table (multiplets By L, A\L, AoL, ... ): next slide.
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Backup: full single-trace graviton (KK) spectrum

Multiplet BPS operator ‘ KK-level
ByL[2£3n 0,1, —mf3) @ [mtl](-2$2) Tr(Aqp(® - go+1)) n >0
BiL[*n,0,0,— 22 @ [242] "0 Tr(pl® - g™+2) n>0
B L[12%3n 0,0, —nt4] @ [2](=*5) Tr(A*Aa (1 - - p™)) n>0
AL, 5,5, —n] @ 0] Te([(69)™ Aalf — [(99)", ¥*] Dadba — [($0)", 6°] Data) n>1
A1Aq[3,%, 4.0/ ® [0]© Tr(fAa — 206 Dad® + 30°Datba) n=20

o Tr(AAof — A Dadba + 1A Doy + LA Dat)g
AlL[%*évovfn]‘@[O](l) ( f 2 2 712 1
— 4P D% ¢ Doy + 26°(D*¢%)$uDaths) (n =1)

A L[, 3,0, —n] @ [0V Te(f(60)" ! + 1 X o(00)" "% (69)*1)a) n>0
ApL[Ag3n 0,1 ml] @ [2H](="5) Tr(Aag(@s - ghp®t) — 2% - 6™ (¢6) Dag ™) n>0
Ay L[8+in 0,0, 77} [rz+2](—— Tr(¢(a1 _A_Q‘)awlwaﬂ“)) n>1
A345[2,0,0,0] ® [1]© Tr(plep?) n=0

Ap L1430 0,0, —282] @ [2](-*55) | Tr(AA, g - gon-19p) — 2{A*, §(01 - 651 (6)} Do) | > 1 21




Backup: from the UV (-action to the IR ()-action

Start with the classical Q-action of mass-deformed N'=4 SYM (m = 1,2, 3):

(@ én] =0,  {Q¥n} = Lemnp[dn, dp] + MOnsds, (@S] = [bm,tom].
Solve the second equation for the massive field:
¢s = 2: ({Q, s} — [¢1, ¢2])

and plug into {Q, s} = —[¢>a,¢>31 (@, ] = [ al + [63,95] (a=1,2):

{Q (vet Floasl) } == [0 lb1,02l], @ (F— Foavs)| = [¢ar (¥a + 0w, vsl) .
Prescribe the IR Q-action via the field redefinition

o =ML, R = VI A (WY + el ), = —vR(FY - dewn).
“Integrating out” ¢3 and s gives (subscript IR omitted)

(@,¢°1=0,  {@ta}=—2pa,08’],  [@F]=—[0" %]

SU(2)r indices raised/lowered with €™, e.p; €®dadp = Pad® = [p1, d2] = ().
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Backup: tracing UV origins (spectral sequence)

Inverting the field redefinition and expanding an IR operator in M:

9

O ~ 0D+ MOW +...4 M™O™ Q= Qo+ MQ, Q=55
3

@)-closure gives order-by-order conditions:

QO0® =0, M(QOW+@0) =0

o Naively taking the leading @Qy-closed operator does not directly give the UV
cohomology from which the IR cohomology descended.

e The decomposition is ambiguous up to Q-exact shifts Og — Og + QA with
QA = Q()A + MQlAI

0O - 00 4 QA oW - 0W 4 QuA® + AQ ...
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Backup: IR monotones and Coulomb fortuitous from UV gravitons

UV single-trace gravitons of N'=4 SYM:

W™ A2 — Ty ¢('m,1 . (bmn+2)7 U"lemkmk_*_l _ Tl“(ﬁ(ml . (b””k)wmk_*_l _ (trace),
1
Wm = TI'((ZSmf + §€'mnpwnd)p)~
IR monotones descend from a subset:
ai---a, _nt2 . ay---a, _n e .
ug PP =M g2 oy = V2 M~ P3lar e a"’“)b,

wir,0 = — s QTr(s)’ + 225 QTr(fs) — V2 M'/? Tr(¢sf + ¢1ts)

using (¢p¢p) = Mep3 — Qi3; the first two terms are Q-exact. Coulomb-type IR fortuitous operators map

to composites of UV gravitons, e.g.

O = M4 (¢* ¢ (67 f + 0 ) + 61" vy 6" 4)
+ O(M1/4) ~ u(abwc) + v(agvbc) )

24



Backup: O;4 descends from the lightest UV fortuitous operator

One can argue Q1 corresponds to the lightest fortuitous operator of SU(2) N =4 SYM (g = t3/2):

O16 = M™20p28 + M7 026 + Op24 + M O)22, Qo Op2s =0, Q1028 + Qo026 =0.

1. No fortuitous BPS state in the #?® sector [Chang, Lin '22; Choi, Kim, Lee, Lee, Park 23] =
O,28 = Q()O;%, so O16 — M72Q0228 = M71(0t26 = Q1O;28) + 024 + MO,22.

2. No fortuitous state in the t?6 sector either; a graviton piece (even length L) could only come from
O (9228 since 0,26 is non-Coulomb — removable by a suitable A: O,26 — Q1(9;28 = QOO;QG.

3. Then O,24 — Q1OQ2G is Qo-closed; not Qu-exact (else O16 would be @Q-exact), not a graviton (odd
length). In the ¢34 sector there exists exactly one fortuitous Qo-cohomology in the UV!

H O,28 ‘ O,26 ‘ 0,24 ‘ O,22 H O16
uv _ 13 11 — _7 _
T 5 3 3 3 &
. 5 5 5 5 5
J 2 2 2 2 2

BN 9 8 7 6
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