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Scalar hair (               )

• Primary scalar charge→ independent one

• Secondary scalar charge→ dependent on known hairs: 

BH mass (M),  charge (q) , spin (a), and action variables

• Constant scalar charge (independent of r )

→ Extremal BHs with Constant scalar hair 

asymin =     s
s

Q
Q

r
 + 



〮 Conformally coupled scalar
→ Evasion of no-hair theorem
→ BBMB black hole with scalar hair [Hair is secondary and diverges at r=m]

1. Introduction
BBMB BH→ One known scalarized extremal BH!!

N. M. Bocharova, K. A. Bronnikov and V. N. Melnikov, Vestn. Mosk. Univ. Ser. III Fiz. Astron. , 706, 6 (1970) .
J. D. Bekenstein, Phys. Rev., D51, R6608 (1995).
Thanasis Karakasis, Eleftherios Papantonopoulos, Zi-Yu Tang, Bin Wang, arXiv:2103.14141
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BBMB BH→ only scalarized extremal BH!!
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beyond Horndeski (bH) theory with primary scalar hair 

Miguel Zumalacárregui and Juan García-Bellido, arXiv:1308.4685 
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Athanasios Bakopoulos, Christos Charmousis, Panagiota Kanti, Nicolas Lecoeur, Theodoros Nakas, arXiv:2310.11919
YSMyung, Theodoros Nakas, arXiv:2505.02368
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Scalarized extremal bH BH with primary scalar charge?
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1. Einstein-dilaton-Gauss-Bonnet theory with dilatonic coupling function 
(inspired by string theories:                                              ) 

2. Einstein-Gauss-Bonnet-scalar (EGBS) theory with nonminimal  coupling function 

(a special case of Horndeski theory:                                                    )

( ) class I: (0) 0, '(0) 0,  secondary

Dilatonic scalarization, but no analytic solution

f e f f = →  
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P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis, E. Winstanley, hep-th/9511071

P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis and E. Winstanley, hep-th/9703192
J. L. Blazquez-Salcedo, F. S. Khoo, and Jutta Kunz, arXiv: 1706.03262

Five examples  for scalarized BHs with secondary scalar charge
in the modified gravity  theory without Ostrogradski instability and ghosts

GB coupling constant, dilaton coupling constant → →

2GB coupling constant, ( ) -symmetric coupling functionf → → 

https://arxiv.org/search/hep-th?searchtype=author&query=P.Kanti
https://arxiv.org/search/hep-th?searchtype=author&query=N.E.Mavromatos
https://arxiv.org/search/hep-th?searchtype=author&query=N.E.Mavromatos
https://arxiv.org/search/hep-th?searchtype=author&query=J.Rizos
https://arxiv.org/search/hep-th?searchtype=author&query=J.Rizos
https://arxiv.org/search/hep-th?searchtype=author&query=K.Tamvakis
https://arxiv.org/search/hep-th?searchtype=author&query=K.Tamvakis
https://arxiv.org/search/hep-th?searchtype=author&query=E.Winstanley


3. Einstein-Maxwell-dilaton theory with dilatonic coupling function 

G. W. Gibbons and K. I. Maeda, Nucl. Phys. B 298 (1988) 741
D. Garfinkle, G. T. Horowitz and A. Strominger, Phys. Rev. D 43 (1991) 3140 Erratum: [Phys. Rev. D 45 (1992) 3888]
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5. Nonlinear scalarization for EGBS & EMS theories

→

→ No tachyonic instability →Nonlinear instability →Scalarized phase

→ A few branches of scalarized black holes for fixed

Class IIB: '(0) 0,  ''(0) 0,  secondary  f f= =



D. D. Doneva and S. S. Yazadjiev, arXiv: 2107.01738
A. M. Pombo and D. D. Doneva, arXiv: 2310.08638
J. L. Blazquez-Salcedo, D. D. Doneva, J. Kunz and S. S. Yazadjiev, arXiv:2203.00709
D. D. Doneva, L. G. Collodel and S. S. Yazadjiev, arXiv: 2208.02077
M. Y. Lai, D. C. Zou, R. H. Yue and Y. S. Myung, arXiv: 2304.08012

2 2( ) 0 / ( ) 0 Evasion of no-hair theoremeff GBV f R f F = −   →

4. Einstein-Maxwell-scalar (EMS) theory with  nonminimal coupling function 
(a special case of EMS theory)

22( ) 1 ,  Class IIA: (0) 0, '(0) 0, ''(0) 0,  secondaryf e f f f = + →  = 
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2. Nonlinear scalarization in the EGBS theory 

D. D. Doneva and S. S. Yazadjiev, arXiv: 2107.01738
Meng-Yun Lai, De-Cheng Zou, Rui-Hong Yue, YSMyung, arXiv:2304.08012 
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D. D. Doneva and S. S. Yazadjiev, arXiv: 2107.01738
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A few branches and their stability
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Nonlinear scalar hairs for polynomial coupling functions
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3. Nonlinear scalarization in the EMS theory
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5-0. Dyonic EMS theory →
extremal BHs with constant scalar hair 
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5. EMS theory with two U(1) fields
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with constant scalar hair



Spontaneous Scalarization approach 
to finding scalarized extremal black holes
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Five relations for coefficients→ Two extremal solutions
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                   Recovering scalarized extremal BHs with constant scalar hair
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Family of ss spacetimes between regular BHs and BH mimickers 

Raúl Carballo-Rubio, Francesco Di Filippo, et al, arXiv:2501.05505 

Event (outer) horizon: Hawking Radiation
Cauchy(inner) horizon: Mass inflation
Extremal horizon: Aretakis instability
Surfaces (accretion disk): accretion instability
Stable light rings: Nonlinear instability

Unstable light rings
(photon rings)

Trapped regions
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Aretakis Instability



Extremal black hole:
Bertotti-Robinson (BR) geometry

(BR: infinite throat)



Entropy function approach to finding scalarized extremal BHs:
Entropy→ Only physical quantity
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Entropy function approach to find scalarized extremal BHs
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〮 Scalarized extremal BHs with constant scalar hair
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7. Discussions

How to obtain scalarized extremal BHs?

〮 cBBMB BH was obtained by imposing on the

asymptotic flat condition (         ) for  its numerical (series)

solution.   In this case, 

〮 Scalarized extremal BHs with constant  scalar hair 

was obtained when imposing                       on the scalarization

process.   Also, this was found from Entropy function approach.

〮 Up to now, 

no scalarized extremal BHs with primary scalar hair. 

( ) 0r =

2 2 (dependent  secondary)sQ M Q= − 

( ) 0 0sr Q = → =




