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Scalar hair (¢ in¢,,.=

* Primary scalar charge-> independent one

« Secondary scalar charge-> dependent on known hairs:
BH mass (M), charge (g), spin (a), and action variables

« Constant scalar charge (independent of r)
- Extremal BHs with Constant scalar hair



1. Introduction
BBMB BH-> One known scalarized extremal BH!!

* Conformally coupled scalar
- Evasion of no-hair theorem
- BBMB black hole with scalar hair [Hair is secondary and diverges at r=m]

e Action: [d*x/~g [R ~ B(#°R +6(09)" )] with action variable /3
e Conformal transformation for (eee ):

¢:%9 éyv:ngluv

e Egs.: G, :va

v

with 7%, = f[#°G,, +2,, V2 (¢*) -V, V,(#*) +6V ¢V, 4-3(V$)g,, .
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N. M. Bocharova, K. A. Bronnikov and V. N. Melnikov, Vestn. Mosk. Univ. Ser. lll Fiz. Astron., 706, 6 (1970) .
J. D. Bekenstein, Phys. Rev., D51, R6608 (1995).
Thanasis Karakasis, Eleftherios Papantonopoulos, Zi-Yu Tang, Bin Wang, arXiv:2103.14141
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BBMB BH-> only scalarized extremal BH!!

e Residual conformal symmtery in (eee) = [R =0 and |:|¢=O]

e Assuming a spherically symmetric spacetime with metric function f'(7),

-

R=0= r2f () + 47 (N +2/()—-2=0= f()=1+%4+2
ror
]
Einstein Eq.: ¢"¢—2¢" =0= ¢ = I
L cr+d 15
m ? dl"z 10-BH ; — @(r.p=1,m=1)
° dSéBMB :_(1——j dt* + 2 +7‘2dQ§ , o
r m ol
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P(r)=

secondary| and |it diverges at » = m




beyond Horndeski (bH) theory with primary scalar hair

e Shift (¢ — ¢ +const.) and Z,(¢ — —¢)-symmetric second order scalar-tensor theory:

beyond Horndeski gravity
Sy = %J‘d“x«/—g (L + L+ L), X =—0"$0, 412
T

( [5 — GZ(X)a
with | £ =G,(X)R+G,, | @) —(V,V,9)(V'V'9) ],

EbH _ E(X)E#vpﬂea@’a 5#¢aa¢(vvvﬂ¢)(vpvy¢)

\

. GZ(X)z—i—szm, G,(X)=1-nX*?, F,(X)=nvX with action variables 7 and 1

Miguel Zumalacarregui and Juan Garcia-Bellido, arXiv:1308.4685
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e Analytic bH black hole solution with primary scalar charge ¢

with scalar hair ¢ = g¢ +w(r) and

its kinetic term X = q

2 1+(r//1)
2 5 3
@ = —h(r)di® +- 24 aee, h(r):1—2M+\/§/mq— [ —
h(r) r 3 r (r"+4%)
e Shift symmetry — Noether current — Shift-conserved charge O, :
oS 4X 207

J=J,dx" = Jt=——G,, 0/ =0, < |xJ= —=A1

2x 9o Oy, _f 32 nq'

\/7 5(0,4)
32Mm
A

e Fixing ¢’ =

2

ds? = i (rdet + 2

+r°Q°,
h(r)

2 Mr?

h(r)zl_(rz_i_ﬂz)s/z

M

, 0, (M)=20r—=207M*""

q

, one finds Bardeen (regular) BH with secondary scalar charge g(M) = L

|

Athanasios Bakopoulos, Christos Charmousis, Panagiota Kanti, Nicolas Lecoeur, Theodoros Nakas, arXiv:2310.11919

YSMvyung, Theodoros Nakas, arXiv:2505.02368
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Scalarized extremal bH BH with primary scalar charge?




Five examples for scalarized BHs with secondary scalar charge

in the modified gravity theory without Ostrogradski instability and ghosts

1. Einstein-dilaton-Gauss-Bonnet theory with dilatonic coupling function
(inspired by string theories: a — GB coupling constant, x — dilaton coupling constant)

(@) =ae —|class I: £(0) =0, £'(0) 20, secondary

— Dilatonic scalarization, but no analytic solution

2. Einstein-Gauss-Bonnet-scalar (EGBS) theory with nonminimal coupling function
(a special case of Horndeski theory: ;- 6B coupling constant, (#) - 7, -symmetric coupling function)

¢ 11— e
2127 1247

f(P)= — |Class IIA: f(0) =0, £'(0) =0, £"(0) # 0, secondary

P.Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis, E. Winstanley, hep-th/9511071
P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis and E. Winstanley, hep-th/9703192
J. L. Blazquez-Salcedo, F. S. Khoo, and Jutta Kunz, arXiv: 1706.03262
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3. Einstein-Maxwell-dilaton theory with dilatonic coupling function
f(g)=e** {azl(low energy strings), a=\3 (KK theory)}

—|class I: £(0) =0, £'(0) # 0, secondary

— Dilatonic scalarization — Analytic solution (¢=1GMGHS)

? 2 +a’
o ds’=—a(r)dt’ + ar ) +b(r)dQ; with a(r) = (1 L (l - r—jlm and b(r) =r’ (1 — V—jl :
r r

da 14
Ay =——E | g M, 0,0)=—2 1(1 -
Vi+a® r l+a” r

= r, :event horizon and r_:spacelike singularity

1-a?

l+a
1+ o

2a°

r

(Mi\/Mz—(l—az)Qz)

G. W. Gibbons and K. I. Maeda, Nucl. Phys. B 298 (1988) 741

D. Garfinkle, G. T. Horowitz and A. Strominger, Phys. Rev. D 43 (1991) 3140 Erratum: [Phys. Rev. D 45 (1992) 3888]




4. Einstein-Maxwell-scalar (EMS) theory with nonminimal coupling function
(a special case of EMS theory)

f(p)=1+ag®, e —|Class IA: £(0) =0, 1'(0) =0, /"(0) = 0, secondary

5. Nonlinear scalarization for EGBS & EMS theories

> [Class 1B: /0) =0. /°(0) =0. secondary]
- No tachyonic instability > Nonlinear instability ->Scalarized phase

- A few branches of scalarized black holes for fixed ¢

V., =—f(@)R:y <0/ f(#)F* <0—> Evasion of no-hair theorem

D. D. Doneva and S. S. Yazadjiev, arXiv: 2107.01738

A. M. Pombo and D. D. Doneva, arXiv: 2310.08638

J. L. Blazquez-Salcedo, D. D. Doneva, J. Kunz and S. S. Yazadjiev, arXiv:2203.00709
D. D. Doneva, L. G. Collodel and S. S. Yazadjiev, arXiv: 2208.02077

M. Y. Lai, D. C. Zou, R. H. Yue and Y. S. Myung, arXiv: 2304.08012




2. Nonlinear scalarization in the EGBS theory
Stcrs = Jd4x\/7 R 20 (”0# ﬁ(¢):|

eﬁ (p) = —/12RGB f,(p) <0 — Evasion of no-hair theorem

o« f(p)= i(l pe ) >0 — [Class IIB: £,(0) =0, £,'(0) =0, f,"(0) =0; secondary scalar

2

« Op+ % R’ . '(¢) = 0= Linearized theory : No tachyonic instability — SBH: stable

= | Nonlinear instability| — |scalarized phase

« Solving full eqgs — Nonlinear scalarized black holes — a few branches depending on x

0.10

0.08|
0.06 — f,(@,x=50)

ooal — f(@)=(1-e %" )12

0.02}

000 &= p 3 3 i — D. D. Doneva and S. S. Yazadjiev, arXiv: 2107.01738

Meng-Yun Lai, De-Cheng Zou, Rui-Hong Yue, YSMyung, arXiv:2304.08012
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2A 12M*A .
o |-0lp+0 p+ Fﬁxgo +A° r—gfl (¢)=0| based on SBH with | R, = ———

with A=r>—2M r and dx = (r"/ A)dr
e Nonlinear instability — Time evoultion of |@| on the SBH with M /A =0.1 and x= 50

2
= Depending on the initial amplitude ¢, of Gaussian pulse: p(t =0,x) = ¢, exp(— (x=a) j

20"
Scalarized Phase
)
------ ampl = 0.01
- - - ampl = 0.02 E
ampl = 0.05
)
T }
E |
10 15 20 25 30 35
A

D. D. Doneva and S. S. Yazadjiev, arXiv: 2107.01738



Nonlinear scalarized BHs with exponential coupling £, (¢):

Horizon scalar (¢,,) and scalar charge (O, = D) as functions of M / A

0.8 ' ' ' T ' T .
-
0.6 i
» i A few branches and their stability
S 04fF _
0.2 _‘__HH' Overlaping branches 7
r . ,__.4--"‘""":’—_—' for all x exist here
023 [ 1 1 ’ }
0.2 F _
< sl - « k¥ =100 — three branches
= T} — k= 100
L. = 400 .
M i — [solid: stable
0.05 x= 10000f
Y T « Kk =50 — three branches
0.04 | — |solid: stable
g .

0.02

0 ke

D. D. Doneva and S. S. Yazadjiev, arXiv: 2107.01738
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Polynomial nonlinear coupling functions to GB term with a=1/4

6;(§) =ag’, &, ())=ap’-p#°, ¢ (4) =ad’—ps
U U U

0.005 - T y 0.010

— Dl B= I:EII:I_-'E 1 |
. — Tl B=10008 B —effect
0.004 } ] 0.008 }
0.003} ] 0.006 }
o <
0.002} ] 0.004
0.001} | 0.005 | a-effect
. f —effect
0.009 55 0.02 0.04 0.06 0.000 56~ 0.02 0.04 0.06
M M
-2>Single branch >Two branches/Two branches

—>-> secondary scalar charges|Q. (M)

De-Cheng Zou, Xu Yang, Meng-Yun Lai, Hyat Huang, Bo Liu, Jutta Kunz, YSMyung, Rui-Hong Yue,
arXiv:2404.19521v3
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Nonlinear scalar hairs for polynomial coupling functions

6(9) =ag’ - ¢’

U
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3. Nonlinear scalarization in the EMS theory

« EMS theory with f(¢)=1+ag* ()

L fae e [R 20,000 1]

SEMS —

—> Veﬁ = f(p)F ‘<0— f (@) >0 — Evasion of no-hair theorem

— |subclass IIB: £ (0) =1, /'(0) =0, f"(0) = 0;secondary scalar

- Bald BH - RNBH

 Linearized scalar eq: O ¢=0 — No tachyonic instability —

 Solving full eqs — two branches of SCBHs

RNBH: stable

— Instead, nonlinear 1nstability to trigger nonlinear scalarized black holes

J. L. Blazquez-Salcedo, C. A. R. Herdeiro, J. Kunz, A. M. Pombo and E. Radu, arXiv: 2002.00963
Wei Xiong, Cheng-Yong Zhang, Peng-Cheng Li, arXiv: 2312.11879
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___________________________________________________ -

Equations of motion

_____________________________________________________

- Einstein Eq: G, =20,40,6—(04)" g, +2/(HT" ,
» Maxwell Eq: VA(f(9)F,,)=0

e Scalar Eq: D¢—%f’(¢)F2 =0




Nonlinear scalarized charged BHs

e 7 3
: 2

Soluti dsleey =—N(r)e °dt? + —— dr +r°dQ.  with N@r)=1- m(r)

« Solution ansatz — < N(r) roop

=v(r) dt, ¢=¢(r)

« |[Egs and solution forms in near-horizon and asymptotic regions = Next

« Reduced Area and Reduced Temperature

A, v s
a, = = , t, =87MT, =2M N e o)
" 16xM?  AM? i)

« Linearized scalar potential around NSCBHs

_ZGN 12 Q2 12 3
1—-N =272 =2
[ +f{¢ f¢

V() =

rzlfz (a’4°(¢* —10)+ 224 (§” +3) +1)H



Four coupled differential equations

om'zlr2N¢'2: 2QZ
2 2r° (@)

e 5S'(r)+rgd” =0,

e V'(r)=

® _57"2N AN | e_gf'(¢)Q2
(e Ne) T )




How to solve these equations?

v

e Near-horizon form: <m(r)=7H+ml(r—rH)+..., o(r) =0y +0,(r=ry)+...
() =@, +H(r—ry)+..., Viry=v(r—-r,)+...,
with m = —— { Q2 }9 ¢ = ) 2 12 ) :_FH¢12 > = 5_50Q
2ry | f(¢) 2, QP —rif(4) ] i f ()
m(r)zM—Q ;QS +ee, ¢(,/):%+...,
r r

e Asymptotic form: <

5(1’):2Q—52+..., V(r)zq)e—%+...,




Domain of existence of ( ) branches of NSCBHs

Branch bifurcation line

Critical line .
qmax(a)eNOt eNSCBS-_ e -

Eth‘emal RN - - -

hot

lae w
W

RN black holes




a =200

e Cold branch: it starts at ¢ =1 (extremal RNBH) and ends at g_. (@)

 Hot branch : it starts at ¢_. () while disconnecting to RNBH,

and ends atq__ (@)

2
%(lhll—qz) —




QNM frequency of s-mode scalar

02 r cold a =200
hot
RN \f

0.1 F ' . J’-.J
é_' -
= —

D H
cold
001 1=0, scalar-led -
0 0.5 | 1.5 2 2.5

Jose Luis Blazquez-Salcedo, Carlos A. R. Herdeiro, Sarah Kahlen, Jutta Kunz, Alexandre M. Pombo, Eugen Radu,
arXiv: 2008.11744
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4. Scalarized extremal BH solutions

in Einstein-Maxwell-conformally coupled scalar (EMCS) theory

® Spncs = ﬁ [d*xJ-g| R-F,F*" - p(§"R+60,40"9)

_____________________________________ = Conformal symmetry

e Einstein Eq.: G, = 2T, x +T!

uv?

( F2
M —

T/JV_F,UPE/IO_Tg'uV,

T9 =BG, + 2,V (#) =V, V,(#)+6V 4V, -3(V$) g, |

e V'F,, =0

0V2¢—éR¢:O—>[R:O]—>V2¢:O

->->Two scalarized extremal BHs with constant and secondary scalar charges



2

e Solution ansatz: ds., = g, dx"dx" =—N (r)e >’ "dt* + ]3, ) +r°dQ;
r
with N(r) =1— 2’"(’”) L d=0(r), 4 =v(r)

o | Constant scalar hair and its extremal black holes for ,82%

- 2T _ - ‘+q° .
G ———w__oF T”:Qr4q~‘ diag[~1,~1,1,1]

¢7¢.=qs,/ 23 -, 1-2-2  s0=0
q, +9 ro,

N

2 2
2M+Q +q,

/
7 7 2 extremal: M =\/ Q2 +q3

N(r)=1- = "

Marco Astorino, arXiv:1307.4021

_ B3M*-0%)
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¢<>@rM [

2
_ 20 dlag[ 1,-1,1,1], TMV = 2Q4 diag [—1,—1,1,1]
re r

,u

ptM v _
Tﬂ

cBBMB BH solution

Residual conformal symmtery in (eee) = [R =0 and |:|¢=O]

2 2
——(l—ﬁj a2 a0, 1-2_2

2M2

: Scalar hair is [secondary

and

it diverges at r = M

diag [-1,—1,1,1] = Mass-dependent energy-momentum tensor




Numerical solution to cBBMB BH

because ¢(r) blows up at the horizon

1 _
eFor /3 = 3 ds.., =—N(r)e’"dt* + % +r2dQ;,

e Full Egs.: |

e Near-Horizon:

(1-3)[1+NQ2rd' -1)]-

-5
QW2+651’ZI/72V'=0(V'(1’)= Qe j,

NG = N(r-r)

2

r)

¢ (r)—>

1
y(r)

rNy'

—7)

2
r

S'CY —w+rg)+ry"=0

W' ryN' = N (r8' =2)+2rg")+rN + " =0,

L S =Y8rr),

[207(r8' —2) + 317"+ 3722y + 1

() =3 r=r)

e Lowest order: 1-7’N, =0, Sy, +2y,=0=|N, =

1
—
¥y

5=

oW,
2

2

I

(7' +3y° — ) =0,

W)=Y (r-r)

De-Cheng Zou, YSMyung, arXiv:1911.08062
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ool oyl 602-0wiwd 5150700l 3 -0 v
27 20 37 3 ’ 4 4 4 ’
v 3r; 3r; v
s g JABCI-0WE] o 1-1567 - 0Nl 43607 -0y
0> 1 H 2 = 2 >
L 3r, Or;
e NH Coefficients: =307 — 0% Tl s e 2
N T, _Q )l/jl ]‘//1 _ ‘//1[ —3(1/‘+ _Q )Wl]
lf//l7 l//2 - l//3 - 2 5
3r, or;
e e0r4 e®0[14 7
M=""% > 2= 3 [——(r+ _Qz)'/llz]’ Vi;=—"73 ___(712 _Qz)’//12 +2(’”+2 _Q2)2'71/14
r r, 3 v 9 3
e Asymptotic form with O, :
_ 2 2 _ M 2.2 N VE
{N(r):l—ziw+Q ;QS o ¢(F)ZJ§VQS ﬁ% e, 5= 2@ +6Q i V(”:%‘rg}

e | Asymptotic flatness

M ~0"+0;,

Q.: dependent

1 1
"o Br-o)

U

Q. :independent scalar charge

o(r)=0

»dependent (secondary) scalar charge

0.8}

— Qy(M.Q=0.5)
0.6

0.4+
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0.0+
0.5

0.6 0.7 0.8 0.9 1.0
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0.8l

0.6

— Q;(M=1,Q)
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0.2}

0.0
0.0
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Imposing Asymptotic flatness condition:
Numerical solution-> ¢cBBMB BH

(r— r) 2(r—r+)3+3(r—r+)4+

3 4
+ + +

N(r) =

r r

r—r,

r—r, _
(r)=w,(r V+)_\/§QS \/3(V+2—Q2),
O(r-r) Q@r-r)

v(r)=- ——+ 3 = R

+ + + +

e Near-horizon: i

e Asymptotic form:

e 2 2
]\_f(r):1—2M+M :(1—Mj , M =

o(r—r,) 0 {(r—r

, 12(r) =0],

L2 ou . (fe) (BT
r r r—M o r—M
0 0




5-0. Dyonic EMS theory

1 4 7 pv
* Suwns =7 —[d'x-g (R=20,40"9= f(DF, F*"),

e Full Egs.: <

A=

0

r

dt+ Pcosf@do

o ds’ = —e O N(r)dt* + ]j’(” 2) +12(d6” +sin’ 0d o) with N(r)=1- 27
m' = %er(b'z + 211/2 (fQ(;) +f(¢)P2j, S'+rg* =0,
(e °r’N¢') + 285 / '(¢)( o -/ (¢)P2] =0
| 2@\ @)

=(0 = constant scalar hair

D. Astefanesei, C. Herdeiro, A. Pombo, E. Radu, arXiv:1905.08304



https://arxiv.org/search/hep-th?searchtype=author&query=Astefanesei,+D
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https://arxiv.org/search/hep-th?searchtype=author&query=Pombo,+A
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5-0. Dyonic EMS theory -
extremal BHs with constant scalar hair

oM O+ P MY
+Q > — >Ne:[1——j
7 7 extremal: M :\/Q +P 7

e RNBH with ¢=0 :f(¢)=1, 6(r)=0, N(r)=1-

2 al- M —
7 7 extremal: M \/2PQ

e BH with ¢4, - f(¢)—Q 5y =0, N(ry=1-2M 20 >N6=(1—%j

02
M qu) f(¢)

r r

e BH with ¢=¢, : /() |,_, =0, 5(r)=0, N(r)=1-




5. EMS theory with two U(1) fields
o N =4 supergravity: S, _, :éjd“x\/%[R—%?#qﬁ%—e_sz —eZ¢H2], F=dA, H=dB

+\/§Q, —1+\/§P
r r

: ; H
= dSupy = — dt’ +H1H2(dl”2 +r2dQ§) with e*/ =FZ, H, =1 H, =

17-2 1

: : : . : 1. | P
— |dilatonic BH solution: horizon at » = 0 and constant scalar hair ¢, = > In {—}

0
e EMS with two U(1): SEMSN4—— j d'x\-g [R 20 ¢a“¢—%—f (P)H }
(G,, =20,40,6-(04) g,, +2T,,"
with 7, = f(1¢)[F Fp—FngW}f(cfﬁ)[Hﬂpr—HngwJ
T, [J_ f@)J 0,(V=2f@H,,)=0.
5o

Xiao Yan Chew, YSMyung, arXiv:2606.05766



https://arxiv.org/search/gr-qc?searchtype=author&query=Chew,+X+Y
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dr’
N(r)

ZWl(V)’ ¢7:¢(l”), Zz:VQ(r)’ Et:Vp(l")

o dstpy = G, dx"dx’ = —N(r)e™Vdf + —— 117 (d6* +sin® 0dp?),

N(r)=1-

r

m’=%r2N¢’2+%(f(¢)Qz+ P j

/(9)
° . / 12 ' _ 6—5(7”)Qf(¢) ' _ 8—5(”)}) .
Egs.:y ' +r¢"” =0, v', () = = , v (r) = 1)
(e"r"Ng') + ¢ / '(¢)£f ($)O" - - ) =0
21" £ (9) 1 (9)

=(0: constant scalar hair




2 2
2M+Q + P

e RNBH with ¢=0 :/(#) =1, 8(r)=0, N(r)=1- 5 > e—v— e\
P DM 2P -
e BH with ¢=¢, : f(¢)—§ 5(r)=0, N(r)=1- 5 r2Q SR >Ne:(
2
e BH with ¢=¢, : /'(#)|,_, =0, 5(r) =0, J\?(r):l—zM zf“”
¢ r r

extremal: M = \/Q f(P)+—




Spontaneous Scalarization approach
to finding scalarized extremal black holes
N"(r) 1 35'(r)

r

—N§”(r)+N'(r)( j+N5’(r)(§'(r)—lj+N¢'2(r)

e One constraint :

2

2m(r)

r

=ri4(f<¢>Q2 y L

ith N(r)=1-
f(¢)] i

(N(’/):Nz(’"_ﬁ)z+N3(’"_’”+)3"',
e Near-horizon: { 8(r) =8, +8,(r—r,)+-+, vy (r) = vy (r—r)+--, vp(r)=vy(r—r)+,
P =g +h(r—r )+

c"Of(¢) | __e”P
PO A (7Y

with v, =



Five relations for coefficients=> Two extremal solutions

P’ 2
2= 2 : 51:—7'+ 12, ' ; =0, ) =— |,
. = /()0 +f(¢0) ¢ (f(¢) /(&) Q]
) f’2(¢o) ,_ P >
(- ) ! P
& = ”(¢) P~ N f(4)P o= Sk /(%)
212N, +f 0 (Q — ) . ’ ’
(¢ e f ()
e For /'(¢,) # 0, one finds f(¢0)—g =+20P,  $=6,=0, sziz
-Forf’(¢o)=0(f(¢o)#P/Q):r+=\/f(¢o)Q2+ — ¢ =0, =0, sziz
f (%) 4




e Asmyptotic form with

iy SO IGI0 5y O
. r r

| VQ(,/):(I)Q_%+..., VP(]/«):(I)P_§_|_...’ ¢(7/):¢OO+T+...

e Asymptotically flat extremal BH =

. {f,(¢o)5&oz>¢oo:¢o:¢c}
f,(¢0):O:>¢oo:¢0:¢C

— Recovering scalarized extremal BHs with constant scalar hair



Family of ss spacetimes between regular BHs and BH mimickers

Unstable light rings
(photon rings)

* e o — — — — —y — .
——— —— —
o —
——
* —

Hawking radiation

=

Trapped regions

. ()'ﬁ__ - Y
Mass ‘Eﬂ—g‘u’Semic\aS‘S‘c

Event (outer) horizon: Hawking Radiation
Cauchy(inner) horizon: Mass inflation
Extremal horizon: Aretakis instability
Surfaces (accretion disk): accretion instability
Stable light rings: Nonlinear instability

> /

Raul Carballo-Rubio, Francesco Di Filippo, et al, arXiv:2501.05505
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https://arxiv.org/search/gr-qc?searchtype=author&query=Di+Filippo,+F

@etakis Instabil@

New Difficulties of Extremal Black Holes

1. Near horizon geometry: degW

2. Dispersion in intermediate region: trapping effec

3. Near null infinity

4. “Low frequency” obstructions

5. Superradiance



Extremal black hole:
Bertotti-Robinson (BR) geometry

Asymptotically 4d Flat

Aext

AdS,xS? (BR: infinite throat)

./ Horizon




Entropy function approach to finding scalarized extremal BHs:
Entropy—> Only physical quantity

e Bertotti-Robinson metric: dsfm =V, (

with A =er dt, B = pr dt,

¢

— ¢0

2

—rdt’ + a;izj +v,(d@? +sin® 0d p*)

: constant scalar on the horizon

L=1o—[dodo | (R 2V -~ fgy ] l{o—vl [ ()P’ ﬂ
r )

AC))

e Entropy function: ¢ =2z(eQ+ pP— L)

2 AC






- Scalarized extremal BHs with constant scalar hair

EMS theory with two U(1) fields:

. _ a¢ _ ) 1 E 1/3.
@)= = f)= 5= (h{QD .

Scalarized extremal BH with ¢=g¢,,v, = v, = f?; ) + f(4)p> =2ep=20P =7’
e Entropy for extremal BHs with constant scalar hair = ¢ = zv, = 7(2QP) : No change
[ J f az

f(§)=1-ap’ + p¢’ =>d¢0—(20!¢ 4B gy = 0= ¢, = \/7f(¢o)_ 45

P2
Scalarized extremal BH with ¢=¢,, v, =v, = 0>f (¢, =7,
calarized extrema with ¢=¢,, v,=v, =0" f(¢,) + T8 v

e Entropy for extremal BHs with constant scalar hair

=& =7V, 272(Q2+P2)(Q<P,05<2\/E)




7. Discussions

How to obtain scalarized extremal BHs?

* ¢cBBMB BH was obtained by imposing on the
asymptotic flat condition 45(r)=0) for its numerical (series)

solution. In this case, (Q =M’ -0’ (dependent = secondary)

* Scalarized extremal BHs with constant scalar hair
was obtained when imposing|o(r) =0 — O, =0| on the scalarization
process. Also, this was found from Entropy function approach.

* Up to now,
no scalarized extremal BHs with primary scalar hair.






