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Free Dirac fermion with non-dynamical axial vector field

J
H
E
P
0
4
(
2
0
2
1
)
1
6
2

In lattice systems, the Nielsen-Ninomiya theorem [17] guarantees zero net chirality in
the Brillouin zone, or equivalently zero net Chern number. In lattice realisations of WSMs,
Weyl fermions will thus always appear in positive and negative chirality pairs, and a Weyl
point can disappear only by annihilating against another Weyl point of opposite chirality.
In particular, a lattice system can never support a single isolated Weyl fermion.

The presence of Weyl points has (at least) two major phenomenological consequences.
The first is Fermi arcs at the material’s surface, meaning lines at or near the Fermi energy
in the surface Brillouin zone, connecting the projections of the Weyl points [16]. Given
that the bulk Weyl points are topologically protected, the existence of these Fermi arcs is
as well. Fermi arc states can give rise to phenomena such as quantum oscillations [4]. The
second consequence is exotic transport in the WSM’s bulk, including the chiral magnetic
effect, negative magneto-resistance, and the anomalous Hall effect [18]. These exotic effects
arise in whole or in part from the axial anomaly of the Weyl fermions.

Perhaps the simplest field theory exhibiting the physics of WSMs is a free Dirac fermion
ψ, of mass m, with a non-dynamical background axial vector field A5

j , where j = x, y, z la-
bels spatial coordinates. In units with ! ≡ 1 and the Fermi velocity vf ≡ 1, the Lagrangian
L of such a Dirac fermion is [19, 20]

L = ψ̄
(
iγµ∂µ − m+A5

jγ
jγ5
)
ψ, (1.1)

where µ = t, x, y, z labels spacetime coordinates, γµ are the Dirac matrices, and
γ5 ≡ iγtγxγyγz. In eq. (1.1), on the right-hand-side the kinetic term and mass term each
preserve P and T , while the coupling to A5

j preserves P but breaks T . If we choose A5
j to

have constant magnitude b/2 (the factor of 1/2 is for later convenience), and use rotational
symmetry to orient it in the z direction, A5

j = b/2 δjz, then the energy ε of the Dirac
fermion is, for spatial momentum kj ,

ε = ±

√

k2x + k2y +
(
b2

4 ±
√
k2z +m2

)2
, (1.2)

where the ± signs are uncorrelated, so that eq. (1.2) describes four energy levels.
The qualitative form of the spectrum in eq. (1.2) depends on the dimensionless ratio

|m/b|. If |m/b| < 1/2, then two of the four energy levels meet at two points in momentum
space, (kx, ky, kz) = (0, 0,±

√
(b/2)2 − m2). At these points, ε = 0. The effective theory

governing the low energy excitations near these two nodal points is then a pair of Weyl
fermions, and thus for |m/b| < 1/2 the system is a WSM. On the other hand, if |m/b| > 1/2
then an energy gap appears, and the system is a trivial insulator. At the critical point
|m/b| = 1/2, a single node at (kx, ky, kz) = 0 appears.

The L in eq. (1.1) is invariant under U(1)V vector transformations ψ → eiαψ with
constant α, and when m = 0 and b = 0 also under U(1)A axial transformations ψ → eiβγ5

ψ,
with constant β. The corresponding U(1)V and U(1)A currents are, respectively,

Jµ = iψ̄γµψ, Jµ
5 = iψ̄γµγ5ψ. (1.3)

However, U(1)A is anomalous: in the presence of a background U(1)V field strength Fµν ,
the axial current Jµ

5 is not conserved. Moreover, non-zero m explicitly breaks U(1)A.

– 2 –
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Strong interaction in Dirac materials?

Violation of Wiedeman-Frantz law in graphene

thus inducing an energy current that grows un-
impeded by interparticle collisions as the total
momentum is conserved. The thermal conduc-
tivity is therefore limited by the rate at which
momentum is relaxed by residual impurities.
Realization of the DF in graphene requires

that the thermal energy be larger than the local
chemical potential m(r), defined at position r:
kBT ≳ jmðrÞj. Impurities cause spatial variations
in the local chemical potential, and even when
the sample is globally neutral, it is locally doped
to form electron-hole puddles with finite m(r)
(27–30). At high temperatures, formation of the
DF is complicated by phonon scattering, which
can relax momentum by creating additional in-
elastic scattering channels. This high-temperature
limit occurs when the electron-phonon scattering
rate becomes comparable to the electron-electron
scattering rate. These two temperatures set the
experimental window in which the DF and the
breakdown of the WF law can be observed.
Tominimize disorder, we usedmonolayer gra-

phene samples encapsulated in hexagonal boron
nitride (31). All devices used in this study have
two terminals, so as to keep awell-defined temper-
ature profile (32), with contacts fabricated using
the one-dimensional edge technique (33) to mini-
mize contact resistance. We employed a back-gate
voltage Vg applied to the silicon substrate to tune

the charge carrier density n = ne – nh, where ne
and nh are the electron and hole densities, re-
spectively (21). All measurements were performed
in a cryostat to control the bath temperatureTbath.
Figure 1A shows the resistance R versus Vg mea-
sured at various fixed temperatures for a repre-
sentative device [see (21) for all samples]. From
this, we used the known sample dimensions to
estimate the electrical conductivity s (Fig. 1B). At
the CNP, the residual charge carrier density nmin

can be estimated by extrapolating a linear fit of
log(s) as a function of log(n) out to theminimum
conductivity (34). At the lowest temperatures,nmin

saturates to ~8 × 109 cm–2. Extraction of nmin by
this method prompts overestimation of the charge-
puddle energy, consistentwith previous reports (31).
Above the disorder temperature scale Tdis ~ 40 K,
nmin increases as Tbath is raised, which suggests
that thermal excitations begin to dominate and
the sample enters the nondegenerate regime near
the CNP.
Electronic thermal conductivity wasmeasured

using high-sensitivity Johnson noise thermometry
(JNT) (32, 35). We applied a small bias current
through the sample, thus injecting a Joule heating
power P directly into the electronic system and
inducing a small difference between the temper-
ature of the graphene electrons and that of the
bath: DT≡Te−Tbath. The electron temperature

Te was monitored independently of the lattice
temperature through the Johnson noise power
emitted at 100 MHz, with a 20-MHz bandwidth
defined by an inductor-capacitor matching net-
work. We designed our JNT setup to be operated
over a wide temperature range, from 3 to 300 K
(35). With a precision of ~10 mK, we measured
small deviations of Te from Tbath (i.e., DT≪Tbath).
In this limit, the temperature of the graphene
lattice is well thermalized to the bath (32), and
our JNT setup allows us to sensitively measure
the electronic cooling pathways in graphene.
When the temperature is low enough, electron
and lattice interactions are weak (35, 36), and
most of the Joule heat generated in graphene
escapes via direct diffusion to the contacts (21).
As the temperature increases, electron-phonon
scattering becomesappreciable, and thermal tran-
sport becomes limited by the electron-phonon
coupling strength (36–38). The onset temperature
of appreciable electron-phonon scattering, Tel-ph,
depends on the sample disorder and device geo-
metry:Tel-ph ~ 80K (35, 36, 39, 40) for our samples.
Below this temperature, the electronic contribu-
tion of the thermal conductivity can be obtained
from P and DT using the device dimensions (21).
Figure 1C shows ke(Vg) plotted alongside the

simultaneously measured s(Vg) at various fixed
bath temperatures. Here, for a direct quantitative
comparison based on the WF law, we plot the
scaled electrical conductivity as sTL0 in the same
units as ke. In a FL, these two values will coincide,
in accordancewith Eq. 1. At low temperatures (T <
Tdis ~ 40 K), where the puddle-induced density
fluctuations dominate, we find that ke ≈ sTL0,
monotonically increasing as a function of carrier
density with a minimum at the neutrality point,
confirming theWF law in the disordered regime.
As T increases (T > Tdis), however, we begin to
observe violation of theWF law. This violation ap-
pears only close to the CNP, with the measured
thermal conductivitymaximized at n = 0 (Fig. 1C).
The deviation is the largest at 75 K, where ke is
more than an order of magnitude larger than the
value expected for a FL. The nonmonotonicity of
ke(T) is consistent with acoustic phonons relaxing
momentum more efficiently than impurities as T
increases (41). For T ≳ 100K in our samples, activ-
ation of optical phonons introduces an additional
electron-phonon cooling pathway (35), and the
measured thermal conductivity is larger than ke.
This non-FL behavior quickly disappears as jnj in-
creases; ke returns to the FL value and restores the
WF law. In fact, away from the CNP, the WF law
holds for a wide temperature range, consistent
with previous reports (35, 36, 39) (Fig. 1E). For this
FL regime, we verify the WF law up to T ~ 80 K.
Our observation of the breakdown of the WF

law in graphene is consistent with the emer-
gence of the DF. Figure 2 shows the full density
and temperature dependence of the experimen-
tally measured Lorenz ratio, highlighting the
presence of the DF. The blue region denotes
L ∼ L0, suggesting that the carriers in graphene
exhibit FL behavior. The WF law is violated in
the DF (yellow-red region), with a peak Lorenz
ratio 22 times larger than L0. The green dotted

SCIENCE sciencemag.org 4 MARCH 2016 • VOL 351 ISSUE 6277 1059

Fig. 1. Temperature- and density-dependent electrical and thermal conductivity. (A) Resistance (R)
versus gate voltage (Vg) at various temperatures. kW, kilohm. (B) Electrical conductivity (blue) as a
function of the charge density set by the back gate for different bath temperatures. The residual carrier
density at the neutrality point (green) is estimated by the intersection of the minimum conductivity with
a linear fit to log(s), away from neutrality (dashed gray lines). Curves have been offset vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to
4e2/h. At low temperatures, the minimum density is limited by disorder (charge puddles). Above Tdis ~ 40 K
(yellow shaded area), thermal excitations begin to dominate, and the sample enters the nondegenerate
regime near the neutrality point. (C to E) Thermal conductivity (red points) as a function of (C) gate voltage
and [(D) and (E)] bath temperature, compared to with the WF law, sTL0 (blue lines). At low temperature
and/or high doping ðjmj ≫ kBTÞ, we find the WF law to hold.This is a nontrivial check on the quality of our
measurement. In the nondegenerate regime ðjmj < kBTÞ, the thermal conductivity is enhanced and the
WF law is violated. Above T ~ 100 K, electron-phonon coupling becomes appreciable and begins to dominate
thermal transport at all measured gate voltages. At this temperature, the yellow shaded background ends. All
data from this figure are taken from sample S2 [inset in (E)].
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ELECTRON TRANSPORT

Observation of the Dirac fluid and the
breakdown of the Wiedemann-Franz
law in graphene
Jesse Crossno,1,2 Jing K. Shi,1 Ke Wang,1 Xiaomeng Liu,1 Achim Harzheim,1

Andrew Lucas,1 Subir Sachdev,1,3 Philip Kim,1,2* Takashi Taniguchi,4 Kenji Watanabe,4

Thomas A. Ohki,5 Kin Chung Fong5*

Interactions between particles in quantum many-body systems can lead to collective behavior
described by hydrodynamics. One such system is the electron-hole plasma in graphene near
the charge-neutrality point, which can form a strongly coupled Dirac fluid.This charge-neutral
plasma of quasi-relativistic fermions is expected to exhibit a substantial enhancement of the
thermal conductivity, thanks to decoupling of charge and heat currents within hydrodynamics.
Employing high-sensitivity Johnson noise thermometry, we report an order of magnitude
increase in the thermal conductivity and the breakdown of the Wiedemann-Franz law in the
thermally populated charge-neutral plasma in graphene.This result is a signature of the Dirac
fluid and constitutes direct evidence of collective motion in a quantum electronic fluid.

U
nderstanding the dynamics of many inter-
acting particles is a formidable task in phys-
ics. For electronic transport inmatter, strong
interactions can lead to a breakdown of the
Fermi liquid (FL) paradigm of coherent

quasi-particles scattering off of impurities. In
such situations, provided that certain conditions
are met, the complex microscopic dynamics can
be coarse-grained to a hydrodynamic description
of momentum, energy, and charge transport on
long length and time scales (1). Hydrodynamics
has been successfully applied to a diverse array of

interacting quantum systems, fromhigh-mobility
electrons in conductors (2) to cold atoms (3) and
quark-gluon plasmas (4). Hydrodynamic effects
are expected to greatly modify transport coef-
ficients compared with their FL counterparts, as
has been argued for strongly interactingmassless
Dirac fermions in graphene at the charge-neutrality
point (CNP) (5–8).
Many-body physics in graphene is interesting

because of electron-hole symmetry and a linear
dispersion relation at the CNP (9, 10). Together
with the vanishing Fermi surface, the ultra-
relativistic spectrum leads to ineffective screening
(11) and the formation of a strongly interacting
quasi-relativistic electron-hole plasma known as
a Dirac fluid (DF) (12). The DF shares many fea-
tures with quantum critical systems (13): most
importantly, the electron-electron scattering time
is fast (14–17) and well suited to a hydrodynamic
description. Because of the quasi-relativistic na-
ture of the DF, this hydrodynamic limit is de-
scribed by equations (18) quite different from

those applicable to its nonrelativistic counter-
parts. A number of unusual properties have been
predicted, including nearly perfect (inviscid) flow
(19) and a diverging thermal conductivity, which
results in the breakdown of theWiedemann-Franz
(WF) law at finite temperature (5, 6).
Away from theCNP, graphenehas a sharpFermi

surface, and the standardFLphenomenologyholds.
By tuning the chemical potential, we are able to
measure thermal and electrical conductivity in
both the DF and the FL in the same sample. In a
FL, the relaxation of heat and charge currents is
closely related, as they are carried by the same
quasi-particles. The WF law (20) states that the
electronic contribution to a metal’s thermal con-
ductivity ke is proportional to its electrical con-
ductivity s and temperature T, such that the
Lorenz ratio L satisfies

L ≡
ke
sT

¼ p2

3
kB
e

! "2

≡ L0 ð1Þ

where e is the electron charge, kB is the Boltz-
mann constant, and L0 is the Sommerfeld value
derived from FL theory. L0 depends only on
fundamental constants, not specific details of the
system such as carrier density or effective mass.
As a robust prediction of FL theory, the WF law
has been verified in numerous metals (20). At
high temperatures, the WF law can be violated
due to inelastic electron-phonon scattering or
bipolar diffusion in semiconductors, even when
electron-electron interactions are negligible (21).
In recent years, several nontrivial violations of
theWF law—all of which are related to the emer-
gence of non-FL behavior—have been reported
in strongly interacting systems such as Luttinger
liquids (22), metallic ferromagnets (23), heavy fer-
mionmetals (24), and underdoped cuprates (25).
Owing to the strong Coulomb interactions be-

tween thermally excited charge carriers, the WF
law is expected to be violated at the CNP in a DF.
An electric field drives electrons and holes in op-
posite directions; collisions between them intro-
duce a frictional dissipation, resulting in a finite
conductivity even in the absence of disorder (26).
In contrast, a temperature gradient causes elec-
trons and holes to move in the same direction,
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Surface state of topological insulator

Quantum Corrections Crossover and
Ferromagnetism in Magnetic Topological
Insulators
Lihong Bao1,2*, Weiyi Wang1*, Nicholas Meyer2*, Yanwen Liu1, Cheng Zhang1, Kai Wang1,2, Ping Ai1

& Faxian Xiu1

1State Key Laboratory of Surface Physics and Department of Physics, Fudan University, Shanghai 200433, China, 2Department of
Electrical and Computer Engineering, Iowa State University, Ames, IA 50010, USA.

Revelation of emerging exotic states of topological insulators (TIs) for future quantum computing
applications relies on breaking time-reversal symmetry and opening a surface energy gap. Here, we report
on the transport response of Bi2Te3 TI thin films in the presence of varying Cr dopants. By tracking the
magnetoconductance (MC) in a low doping regime we observed a progressive crossover from weak
antilocalization (WAL) to weak localization (WL) as the Cr concentration increases. In a high doping
regime, however, increasing Cr concentration yields a monotonically enhanced anomalous Hall effect
(AHE) accompanied by an increasing carrier density. Our results demonstrate a possibility of manipulating
bulk ferromagnetism and quantum transport in magnetic TI, thus providing an alternative way for
experimentally realizing exotic quantum states required by spintronic applications.

I
n recent years, topological insulators (TIs) have received considerable attention due to their novel properties
arising from strong spin-orbit coupling and massless Dirac-cone-like surface states that are protected by time-
reversal symmetry (TRS)1–7. The exotic surface transport properties are manifested by the prohibition of

backscattering events upon non-magnetic perturbations8,9 and the enhanced quantum corrections of magneto-
conductance (MC), namely weak antilocalization (WAL) of Dirac fermions9–11. Breaking the TRS in TIs by
interfacing a TI material with an insulating ferromagnetic film12–14 or simply by magnetically doping15–18 allows
for the opening of a surface energy gap and the generation of massive surface carriers16. A variety of exotic
properties can be realized including the topological magnetoelectric effect18–20, the quantized anomalous Hall
effect18,21–23, imaging magnetic monopoles24, and the Faraday & Kerr effects in TIs25,26. Revelation of these
topologically non-trivial states calls for a comprehensive understanding of electronic transport response of
magnetic doping in TIs.

One signature of such transport response is that when the TI is magnetically doped, a weak localization (WL)
effect will naturally emerge as a result of the TRS breaking and the surface state gap opening27–29. By tuning the size
of the opened surface gap or by moving the position of Fermi energy, the quantum corrections of MC experience a
crossover from WAL to a conventional parabolic dependence of magnetic field and finally to WL, which were
verified both theoretically27 and experimentally28. It has been shown that substituting the Bi sites in parent Bi-
based tetradymite compounds (Bi2Se3, Bi2Te3, Sb2Te3, Bi2-xSbxTe3, and Bi2Se3-xTex) by transition metal ions (Cr,
Fe, Mn, V, etc.) will produce a long-range ferromagnetic order either by coupling of local magnetic moments with
bulk electron spins through Van Vleck mechanism21,30 or by Dirac fermion mediation of local magnetic moments
via Ruderman-Kittel-Kasuya-Yosida (RKKY) exchange mechanism15,17,31,32. A hallmark of the presence of such
ferromagnetism is anomalous Hall effect33, where Hall resistance shows a hysteresis loop behavior under mag-
netic field30,31,34. Observations of TRS breaking and surface gap opening by angle-resolved photoemission spec-
troscopy (ARPES)16,35–40 accelerate the investigations of transport properties in the magnetically doped TIs.
Recently the Dirac fermion mediated ferromagnetism via RKKY interaction was observed in Mn-doped
Bi2Te3-ySey nanpoflakes31 and carrier-independent long range ferromagnetic order was confirmed in Cr-doped
Bi2-xSbxTe3 thin films30, in which a large Van Vleck-type of spin susceptibility was established between local
magnetic moments and bulk electrons that guarantees the robust ferromagnetism. However, to date, the tuning of
ferromagnetism upon different dopant concentrations has not yet been demonstrated and the doping effect on
the ferromagnetism needs to be further explored in the entire composition range. Recent experimental
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directions and a pBerry’s phase is accumulated10,11,44. The destructive
interference due to p Berry’s phase leads to an enhancement of MC.
Applying an external magnetic field suppresses the destructive
interference, giving rise to a negative MC11,44,45. One interesting
question to ask is what if the magnetic impurities are incorporated
into the TI materials? Theoretical predictions suggested that when
doping with magnetic impurities, a competing WL effect will be
introduced and the localization behavior is a result of the
competition between WAL and WL27,29,46,47. For the slightly doped
sample (x 5 0.08, Fig. 2b), at T 5 1.9 K the sharp upward cusp
feature of WAL is gone and the magnetoconductance exhibits a
non-monotonic increase with the increase of magnetic field, where
a sharp downward cusp is developed at small magnetic fields. When
the temperature warms up to 3.1 K, the non-monotonic behavior
disappears and the WAL shows up again. Further increasing the
temperature to 3.7 K flattens the cusp feature, indicating that the
WAL is weakened and it can only survive in a small temperature
range. For the sample doped with x 5 0.10 (Fig. 2c), WAL is
completely suppressed and a non-monotonic behavior is presented
up to 3.1 K before a classical parabolic dependence of the magnetic
field (,B2) of the MC appears around 4 K (Supplementary materials
Fig. S1). Further increasing the doping concentration to x 5 0.14
(Fig. 2d), downward cusp feature is persistent up to 10 K, indicative
of a WL dominated behavior.

The quantum corrections to the 2D MC can be described by
the Hikami-Larkin-Nagaoka (HLN) model48 and is given analytically

by the equation Dsxx:sxx Bð Þ{sxx 0ð Þ~a
e2
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{
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$, where e is the electron charge, h is Planck’s constant, B

is the magnetic field, y is the digamma function, and a is a coefficient
whose value is determined by the nature of the corrections being WL

or WAL, or having contributions from both effects. Additionally, we
have Bw~

.
4el2

w in which the coherence length is characterized by
lw~

ffiffiffiffiffiffiffiffi
Dtw

p
, D is the diffusion coefficient and tw is the dephasing

time. The undoped samples show a WAL behavior (Fig. 2a) and can
be fitted well to the HLN model (Figs. 2e and 2f). The resultant a
value ranges from 20.65 to 20.75 (black squares in Fig. 2h) with
increasing temperatures, consistent with the typical values of WAL
originated from 2D surface states of TI11,49–51. And for the heavily
doped samples with x 5 0.14, the MC has an excellent fit to the HLN
model (Fig. 2g) with a values from 0.25 to 0.09 (blue triangles in
Fig. 2h) suggesting a typical WL behavior28,51–53. However, the fit
becomes challenging for the lightly (x 5 0.08, Fig. 2b) and inter-
mediate doping (x 5 0.10, Fig. 2c) samples, primarily because of the
competition between WAL and WL. Under these circumstances, the
weight ratios of competing terms of WAL and WL are difficult to be
extracted. Nevertheless, in low magnetic fields (20.3 T , B ,
0.3 T), the sample with intermediate doping yields a values ranging
from 1.0 to 0.37 with increasing temperatures (T # 2.8 K) as
opposed to a large deviation from the HLN model at high fields
(for B . 0.3 T, supplementary Fig. S1)27.

It has been proposed that the opening of the surface energy gap
from the TRS breaking is responsible for this crossover from WAL to
WL27,28. Experimental observation in CrxBi2-xTe3 thin films showed
that with x 5 0.23, the surface states were completely suppressed.
Correspondingly the system became a dilute magnetic semi-
conductor (DMS)28. It is well known that the incorporation of mag-
netic impurities leads to the increased disorder in the films causing
localization in the electronic states, known as WL, which is strongly
related to field-induced magnetization29. In our scenario, with a
much lower Cr doping of x 5 0.14, the MC is completely governed
by the WL effect as opposed to the crossover behavior from WL to
unitary parabola with x 5 0.10. This suggests that a long-range

Figure 2 | Crossover of quantum corrections of magnetoconductance (MC) with increasing Cr content in CrxBi2-xTe3 thin films (x # 0.14).
(a) MC curves of pure Bi2Te3 thin films, showing the negative MC features of WAL. (b) MC curves of Cr0.08Bi1.92Te3 thin film, indicating a non-
monotonic behavior with sharp downward cusp at low temperatures (, 3.1 K) and re-presence of WAL at higher temperatures (3.1 and 3.7 K). (c) MC
curves of Cr0.10Bi1.90Te3 thin film, showing a crossover from downward cusp feature to parabolic dependence with increasing temperatures. (d) MC
curves of Cr 0.14Bi1.86Te3 thin film shows a WL dominated behavior. (e) HLN model fitting of MC curves with different Cr content at temperature of
1.9 K. (f) and (g) HLN model fitting of MC curves of pure Bi2Te3 and heavily doped Cr0.14Bi1.86Te3 thin films, showing that both WAL and WL can be
fitted well to the HLN model. (h) Pre-factor of a in HLN model of thin films with different Cr concentrations.
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Introduction
Strong interaction in Dirac materials?

Violation of Wiedeman-Frantz law in graphene

thus inducing an energy current that grows un-
impeded by interparticle collisions as the total
momentum is conserved. The thermal conduc-
tivity is therefore limited by the rate at which
momentum is relaxed by residual impurities.
Realization of the DF in graphene requires

that the thermal energy be larger than the local
chemical potential m(r), defined at position r:
kBT ≳ jmðrÞj. Impurities cause spatial variations
in the local chemical potential, and even when
the sample is globally neutral, it is locally doped
to form electron-hole puddles with finite m(r)
(27–30). At high temperatures, formation of the
DF is complicated by phonon scattering, which
can relax momentum by creating additional in-
elastic scattering channels. This high-temperature
limit occurs when the electron-phonon scattering
rate becomes comparable to the electron-electron
scattering rate. These two temperatures set the
experimental window in which the DF and the
breakdown of the WF law can be observed.
Tominimize disorder, we usedmonolayer gra-

phene samples encapsulated in hexagonal boron
nitride (31). All devices used in this study have
two terminals, so as to keep awell-defined temper-
ature profile (32), with contacts fabricated using
the one-dimensional edge technique (33) to mini-
mize contact resistance. We employed a back-gate
voltage Vg applied to the silicon substrate to tune

the charge carrier density n = ne – nh, where ne
and nh are the electron and hole densities, re-
spectively (21). All measurements were performed
in a cryostat to control the bath temperatureTbath.
Figure 1A shows the resistance R versus Vg mea-
sured at various fixed temperatures for a repre-
sentative device [see (21) for all samples]. From
this, we used the known sample dimensions to
estimate the electrical conductivity s (Fig. 1B). At
the CNP, the residual charge carrier density nmin

can be estimated by extrapolating a linear fit of
log(s) as a function of log(n) out to theminimum
conductivity (34). At the lowest temperatures,nmin

saturates to ~8 × 109 cm–2. Extraction of nmin by
this method prompts overestimation of the charge-
puddle energy, consistentwith previous reports (31).
Above the disorder temperature scale Tdis ~ 40 K,
nmin increases as Tbath is raised, which suggests
that thermal excitations begin to dominate and
the sample enters the nondegenerate regime near
the CNP.
Electronic thermal conductivity wasmeasured

using high-sensitivity Johnson noise thermometry
(JNT) (32, 35). We applied a small bias current
through the sample, thus injecting a Joule heating
power P directly into the electronic system and
inducing a small difference between the temper-
ature of the graphene electrons and that of the
bath: DT≡Te−Tbath. The electron temperature

Te was monitored independently of the lattice
temperature through the Johnson noise power
emitted at 100 MHz, with a 20-MHz bandwidth
defined by an inductor-capacitor matching net-
work. We designed our JNT setup to be operated
over a wide temperature range, from 3 to 300 K
(35). With a precision of ~10 mK, we measured
small deviations of Te from Tbath (i.e., DT≪Tbath).
In this limit, the temperature of the graphene
lattice is well thermalized to the bath (32), and
our JNT setup allows us to sensitively measure
the electronic cooling pathways in graphene.
When the temperature is low enough, electron
and lattice interactions are weak (35, 36), and
most of the Joule heat generated in graphene
escapes via direct diffusion to the contacts (21).
As the temperature increases, electron-phonon
scattering becomesappreciable, and thermal tran-
sport becomes limited by the electron-phonon
coupling strength (36–38). The onset temperature
of appreciable electron-phonon scattering, Tel-ph,
depends on the sample disorder and device geo-
metry:Tel-ph ~ 80K (35, 36, 39, 40) for our samples.
Below this temperature, the electronic contribu-
tion of the thermal conductivity can be obtained
from P and DT using the device dimensions (21).
Figure 1C shows ke(Vg) plotted alongside the

simultaneously measured s(Vg) at various fixed
bath temperatures. Here, for a direct quantitative
comparison based on the WF law, we plot the
scaled electrical conductivity as sTL0 in the same
units as ke. In a FL, these two values will coincide,
in accordancewith Eq. 1. At low temperatures (T <
Tdis ~ 40 K), where the puddle-induced density
fluctuations dominate, we find that ke ≈ sTL0,
monotonically increasing as a function of carrier
density with a minimum at the neutrality point,
confirming theWF law in the disordered regime.
As T increases (T > Tdis), however, we begin to
observe violation of theWF law. This violation ap-
pears only close to the CNP, with the measured
thermal conductivitymaximized at n = 0 (Fig. 1C).
The deviation is the largest at 75 K, where ke is
more than an order of magnitude larger than the
value expected for a FL. The nonmonotonicity of
ke(T) is consistent with acoustic phonons relaxing
momentum more efficiently than impurities as T
increases (41). For T ≳ 100K in our samples, activ-
ation of optical phonons introduces an additional
electron-phonon cooling pathway (35), and the
measured thermal conductivity is larger than ke.
This non-FL behavior quickly disappears as jnj in-
creases; ke returns to the FL value and restores the
WF law. In fact, away from the CNP, the WF law
holds for a wide temperature range, consistent
with previous reports (35, 36, 39) (Fig. 1E). For this
FL regime, we verify the WF law up to T ~ 80 K.
Our observation of the breakdown of the WF

law in graphene is consistent with the emer-
gence of the DF. Figure 2 shows the full density
and temperature dependence of the experimen-
tally measured Lorenz ratio, highlighting the
presence of the DF. The blue region denotes
L ∼ L0, suggesting that the carriers in graphene
exhibit FL behavior. The WF law is violated in
the DF (yellow-red region), with a peak Lorenz
ratio 22 times larger than L0. The green dotted
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Fig. 1. Temperature- and density-dependent electrical and thermal conductivity. (A) Resistance (R)
versus gate voltage (Vg) at various temperatures. kW, kilohm. (B) Electrical conductivity (blue) as a
function of the charge density set by the back gate for different bath temperatures. The residual carrier
density at the neutrality point (green) is estimated by the intersection of the minimum conductivity with
a linear fit to log(s), away from neutrality (dashed gray lines). Curves have been offset vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to
4e2/h. At low temperatures, the minimum density is limited by disorder (charge puddles). Above Tdis ~ 40 K
(yellow shaded area), thermal excitations begin to dominate, and the sample enters the nondegenerate
regime near the neutrality point. (C to E) Thermal conductivity (red points) as a function of (C) gate voltage
and [(D) and (E)] bath temperature, compared to with the WF law, sTL0 (blue lines). At low temperature
and/or high doping ðjmj ≫ kBTÞ, we find the WF law to hold.This is a nontrivial check on the quality of our
measurement. In the nondegenerate regime ðjmj < kBTÞ, the thermal conductivity is enhanced and the
WF law is violated. Above T ~ 100 K, electron-phonon coupling becomes appreciable and begins to dominate
thermal transport at all measured gate voltages. At this temperature, the yellow shaded background ends. All
data from this figure are taken from sample S2 [inset in (E)].
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directions and a pBerry’s phase is accumulated10,11,44. The destructive
interference due to p Berry’s phase leads to an enhancement of MC.
Applying an external magnetic field suppresses the destructive
interference, giving rise to a negative MC11,44,45. One interesting
question to ask is what if the magnetic impurities are incorporated
into the TI materials? Theoretical predictions suggested that when
doping with magnetic impurities, a competing WL effect will be
introduced and the localization behavior is a result of the
competition between WAL and WL27,29,46,47. For the slightly doped
sample (x 5 0.08, Fig. 2b), at T 5 1.9 K the sharp upward cusp
feature of WAL is gone and the magnetoconductance exhibits a
non-monotonic increase with the increase of magnetic field, where
a sharp downward cusp is developed at small magnetic fields. When
the temperature warms up to 3.1 K, the non-monotonic behavior
disappears and the WAL shows up again. Further increasing the
temperature to 3.7 K flattens the cusp feature, indicating that the
WAL is weakened and it can only survive in a small temperature
range. For the sample doped with x 5 0.10 (Fig. 2c), WAL is
completely suppressed and a non-monotonic behavior is presented
up to 3.1 K before a classical parabolic dependence of the magnetic
field (,B2) of the MC appears around 4 K (Supplementary materials
Fig. S1). Further increasing the doping concentration to x 5 0.14
(Fig. 2d), downward cusp feature is persistent up to 10 K, indicative
of a WL dominated behavior.

The quantum corrections to the 2D MC can be described by
the Hikami-Larkin-Nagaoka (HLN) model48 and is given analytically
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$, where e is the electron charge, h is Planck’s constant, B

is the magnetic field, y is the digamma function, and a is a coefficient
whose value is determined by the nature of the corrections being WL

or WAL, or having contributions from both effects. Additionally, we
have Bw~

.
4el2

w in which the coherence length is characterized by
lw~

ffiffiffiffiffiffiffiffi
Dtw

p
, D is the diffusion coefficient and tw is the dephasing

time. The undoped samples show a WAL behavior (Fig. 2a) and can
be fitted well to the HLN model (Figs. 2e and 2f). The resultant a
value ranges from 20.65 to 20.75 (black squares in Fig. 2h) with
increasing temperatures, consistent with the typical values of WAL
originated from 2D surface states of TI11,49–51. And for the heavily
doped samples with x 5 0.14, the MC has an excellent fit to the HLN
model (Fig. 2g) with a values from 0.25 to 0.09 (blue triangles in
Fig. 2h) suggesting a typical WL behavior28,51–53. However, the fit
becomes challenging for the lightly (x 5 0.08, Fig. 2b) and inter-
mediate doping (x 5 0.10, Fig. 2c) samples, primarily because of the
competition between WAL and WL. Under these circumstances, the
weight ratios of competing terms of WAL and WL are difficult to be
extracted. Nevertheless, in low magnetic fields (20.3 T , B ,
0.3 T), the sample with intermediate doping yields a values ranging
from 1.0 to 0.37 with increasing temperatures (T # 2.8 K) as
opposed to a large deviation from the HLN model at high fields
(for B . 0.3 T, supplementary Fig. S1)27.

It has been proposed that the opening of the surface energy gap
from the TRS breaking is responsible for this crossover from WAL to
WL27,28. Experimental observation in CrxBi2-xTe3 thin films showed
that with x 5 0.23, the surface states were completely suppressed.
Correspondingly the system became a dilute magnetic semi-
conductor (DMS)28. It is well known that the incorporation of mag-
netic impurities leads to the increased disorder in the films causing
localization in the electronic states, known as WL, which is strongly
related to field-induced magnetization29. In our scenario, with a
much lower Cr doping of x 5 0.14, the MC is completely governed
by the WL effect as opposed to the crossover behavior from WL to
unitary parabola with x 5 0.10. This suggests that a long-range

Figure 2 | Crossover of quantum corrections of magnetoconductance (MC) with increasing Cr content in CrxBi2-xTe3 thin films (x # 0.14).
(a) MC curves of pure Bi2Te3 thin films, showing the negative MC features of WAL. (b) MC curves of Cr0.08Bi1.92Te3 thin film, indicating a non-
monotonic behavior with sharp downward cusp at low temperatures (, 3.1 K) and re-presence of WAL at higher temperatures (3.1 and 3.7 K). (c) MC
curves of Cr0.10Bi1.90Te3 thin film, showing a crossover from downward cusp feature to parabolic dependence with increasing temperatures. (d) MC
curves of Cr 0.14Bi1.86Te3 thin film shows a WL dominated behavior. (e) HLN model fitting of MC curves with different Cr content at temperature of
1.9 K. (f) and (g) HLN model fitting of MC curves of pure Bi2Te3 and heavily doped Cr0.14Bi1.86Te3 thin films, showing that both WAL and WL can be
fitted well to the HLN model. (h) Pre-factor of a in HLN model of thin films with different Cr concentrations.
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which request the co-linearity of all momentum vectors
~q1, · · · , ~q4. Therefore available phase space is greatly re-
duced. Such kinematical constraints maintains the non-
equilibrium states and as a consequence, the two currents
Je, Jh behave independently for a long time compared
with the Planck time ⇠ ~/kT , which is the time for hy-
drodynamics to work.

The net electric current J and total number current
Jn which become neutral at Dirac point, are defined by
J = Je + Jh, Jn = Je � Jh, respectively and their elec-
tric charge densities and number densities are related
by Q1 = en1 and Q2 = �en2. The total electric con-
ductivity � = @J

@E and  can be expressed in terms of
Q = Q1 + Q2 and Qn = Q1 � Q2 together with the
proportionality constant gn of Qn = gnQ:

� = �0(1 + (Q/Q0)
2),  =

̄

1 + (1 + g2n)(Q/Q0)2
, (16)

where

�0 =
e2

~ 2Z0, ̄ =
4⇡kB
~

sT

k2
, Q2

0 =
~�0

4⇡kB
sk2. (17)

To fix the parameters, we used four measured values of
ref. [11] at 75K, �0 = 0.338/k⌦, ̄ = 7.7nW/K , Q0 =
e ·320/(µm)2, together with the curvature of density plot
of  to fix gn = 3.2. and assumed charge conjugation
symmetry to set W0 = Z0. Using these, the basic pa-
rameters of the theory as well as the entropy density can
be determined: 2Z0 = 1.387, k2 = 454

(µm)2 , s = 2044 kB
(µm)2 .

We replace all r0 dependence by s, the entropy density
by s = 4⇡kBr20. Cosmological constant is not determined
due to the inherent scale symmetry.

Now, why we can set the proportionality of the two

charges as given in eq. (13). To avoid the issues involved
in the transport by puddle, we simply assume that the
system is homogeneous. Then the number densities of
electrons and holes created by thermal excitation is pro-
portional to the net charge density: for the fermi liquid
case, out of total degree of freedom (d.o.f) n ⇠ k2F ⇠ µ2,
excitable d.o.f is ⇠ kT · µ, because the excitable shell
width is kT . But in hydrodynamic regime, kT >> µ,
therefore entire non-degenerate charge distribution re-
gion is excitable. In fact this is a typical situation of
fermion dynamics described by AdS black hole [27, 28].
In summary, in case of the hydrodynamic regime, the
charge carrier density created is proportional to total de-
gree of freedom, Q, which is the volume of the Dirac cone
above the Dirac point.

We remark that due to strong Coulomb interaction,
the created electron hole pairs can form the bound state,
exciton. Such excitons in homogeneous graphene satisfies
the linear relations between the electric charge and the
exciton number. Although exciton in graphene has been
discussed extensively [29, 30], mosts are only for bi-layer
graphene. However, we expect that strong coulomb in-
teraction in Dirac Fluid regime of single layer graphene
also should be able to make bound state.

(a)

(b)

FIG. 1. Theory vs. Data: (a)density plot of �, (b)that
of . Red circles are for data used in [11, 13], dashed lines
are for one current model and real lines are for two current
model. The parameters are fixed such that  plot is well fit.
The white color is the Dirac fluid regime in which our theory
works, and the blue shaded is for the fermi liquid one.

Discussions: In the presence of an extra current that
carries mainly heat, the violation of WFL is not direct
evidence of a Dirac fluid. However, the fact that such
a phenomenon is quantitatively well described by hydro-
dynamics and gauge/gravity duality, indicates that the
system is strongly correlated.
Disorder and the nature of the scalar field: The scalar

field provides momentum dissipation only when both its
gradient and the vacuum expectation value of its dual
operator, hOIi, are nonzero. The latter is the analogue
of charge density in electric field as one can see from the
Ward identity,

r⌫T
µ⌫ = hOIirµ�

0
I + F 0

µ⌫ hJ
⌫
i . (18)

The role of the source field �0
I = kxI is the chemical po-

tential of impurity and that of hOIi is the density of im-
purity, whose presence gives the momentum dissipation.
It is identified as the subleading order term of the fluctu-
ation of the scalar field near the boundary and nonzero
due to the presence of curvature in AdS spacetime. k2

can be understood as the density of the uniform impurity.
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It is identified as the subleading order term of the fluctu-
ation of the scalar field near the boundary and nonzero
due to the presence of curvature in AdS spacetime. k2

can be understood as the density of the uniform impurity.
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of the o↵-diagonal components, i.e, Xij = �Xji for all
X = �,↵, ̄; and the other is ↵ij=↵̄ij , which is Onsager’s
relation. If we further take H ! 0 limit,
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2

r
2
0(↵

2 + �2)
. (13)

Notice that if we define

�
2 = ↵

2 + �
2
, � =

�
2

↵2 + �2
, (14)

�
2 plays the role of the total impurity density used in [24],

and �
2 and ↵

2 can be interpreted as the magnetic and
non-magnetic impurity density respectively. Therefore �

corresponds to the magnetic doping parameter, which is
usually denoted by x in the literature.

Magneto-conductance: Now we focus on the
magneto-conductance (MC) of non-ferromagnetic state.
To compare our results with the data for the non-ferro
magnetic material, we take µ = 0 so that M0 = 0. The
longitudinal conductivity in this limit is

�xx =
(F + G

2)(F �H
2)

F2 +H2G2
. (15)

And the MC is defined by

�� ⌘ �xx(H)� �xx(0). (16)

Fig.1 is the colloection of plots of MC as a function
of magnetic field and temperature. Left three figures
(a,c,e) are plots of theoretical results for three di↵erent
magnetic doping parameters � = 0, 0.1, 0.14 and the
right three figures (b,d,e) are corresponding experimen-
tal data. Since our results are analytic we can easily draw
3D graphs while experimental results are 2D curves for
a few fixed temperatures. From Fig.1, we can say that
the overall features of theoretical results are overwhelm-
ingly consistent with the experimental data apart from
the horns in Fig 1(b). Especially for the medium doping
case shown in Fig.1(c,d), MC changes nontrivially from
one temperature slice to the other and this has been the
region of theoretical challenge. Remarkably, our result
fits the details of data as one can see in figure 2(a), where
the theoretical curves are drawn on top of the experimen-
tal data. Notice however, that for temperature less than
2K where electrons are in fermi liquid phase, the consis-
tency is only qualitative.

In weak coupling picture, the non-trivial behavior of
magneto-conductivity in crossover regime can be under-
stood by the competition between anti-localization in-
duced by spin-orbit coupling and the localization by sur-
face gap. In holographic picture, the enhancement in
conductivity can be understood as magneto-electric ef-
fect or Witten e↵ect. The interaction term dictates that
external magnetic field generates extra charge carriers
�q ⇠ ✓H to increase the conductivity. The result of the
competition is the sign change in the curvature of MC
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directions and a pBerry’s phase is accumulated10,11,44. The destructive
interference due to p Berry’s phase leads to an enhancement of MC.
Applying an external magnetic field suppresses the destructive
interference, giving rise to a negative MC11,44,45. One interesting
question to ask is what if the magnetic impurities are incorporated
into the TI materials? Theoretical predictions suggested that when
doping with magnetic impurities, a competing WL effect will be
introduced and the localization behavior is a result of the
competition between WAL and WL27,29,46,47. For the slightly doped
sample (x 5 0.08, Fig. 2b), at T 5 1.9 K the sharp upward cusp
feature of WAL is gone and the magnetoconductance exhibits a
non-monotonic increase with the increase of magnetic field, where
a sharp downward cusp is developed at small magnetic fields. When
the temperature warms up to 3.1 K, the non-monotonic behavior
disappears and the WAL shows up again. Further increasing the
temperature to 3.7 K flattens the cusp feature, indicating that the
WAL is weakened and it can only survive in a small temperature
range. For the sample doped with x 5 0.10 (Fig. 2c), WAL is
completely suppressed and a non-monotonic behavior is presented
up to 3.1 K before a classical parabolic dependence of the magnetic
field (,B2) of the MC appears around 4 K (Supplementary materials
Fig. S1). Further increasing the doping concentration to x 5 0.14
(Fig. 2d), downward cusp feature is persistent up to 10 K, indicative
of a WL dominated behavior.

The quantum corrections to the 2D MC can be described by
the Hikami-Larkin-Nagaoka (HLN) model48 and is given analytically

by the equation Dsxx:sxx Bð Þ{sxx 0ð Þ~a
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$, where e is the electron charge, h is Planck’s constant, B

is the magnetic field, y is the digamma function, and a is a coefficient
whose value is determined by the nature of the corrections being WL

or WAL, or having contributions from both effects. Additionally, we
have Bw~

.
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w in which the coherence length is characterized by
lw~

ffiffiffiffiffiffiffiffi
Dtw

p
, D is the diffusion coefficient and tw is the dephasing

time. The undoped samples show a WAL behavior (Fig. 2a) and can
be fitted well to the HLN model (Figs. 2e and 2f). The resultant a
value ranges from 20.65 to 20.75 (black squares in Fig. 2h) with
increasing temperatures, consistent with the typical values of WAL
originated from 2D surface states of TI11,49–51. And for the heavily
doped samples with x 5 0.14, the MC has an excellent fit to the HLN
model (Fig. 2g) with a values from 0.25 to 0.09 (blue triangles in
Fig. 2h) suggesting a typical WL behavior28,51–53. However, the fit
becomes challenging for the lightly (x 5 0.08, Fig. 2b) and inter-
mediate doping (x 5 0.10, Fig. 2c) samples, primarily because of the
competition between WAL and WL. Under these circumstances, the
weight ratios of competing terms of WAL and WL are difficult to be
extracted. Nevertheless, in low magnetic fields (20.3 T , B ,
0.3 T), the sample with intermediate doping yields a values ranging
from 1.0 to 0.37 with increasing temperatures (T # 2.8 K) as
opposed to a large deviation from the HLN model at high fields
(for B . 0.3 T, supplementary Fig. S1)27.

It has been proposed that the opening of the surface energy gap
from the TRS breaking is responsible for this crossover from WAL to
WL27,28. Experimental observation in CrxBi2-xTe3 thin films showed
that with x 5 0.23, the surface states were completely suppressed.
Correspondingly the system became a dilute magnetic semi-
conductor (DMS)28. It is well known that the incorporation of mag-
netic impurities leads to the increased disorder in the films causing
localization in the electronic states, known as WL, which is strongly
related to field-induced magnetization29. In our scenario, with a
much lower Cr doping of x 5 0.14, the MC is completely governed
by the WL effect as opposed to the crossover behavior from WL to
unitary parabola with x 5 0.10. This suggests that a long-range

Figure 2 | Crossover of quantum corrections of magnetoconductance (MC) with increasing Cr content in CrxBi2-xTe3 thin films (x # 0.14).
(a) MC curves of pure Bi2Te3 thin films, showing the negative MC features of WAL. (b) MC curves of Cr0.08Bi1.92Te3 thin film, indicating a non-
monotonic behavior with sharp downward cusp at low temperatures (, 3.1 K) and re-presence of WAL at higher temperatures (3.1 and 3.7 K). (c) MC
curves of Cr0.10Bi1.90Te3 thin film, showing a crossover from downward cusp feature to parabolic dependence with increasing temperatures. (d) MC
curves of Cr 0.14Bi1.86Te3 thin film shows a WL dominated behavior. (e) HLN model fitting of MC curves with different Cr content at temperature of
1.9 K. (f) and (g) HLN model fitting of MC curves of pure Bi2Te3 and heavily doped Cr0.14Bi1.86Te3 thin films, showing that both WAL and WL can be
fitted well to the HLN model. (h) Pre-factor of a in HLN model of thin films with different Cr concentrations.
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interference due to p Berry’s phase leads to an enhancement of MC.
Applying an external magnetic field suppresses the destructive
interference, giving rise to a negative MC11,44,45. One interesting
question to ask is what if the magnetic impurities are incorporated
into the TI materials? Theoretical predictions suggested that when
doping with magnetic impurities, a competing WL effect will be
introduced and the localization behavior is a result of the
competition between WAL and WL27,29,46,47. For the slightly doped
sample (x 5 0.08, Fig. 2b), at T 5 1.9 K the sharp upward cusp
feature of WAL is gone and the magnetoconductance exhibits a
non-monotonic increase with the increase of magnetic field, where
a sharp downward cusp is developed at small magnetic fields. When
the temperature warms up to 3.1 K, the non-monotonic behavior
disappears and the WAL shows up again. Further increasing the
temperature to 3.7 K flattens the cusp feature, indicating that the
WAL is weakened and it can only survive in a small temperature
range. For the sample doped with x 5 0.10 (Fig. 2c), WAL is
completely suppressed and a non-monotonic behavior is presented
up to 3.1 K before a classical parabolic dependence of the magnetic
field (,B2) of the MC appears around 4 K (Supplementary materials
Fig. S1). Further increasing the doping concentration to x 5 0.14
(Fig. 2d), downward cusp feature is persistent up to 10 K, indicative
of a WL dominated behavior.

The quantum corrections to the 2D MC can be described by
the Hikami-Larkin-Nagaoka (HLN) model48 and is given analytically

by the equation Dsxx:sxx Bð Þ{sxx 0ð Þ~a
e2

ph½y 1
2
z

Bw

B

! "
{

ln
Bw

B

! "

$, where e is the electron charge, h is Planck’s constant, B

is the magnetic field, y is the digamma function, and a is a coefficient
whose value is determined by the nature of the corrections being WL

or WAL, or having contributions from both effects. Additionally, we
have Bw~

.
4el2

w in which the coherence length is characterized by
lw~

ffiffiffiffiffiffiffiffi
Dtw

p
, D is the diffusion coefficient and tw is the dephasing

time. The undoped samples show a WAL behavior (Fig. 2a) and can
be fitted well to the HLN model (Figs. 2e and 2f). The resultant a
value ranges from 20.65 to 20.75 (black squares in Fig. 2h) with
increasing temperatures, consistent with the typical values of WAL
originated from 2D surface states of TI11,49–51. And for the heavily
doped samples with x 5 0.14, the MC has an excellent fit to the HLN
model (Fig. 2g) with a values from 0.25 to 0.09 (blue triangles in
Fig. 2h) suggesting a typical WL behavior28,51–53. However, the fit
becomes challenging for the lightly (x 5 0.08, Fig. 2b) and inter-
mediate doping (x 5 0.10, Fig. 2c) samples, primarily because of the
competition between WAL and WL. Under these circumstances, the
weight ratios of competing terms of WAL and WL are difficult to be
extracted. Nevertheless, in low magnetic fields (20.3 T , B ,
0.3 T), the sample with intermediate doping yields a values ranging
from 1.0 to 0.37 with increasing temperatures (T # 2.8 K) as
opposed to a large deviation from the HLN model at high fields
(for B . 0.3 T, supplementary Fig. S1)27.

It has been proposed that the opening of the surface energy gap
from the TRS breaking is responsible for this crossover from WAL to
WL27,28. Experimental observation in CrxBi2-xTe3 thin films showed
that with x 5 0.23, the surface states were completely suppressed.
Correspondingly the system became a dilute magnetic semi-
conductor (DMS)28. It is well known that the incorporation of mag-
netic impurities leads to the increased disorder in the films causing
localization in the electronic states, known as WL, which is strongly
related to field-induced magnetization29. In our scenario, with a
much lower Cr doping of x 5 0.14, the MC is completely governed
by the WL effect as opposed to the crossover behavior from WL to
unitary parabola with x 5 0.10. This suggests that a long-range

Figure 2 | Crossover of quantum corrections of magnetoconductance (MC) with increasing Cr content in CrxBi2-xTe3 thin films (x # 0.14).
(a) MC curves of pure Bi2Te3 thin films, showing the negative MC features of WAL. (b) MC curves of Cr0.08Bi1.92Te3 thin film, indicating a non-
monotonic behavior with sharp downward cusp at low temperatures (, 3.1 K) and re-presence of WAL at higher temperatures (3.1 and 3.7 K). (c) MC
curves of Cr0.10Bi1.90Te3 thin film, showing a crossover from downward cusp feature to parabolic dependence with increasing temperatures. (d) MC
curves of Cr 0.14Bi1.86Te3 thin film shows a WL dominated behavior. (e) HLN model fitting of MC curves with different Cr content at temperature of
1.9 K. (f) and (g) HLN model fitting of MC curves of pure Bi2Te3 and heavily doped Cr0.14Bi1.86Te3 thin films, showing that both WAL and WL can be
fitted well to the HLN model. (h) Pre-factor of a in HLN model of thin films with different Cr concentrations.
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directions and a pBerry’s phase is accumulated10,11,44. The destructive
interference due to p Berry’s phase leads to an enhancement of MC.
Applying an external magnetic field suppresses the destructive
interference, giving rise to a negative MC11,44,45. One interesting
question to ask is what if the magnetic impurities are incorporated
into the TI materials? Theoretical predictions suggested that when
doping with magnetic impurities, a competing WL effect will be
introduced and the localization behavior is a result of the
competition between WAL and WL27,29,46,47. For the slightly doped
sample (x 5 0.08, Fig. 2b), at T 5 1.9 K the sharp upward cusp
feature of WAL is gone and the magnetoconductance exhibits a
non-monotonic increase with the increase of magnetic field, where
a sharp downward cusp is developed at small magnetic fields. When
the temperature warms up to 3.1 K, the non-monotonic behavior
disappears and the WAL shows up again. Further increasing the
temperature to 3.7 K flattens the cusp feature, indicating that the
WAL is weakened and it can only survive in a small temperature
range. For the sample doped with x 5 0.10 (Fig. 2c), WAL is
completely suppressed and a non-monotonic behavior is presented
up to 3.1 K before a classical parabolic dependence of the magnetic
field (,B2) of the MC appears around 4 K (Supplementary materials
Fig. S1). Further increasing the doping concentration to x 5 0.14
(Fig. 2d), downward cusp feature is persistent up to 10 K, indicative
of a WL dominated behavior.
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originated from 2D surface states of TI11,49–51. And for the heavily
doped samples with x 5 0.14, the MC has an excellent fit to the HLN
model (Fig. 2g) with a values from 0.25 to 0.09 (blue triangles in
Fig. 2h) suggesting a typical WL behavior28,51–53. However, the fit
becomes challenging for the lightly (x 5 0.08, Fig. 2b) and inter-
mediate doping (x 5 0.10, Fig. 2c) samples, primarily because of the
competition between WAL and WL. Under these circumstances, the
weight ratios of competing terms of WAL and WL are difficult to be
extracted. Nevertheless, in low magnetic fields (20.3 T , B ,
0.3 T), the sample with intermediate doping yields a values ranging
from 1.0 to 0.37 with increasing temperatures (T # 2.8 K) as
opposed to a large deviation from the HLN model at high fields
(for B . 0.3 T, supplementary Fig. S1)27.

It has been proposed that the opening of the surface energy gap
from the TRS breaking is responsible for this crossover from WAL to
WL27,28. Experimental observation in CrxBi2-xTe3 thin films showed
that with x 5 0.23, the surface states were completely suppressed.
Correspondingly the system became a dilute magnetic semi-
conductor (DMS)28. It is well known that the incorporation of mag-
netic impurities leads to the increased disorder in the films causing
localization in the electronic states, known as WL, which is strongly
related to field-induced magnetization29. In our scenario, with a
much lower Cr doping of x 5 0.14, the MC is completely governed
by the WL effect as opposed to the crossover behavior from WL to
unitary parabola with x 5 0.10. This suggests that a long-range

Figure 2 | Crossover of quantum corrections of magnetoconductance (MC) with increasing Cr content in CrxBi2-xTe3 thin films (x # 0.14).
(a) MC curves of pure Bi2Te3 thin films, showing the negative MC features of WAL. (b) MC curves of Cr0.08Bi1.92Te3 thin film, indicating a non-
monotonic behavior with sharp downward cusp at low temperatures (, 3.1 K) and re-presence of WAL at higher temperatures (3.1 and 3.7 K). (c) MC
curves of Cr0.10Bi1.90Te3 thin film, showing a crossover from downward cusp feature to parabolic dependence with increasing temperatures. (d) MC
curves of Cr 0.14Bi1.86Te3 thin film shows a WL dominated behavior. (e) HLN model fitting of MC curves with different Cr content at temperature of
1.9 K. (f) and (g) HLN model fitting of MC curves of pure Bi2Te3 and heavily doped Cr0.14Bi1.86Te3 thin films, showing that both WAL and WL can be
fitted well to the HLN model. (h) Pre-factor of a in HLN model of thin films with different Cr concentrations.
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FIG. 1. Evolution of MC curve as temperature increases.
(a), (c), (e) are theoretical results and (b), (d) and (f) are
experimental data of reference [20]. For ((a) and (b)) � = 0;
for ((c) and (d)) � = 0.1; for ((e) and (f)) � = 0.14. (d) is
drawn to compare the theory and data on top of each other.
We used �2 = 2747

(µm)2
, vF = 7.5⇥ 104m/s, q� = 7.12.
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FIG. 2. (a) Crossover in Magneto-conductivity from WAL to
WL as we increase T . Doping is � = 0.1. (b)Phase diagram.
Horizontal lines are parameter zone for experiments in Fig 1
(b),(d),(f) respectively from bottom to top.
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W(x, r) = x8 + ix9 = ρ(r)eiϕ(x)

Fermion fluctuations

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

D3 → → → →

D7 → → → → → → → →

Table 1: Brane configuration of the NC D3 branes and NF D7 branes preserving N = 2
SUSY.

2 Weyl semimetal to insulator transition

2.1 Holographic model for Weyl semimetal

In this section, we briefly review the top-down holographic model for a Weyl semimetal
proposed in [51], as well as its extension including D-instantons. In type IIB supergravity
in ten-dimensional spacetime, we consider a system of NC coincident D3-branes and NF

coincident D7-branes. The N = 2 supersymmetric configuration of this system is summa-
rized in Table 1. On the D3-brane worldvolume, N = 4 super Yang–Mills theory is realized
at low energies, consisting of a gauge field, four Weyl fermions, and six scalar fields. The
theory has an SO(6)R symmetry corresponding to rotations in the directions transverse to
the D3-branes.

Open strings stretching between the D3- and D7-branes give rise to NF N = 2 hypermul-
tiplets in the fundamental representation of the SU(NC) gauge group. These fields can be
interpreted as ‘quarks’ or ‘electrons’ in the boundary theory. In this paper, we refer to this
Dirac fermion as an ‘electron’, carrying a U(1) charge with mass me, which is determined
by the separation between the D3 and D7-branes in the (x8, x9) directions [57–59].

We parametrize the transverse directions to the D7-brane as

W (x, r) = x8 + ix9, (4)

and consider the embedding
W (x, r) = ω(r)eiω(x) (5)

where ω(r) determines the radial profile (related to the fermion mass) and ε(x) is a spacetime-
dependent phase, interpreted as a pseudoscalar field.

The D7-brane fermion action (after ϑ-symmetry fixing) takes the schematic form

S ↑

∫
d
8
ϖ
↓
↔g!̄ (ϱµ

Dµ + · · · )! (6)

Due to the curved embedding, fermions couple to transverse rotations through the spin
connection, which induces the term
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i

2
ϱ
µ
ςµε”

89

)
! (7)

where ”89 generates rotations in the (x8, x9) plane. Using gamma matrix decomposition
together with ϑ-symmetry projection, one finds

”89
↔↗ ±ϱ5. (8)
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Thus, the e!ective coupling becomes

ω̄ε
µ(ϑµϖ)ε5ω. (9)

Combining this with the kinetic and mass terms, the four-dimensional e!ective Lagrangian
for fermionic fluctuations on the D7-brane is given by

Lω = iω̄

(
iε

µ
ϑµ →m+

ϑµϖ

2
ε
µ
ε
5

)
ω, (10)

where µ = 0, 1, 2.3 and ϖ is a angle direction of polar coordinates in (x8, x9) plane. For
a linear profile ϖ = bz, the e!ective Lagrangian (10) reduced to (1) with A

5
j
= b/2ϱjz.

Geometrically, this corresponds to D7-branes spiraling around the D3-branes in the (x8, x9)
plane as they extend along z direction. The parameter b plays the role of the Weyl node
separation in the boundary theory.

Based on this D3/D7 setup, it was shown in [51] that there exists a phase transition be-
tween a Weyl semimetal phase and a trivial insulating phase, controlled by the temperature
and the Weyl parameter b. We will review these results in the next section.

n this work, we are interested in nonperturbative topological e!ects in theWeyl semimetal.
A natural candidate for such e!ects is provided by instantons. In the holographic framework,
instantons are described by D-instantons in type IIB supergravity. The background solu-
tion corresponding to a uniform distribution of D-instantons on D3-branes was constructed
in [60], and its finite-temperature extension was developed in [61].

We introduce probe D7-branes into this D3/D-instanton background, where the dilaton
field is nontrivial and encodes the instanton density. We consider embeddings with a non-
trivial angular profile ϖ = bz, corresponding to a finite Weyl parameter. We then study
how the instanton density and the Weyl parameter a!ect the D7-brane embeddings and the
resulting phase structure.

2.2 Background geometry and D7 brane embeddings

n this section, we use a finite-temperature extension of the D3/D-instanton background.
To obtain an analytic solution, the D-instantons are uniformly smeared over the D3-brane
worldvolume. The ten-dimensional supergravity action in the Einstein frame is given by

S =
1

ς

∫
d
10
x
↑
→g

(
R→

1

2
(ϑ”)2 +

1

2
e
2! (ϑφ)2 →

1

6
F

2
(5)

)
. (11)

where ” and φ denote the dilaton and the axion, respectively, and F(5) is a five-form field
strength of the Ramon-Ramon field sourced by D3 branes. The dilaton term in (11) can be
canceled by choosing the axion term as φ = →e

→! + φ0, then the solutions in string frame
become

ds
2
10 = e

!/2
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r
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(
→f(r)2dt2 + d↼x
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r4
H
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Dirac fermion as an ‘electron’, carrying a U(1) charge with mass me, which is determined
by the separation between the D3 and D7-branes in the (x8, x9) directions [57–59].

We parametrize the transverse directions to the D7-brane as

W (x, r) = x8 + ix9, (4)

and consider the embedding
W (x, r) = ω(r)eiω(x) (5)

where ω(r) determines the radial profile (related to the fermion mass) and ε(x) is a spacetime-
dependent phase, interpreted as a pseudoscalar field.

The D7-brane fermion action (after ϑ-symmetry fixing) takes the schematic form

S ↑

∫
d
8
ϖ
↓
↔g!̄ (ϱµ

Dµ + · · · )! (6)

Due to the curved embedding, fermions couple to transverse rotations through the spin
connection, which induces the term

!̄

(
i

2
ϱ
µ
ςµε”

89

)
! (7)

where ”89 generates rotations in the (x8, x9) plane. Using gamma matrix decomposition
together with ϑ-symmetry projection, one finds

”89
↔↗ ±ϱ5. (8)

3

Thus, the e!ective coupling becomes

ω̄ε
µ(ϑµϖ)ε5ω. (9)

Combining this with the kinetic and mass terms, the four-dimensional e!ective Lagrangian
for fermionic fluctuations on the D7-brane is given by

Lω = iω̄

(
iε

µ
ϑµ →m+

ϑµϖ

2
ε
µ
ε
5

)
ω, (10)

where µ = 0, 1, 2.3 and ϖ is a angle direction of polar coordinates in (x8, x9) plane. For
a linear profile ϖ = bz, the e!ective Lagrangian (10) reduced to (1) with A

5
j
= b/2ϱjz.

Geometrically, this corresponds to D7-branes spiraling around the D3-branes in the (x8, x9)
plane as they extend along z direction. The parameter b plays the role of the Weyl node
separation in the boundary theory.

Based on this D3/D7 setup, it was shown in [51] that there exists a phase transition be-
tween a Weyl semimetal phase and a trivial insulating phase, controlled by the temperature
and the Weyl parameter b. We will review these results in the next section.

n this work, we are interested in nonperturbative topological e!ects in theWeyl semimetal.
A natural candidate for such e!ects is provided by instantons. In the holographic framework,
instantons are described by D-instantons in type IIB supergravity. The background solu-
tion corresponding to a uniform distribution of D-instantons on D3-branes was constructed
in [60], and its finite-temperature extension was developed in [61].

We introduce probe D7-branes into this D3/D-instanton background, where the dilaton
field is nontrivial and encodes the instanton density. We consider embeddings with a non-
trivial angular profile ϖ = bz, corresponding to a finite Weyl parameter. We then study
how the instanton density and the Weyl parameter a!ect the D7-brane embeddings and the
resulting phase structure.

2.2 Background geometry and D7 brane embeddings

n this section, we use a finite-temperature extension of the D3/D-instanton background.
To obtain an analytic solution, the D-instantons are uniformly smeared over the D3-brane
worldvolume. The ten-dimensional supergravity action in the Einstein frame is given by

S =
1

ς

∫
d
10
x
↑
→g

(
R→

1

2
(ϑ”)2 +

1

2
e
2! (ϑφ)2 →

1

6
F

2
(5)

)
. (11)

where ” and φ denote the dilaton and the axion, respectively, and F(5) is a five-form field
strength of the Ramon-Ramon field sourced by D3 branes. The dilaton term in (11) can be
canceled by choosing the axion term as φ = →e

→! + φ0, then the solutions in string frame
become

ds
2
10 = e

!/2

[
r
2

L2

(
→f(r)2dt2 + d↼x

2
)
+

1

f(r)2
L
2

r2
dr

2 + L
2
d#2

5

]
, (12)

e
! = 1 +

q

r4
H

log
1

f(r)2
, φ = →e

→! + φ0, f(r) =

√

1→

(
rH

r

)4

, (13)
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In lattice systems, the Nielsen-Ninomiya theorem [17] guarantees zero net chirality in
the Brillouin zone, or equivalently zero net Chern number. In lattice realisations of WSMs,
Weyl fermions will thus always appear in positive and negative chirality pairs, and a Weyl
point can disappear only by annihilating against another Weyl point of opposite chirality.
In particular, a lattice system can never support a single isolated Weyl fermion.

The presence of Weyl points has (at least) two major phenomenological consequences.
The first is Fermi arcs at the material’s surface, meaning lines at or near the Fermi energy
in the surface Brillouin zone, connecting the projections of the Weyl points [16]. Given
that the bulk Weyl points are topologically protected, the existence of these Fermi arcs is
as well. Fermi arc states can give rise to phenomena such as quantum oscillations [4]. The
second consequence is exotic transport in the WSM’s bulk, including the chiral magnetic
effect, negative magneto-resistance, and the anomalous Hall effect [18]. These exotic effects
arise in whole or in part from the axial anomaly of the Weyl fermions.

Perhaps the simplest field theory exhibiting the physics of WSMs is a free Dirac fermion
ψ, of mass m, with a non-dynamical background axial vector field A5

j , where j = x, y, z la-
bels spatial coordinates. In units with ! ≡ 1 and the Fermi velocity vf ≡ 1, the Lagrangian
L of such a Dirac fermion is [19, 20]

L = ψ̄
(
iγµ∂µ − m+A5

jγ
jγ5
)
ψ, (1.1)

where µ = t, x, y, z labels spacetime coordinates, γµ are the Dirac matrices, and
γ5 ≡ iγtγxγyγz. In eq. (1.1), on the right-hand-side the kinetic term and mass term each
preserve P and T , while the coupling to A5

j preserves P but breaks T . If we choose A5
j to

have constant magnitude b/2 (the factor of 1/2 is for later convenience), and use rotational
symmetry to orient it in the z direction, A5

j = b/2 δjz, then the energy ε of the Dirac
fermion is, for spatial momentum kj ,

ε = ±

√

k2x + k2y +
(
b2

4 ±
√
k2z +m2

)2
, (1.2)

where the ± signs are uncorrelated, so that eq. (1.2) describes four energy levels.
The qualitative form of the spectrum in eq. (1.2) depends on the dimensionless ratio

|m/b|. If |m/b| < 1/2, then two of the four energy levels meet at two points in momentum
space, (kx, ky, kz) = (0, 0,±

√
(b/2)2 − m2). At these points, ε = 0. The effective theory

governing the low energy excitations near these two nodal points is then a pair of Weyl
fermions, and thus for |m/b| < 1/2 the system is a WSM. On the other hand, if |m/b| > 1/2
then an energy gap appears, and the system is a trivial insulator. At the critical point
|m/b| = 1/2, a single node at (kx, ky, kz) = 0 appears.

The L in eq. (1.1) is invariant under U(1)V vector transformations ψ → eiαψ with
constant α, and when m = 0 and b = 0 also under U(1)A axial transformations ψ → eiβγ5

ψ,
with constant β. The corresponding U(1)V and U(1)A currents are, respectively,

Jµ = iψ̄γµψ, Jµ
5 = iψ̄γµγ5ψ. (1.3)

However, U(1)A is anomalous: in the presence of a background U(1)V field strength Fµν ,
the axial current Jµ

5 is not conserved. Moreover, non-zero m explicitly breaks U(1)A.

– 2 –

A5
j =

b
2

δjz

A5
μ =

∂μϕ
2

with ϕ = bz
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Motivation
Can we add some impurities which can change the electronic property of WSM?

D3-D(-1)-D7 system

q, the value of chiral condensation goes to a finite value in
(mq ! 0). Therefore, the chiral symmetry is broken. The q
dependences of the chiral condensation for given mq are
drawn in Fig. 2(b). The condensation is an increasing
function of q but a decreasing one of mq. At large quark
mass, chiral condensation is linearly in q. It is consistent
with the expectation from field theory [21–23],

h !c c i ! !sNf

12"mq
hTrF2i: (3.7)

B. Finite temperature without density

In this section, we will study D7-brane embedding in
black-hole geometry without chemical potential. We use
the black-hole metric (2.2) and induce the metric on the
D7-brane with Eq. (2.6). Then, DBI action for the D7-brane
becomes

SD7 " #7
Z

dtd$Vð$; yÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y02

q
; (3.8)

where #7 ! %4
T&7V3"3 and V ! e#$3!þ &!'. The dila-

ton factor seems to diverge at the black-hole horizon.
However, the dilaton factor e# comes with !' which
contains the zero (ðr' rTÞ at the horizon. This zero is
enough to kill the logarithmic divergence of the dilaton.
In other words, the dilaton’s log singularity does not
change the qualitative behavior of the brane dynamics
near the horizon.

The equation of motion for the DBI action can be written
following form:

y00

1þ y02
þ @ logV

@$
y0 ' @ logV

@y
! 0: (3.9)

This equation of motion is highly nonlinear. We can get the
solution only in a numerical way with the proper boundary
condition (BC). In the presence of a black-hole horizon,
embedding of probe D7 can be classified as ‘‘Minkokwski
embedding’’ and ‘‘black-hole embedding’’ [24]. For the
Minkowski embedding, we impose the BC: yð0Þ ! y0
and y0ð0Þ ! 0. For the black-hole embedding, the BC is

determined by the regularity condition of the equation of
motion at the horizon:

yð$minÞ ! y0; y0ð$minÞ ! tan'; (3.10)

where ' is the angle between the $ axis and probe-brane
position at the horizon. In usual black-hole geometry,
gravitational attraction of a black hole bends the probe
brane downward. However, a nonzero value of q gives
net ‘‘repulsive’’ force on probe D7. Therefore, D7 bends
upward. q dependences of Minkowski embedding and
black-hole embedding are drawn in Fig. 3. For fixed quark
mass and temperature, the bigger q is, the more pushed up
the D7 brane is. Such an effect is common both in
Minkowski and black-hole embedding.
We expect a phase transition between Minkowski and

black-hole embeddings as we increase temperature. Namely,
Minkowski embedding in low temperature will change into
black-hole embedding in high temperature. In the presence
of q, D7 feels repulsive force; therefore, we expect that as q
increases, phase-transition temperature goes up. One may
expect that the phase transition might be smoother compared
with the case of no instanton charge. One can extract the q
dependence of phase-transition temperature %)

T from the free
energy. The case formq ! 1 is drawn in Fig. 4.
Now, we will discuss chiral condensation for this sys-

tem: it was defined as the slope of D7-brane at the asymp-
totic region. See Eq. (3.6). We first fix the temperature and
calculate it with different mq’s. For q ! 0, the D7-brane
bends down, its slope at the asymptotic region is positive,
and therefore, the condensation value is negative. See
Fig. 5(a). If we turn on q and increase it slowly, the brane
bends up a relatively very small value of q since the
pushing-up effect of q is very effective. Therefore, the
sign of the condensation flips at a small value of q. Also,
the value of mq where phase transition occurs decreases as
q increases.
As we decreasemq with fixed q, there is phase transition

from Minkowski embedding to black-hole embedding at
a certain value of mq. See Fig. 5. In Figs. 5(e) and 5(f),
there is range where mq becomes negative. If we calculate
free energy, there is phase transition before mq becomes

1 2 3 4 5
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1.5

y T 0.7, mq 1

1 1 2 3 4 5

1.0

0.5

0.5

1.0

y T 1, mq 0.1

FIG. 3 (color online). (a) q dependence of Minkowski embedding for mq ! 1 with q ! 0, 1, 3, 5, 10 from below. (b) q dependence
of black hole embedding for mq ! 0:1 with q ! 0, 1, 3, 5, 10 from below.

HOLOGRAPHIC D INSTANTON LIQUID AND CHIRAL . . . PHYSICAL REVIEW D 86, 026010 (2012)

026010-5

the regularity near the horizon goes exactly the way of the
previous section. We can get a numerical solution for the
equation of motion provided we have proper boundary
conditions. The stringy objects corresponding to the sources
on the D7-brane are the end points of fundamental strings.

Unlike usual black-hole background, our background
permits the presence of a baryon vertex. Therefore, there
are two ways of attaching fundamental strings on the D7-
brane. One is connecting D7 to the black-hole horizon, and
the other is connecting it to the baryon vertices. Two
configurations give different boundary conditions for the
D7-brane dynamics. We need to examine which configu-
ration has lower free energy.

A. Quark phase

One way to put point electric sources on the D7-brane is
to add fundamental strings such that one end of the strings
are on D7 and the other end on the black-hole horizon. It is
equivalent to add a freely moving quark in boundary theory
because the fundamental strings can move freely on both
D7 and the horizon. We call it ‘‘quark’’ phase. Since the
tension of the D7-brane is always smaller than that of the
fundamental string [13], the D7-brane pulls down to the
horizon.

Regularity at the black-hole horizon requires

_y!!minÞ ¼ tan"; (4.4)

where " is the polar angle of the position where the
D7-brane touches the horizon. As discussed in the previous
section, the presence of q gives repulsion on the probe
D7-brane, and it affects its embedding. The q dependence
of D7-brane embeddings are drawn in Fig. 8 for two differ-
ent densities Q.
From the figure, we can see that as q increases, the

repulsion effect on D7 also increases in small density Q̂.
However, if Q̂ is not small, the brane embedding is less
sensitive to q, as shown in Fig. 8(b). This is because the
charge Q̂ introduces a flux whose electric field energy
increases the tension of the D7. That is, the stiffness due
to the flux is dominating repulsion due to the q.
In the absence of q, the embedding solution which

corresponds to mq ¼ 0 is uniquely determined to be the
flat embedding, y!!Þ ¼ 0, for which the value of chiral
condensation is automatically zero. However, in the pres-
ence of q, there are two different embeddings for the given
mq. For mq ¼ 0, one is trivial with zero chiral condensa-
tion c, and the other has nonzero chiral condensation, as we
can see in Fig. 9(a). The solution with nonzero c exists in
the low-temperature and small-density region. In the large-
density region, only y ¼ 0 is the solution. Actually, we
found that there is a phase transition between the two
embeddings in certain temperature and density. The phase
diagram is presented in Fig. 9(b). As q increases, the phase
boundary expands toward a larger temperature and density
region. See Fig. 10. This is natural since the chiral sym-
metry breaking is caused by the effect of gluon condensa-
tion q, as we have seen in Fig. 2.1

In Fig. 8, D7 embedding for nonzeromq is drawn. In this
case, behavior of the D7-brane embedding is similar to
black-hole embedding with q ¼ 0. Because of the nonzero
value of y!1Þ $mq, chiral symmetry is explicitly broken.
However, it is known that there is first-order phase

S
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5 10 15 20 25
q

0.2

0.4

0.6

0.8

1.0

1.2

1.4

T

FIG. 7 (color online). q dependence of chiral-symmetry restor-
ing temperature. #SB denotes chiral-symmetry breaking phase
and #S denotes chiral-symmetry restored phase.
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FIG. 6 (color online). (a) Fig. 5(f). A, B and C denote three solutions which give zero quark mass. (b) Probe-brane embeddings for
each case. (c) Free energy as a function of quark mass. (c) Minkowski embedding has minimum energy.

1This phenomenon is very similar when we turn on the
magnetic field on the probe brane [25] in the black D3-brane
background. But in that case, the magnetic field cannot affect the
background geometry, and the interpretation of magnetic field is
also different.
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boundary expands toward a larger temperature and density
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metry breaking is caused by the effect of gluon condensa-
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black-hole embedding with q ¼ 0. Because of the nonzero
value of y!1Þ $mq, chiral symmetry is explicitly broken.
However, it is known that there is first-order phase

S

SB

5 10 15 20 25
q

0.2

0.4

0.6

0.8

1.0

1.2

1.4

T

FIG. 7 (color online). q dependence of chiral-symmetry restor-
ing temperature. #SB denotes chiral-symmetry breaking phase
and #S denotes chiral-symmetry restored phase.

A

B

C

1.0 0.5 0.5 1.0
mq

1

2

3

4

5
c

T 1, q 15

A

B

C

1 2 3 4 5
0.0

0.5

1.0

1.5

2.0
y

T 1, q 15

C
A

B

0.4 0.3 0.2 0.1 0.1 0.2
mq

101

102

103

104

105
F

T 1, q 15

FIG. 6 (color online). (a) Fig. 5(f). A, B and C denote three solutions which give zero quark mass. (b) Probe-brane embeddings for
each case. (c) Free energy as a function of quark mass. (c) Minkowski embedding has minimum energy.

1This phenomenon is very similar when we turn on the
magnetic field on the probe brane [25] in the black D3-brane
background. But in that case, the magnetic field cannot affect the
background geometry, and the interpretation of magnetic field is
also different.
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We consider a holographic WSM model inspired by a simple free quantum field theory
(QFT) model, consisting of a Dirac fermion  with mass m coupled to an external axial
vector field ~A5 = (0, 0, b/2) for some constant b (� = bz, z ⌘ x

3)
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2 Background geometry and D-brane setup

In this work, we are using a finite temperature extension of D3/D-instanton background.
In this geometry, D-instantons are smeared over the D3 brane world volume uniformly. The
ten-dimensional supergravity action in the Einstein frame is given by
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where ~x = (x, y, z) and L
4 = 4⇡gsNc↵

02. The constant q is called the D-instanton charge,
which denotes the number of D-instantons.
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SUGRA action for D3-D(-1) system

Background solution(in string frame)
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Holographic WSM with D-instantons
Probe D7 brane

Flavour D7 brane

WSM: R = R(ρ), ϕ = bz
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where µ7 is the tension of a single D7-brane, F = dA is the field strength for a U(1) world-
volume gauge field A, and P [g] and P [C4] are the pullback of the metirc and four-form in
(8). When we measured in units of the AdS radius L, the D7-brane tension is related to the
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Probe D7 brane

DBI action

SDBI = − NFμ7 ∫ d8σe−Φ −det(P[g] + 2πα′￼F)
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the equation of motion
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where � is the Euler’s constant and c1, c2 are integration constants. By using the following
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where mq and c are new integration constants.

3 Thermodynamics

4 Conductivity

Ansatz for U(1)V DC longitudinal and Hall conductivities

Ax(t, ⇢) = Et+ Ax(⇢), Ay(⇢), �(z, ⇢) = bz + �(⇢) (22)

Note that we introduce the electric field E in the x direction, and Ai(⇢) allows for a nonzero
current hJii for i = x, y. From the ansatz (22), the metric and the pullback of C4 to the
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where mq and c are new integration constants.

3 Thermodynamics

4 Conductivity

Ansatz for U(1)V DC longitudinal and Hall conductivities

Ax(t, ⇢) = Et+ Ax(⇢), Ay(⇢), �(z, ⇢) = bz + �(⇢) (22)

Note that we introduce the electric field E in the x direction, and Ai(⇢) allows for a nonzero
current hJii for i = x, y. From the ansatz (22), the metric and the pullback of C4 to the
woroldvolume is given by
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 and  effects on the D7 brane embeddingsb q
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Figure 1: D7 brane embeddings without q (a), (b) and without b (c), (d). Here, we set
ωh = 1 which shown as a black disc.

D7 brane embeddings are the same as the result in [Obannon]. For a given electron mass
me, the Weyl parameter b pulls down D7 brane to the black hole horizon in the Minkowski
embedding and the black hole embedding. One interesting feature of the b e!ect on the
Minkowski embedding is that the D7 brane bends down as the Weyl parameter increases
and finally touches the black hole horizon at a certain value of b = b→. For the larger value of
the Weyl parameter b > b→. There is no Minkowski embedding, and hence the only possible
embeddings are black hole embeddings for large value of the Weyl parameter b. In the case
of the black hole embedding, as b increases, the horizon value of εH decreases and the value
of εH goes to zero when b → ↑, see Figure 1 (b).

On the other hand, the D-instanton a!ects the D7 brane in the opposite direction. As
shown in Figure 1 (a) and (b), the D7 brane feels a repulsive force as we increase the D-
instanton number. Due to this repulsive nature, there is no black hole embedding solution
for q > q→, see Figure 1 (d). Therefore, one can expact that the phase diagram is covered
by a black hole embedding for large value of b and large q region will be covered by the
Minkowski embedding.
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Free energy

2.2 Free energy and phase diagram

For generic values of b and q, there is a competition between the attractive e!ect from b and
the repulsive e!ect from q. Figure 2 shows me dependence of the D7 brane embeddings for
q/b = 1(a) and q/b = 5.
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(b) q/b = 7

Figure 2: me dependence of D7 brane embeddings for (a) q/b = 1, (b) q/b = 7. The blue
lines denote the Minkowski embedding and the orange line to black hole embedding. Here,
we set ωh = 1 which shown as a black disc.

In the figure, large value of me (or low temperatrue) region is occupied by the Minkowski
embeddings and the small value of me(or high temperature) region is occupied by the black
hole embeddings for genric value of b and q. In the middle me region, both Minkowski
and black hole embedding can exist simutaniously. The physical embedding should be
determined by the calculation of the free energy.

The Helmholtz free enrgy F is defined as a minus of the on-shell D7-brane action (13)
in Euclidean signature. The integration is divergent as ε

4, so we need to reguralize by
subtracting the free energy for a trivial solution. Then the free energy density is given by

F = ϑ7

[∫
ωc

dε V (ε, R)
→
1 +R→2 ↑ 1

4
ε
4
c

]
, (21)

where εc is a large-r cuto!.
Figure 3 (a) and (c) show the me dependence of the free energy which corresponds to D7

brane embeddings in Figure 2. As shown in the figure, there is first order phase transition at
certain value of me. We scaled every parameter with the Weyl paramerter b. Near the phase
transition points, there are three types of the embeddings, one is a Minkowski embedding
and the others are the black hole embedding, see Figure 3 (b) and (d). The free energy graph
says that D7 brane start from the black hole embedding for me ↓ 1. As me increases there
is a first order phase transtion from the black hole embedding to the Minkowski embeding
at m

↑
e
/b. The embeddings between the Minkowski embedding C in Figure 3 (b), (d) and

the black hole embedding A in the same figures always have more free energy and never
realized as a physical embeddings.
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Figure 3: me dependence of the free energy density f for (a) q/b = 1, (c) q/b = 7. Three
embeddings for the criticalme (vertical dashed lines) are plotted for (b) q/b = 1, (d) q/b = 7,
respectively.

The temperature of the boundary system is defiend by

T =

→
2

ωL2
εH . (22)

The phase diagram in terms of the temperatue, electron mass and the D-instanton
number is draw in Figure 4. We scaled all the parameters by the Weyl parameter b. In the
figure, the small me/b and the small q/b region is coverec by the black hole embedding phase
and the Minkowski embedding phase exists outside of the black hole embedding region.

One can verify that the boundary state of the black hole embedding is a metalic phase
by the non-linear conductivity calulation which will be discussed in the next section. In
the Figure 4 (a), the phase structure in the q/b = 0 plane is consistent with the result in
[Obannon]. The detailed structure near origing (T/b ↑ 1, m/b ↑ 1 and q/b ↑ 1) is drawin
in Figure 4 (b). As shwon in the fugre, even though we start with a Weyl semimetal phase
at q/b = 0, there is a phase transtion to the insulating phase for large value of q/b. It means
that the instanton number opens a bulk gap and hence Weyl semimetal phase changes to
the insulating phase.
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Figure 3: me dependence of the free energy density f for (a) q/b = 1, (c) q/b = 7. Three
embeddings for the criticalme (vertical dashed lines) are plotted for (b) q/b = 1, (d) q/b = 7,
respectively.

The temperature of the boundary system is defiend by

T =

→
2

ωL2
εH . (22)

The phase diagram in terms of the temperatue, electron mass and the D-instanton
number is draw in Figure 4. We scaled all the parameters by the Weyl parameter b. In the
figure, the small me/b and the small q/b region is coverec by the black hole embedding phase
and the Minkowski embedding phase exists outside of the black hole embedding region.

One can verify that the boundary state of the black hole embedding is a metalic phase
by the non-linear conductivity calulation which will be discussed in the next section. In
the Figure 4 (a), the phase structure in the q/b = 0 plane is consistent with the result in
[Obannon]. The detailed structure near origing (T/b ↑ 1, m/b ↑ 1 and q/b ↑ 1) is drawin
in Figure 4 (b). As shwon in the fugre, even though we start with a Weyl semimetal phase
at q/b = 0, there is a phase transtion to the insulating phase for large value of q/b. It means
that the instanton number opens a bulk gap and hence Weyl semimetal phase changes to
the insulating phase.

6

2.2 Free energy and phase diagram

For generic values of b and q, there is a competition between the attractive e!ect from b and
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Figure 2: me dependence of D7 brane embeddings for (a) q/b = 1, (b) q/b = 7. The blue
lines denote the Minkowski embedding and the orange line to black hole embedding. Here,
we set ωh = 1 which shown as a black disc.

In the figure, large value of me (or low temperatrue) region is occupied by the Minkowski
embeddings and the small value of me(or high temperature) region is occupied by the black
hole embeddings for genric value of b and q. In the middle me region, both Minkowski
and black hole embedding can exist simutaniously. The physical embedding should be
determined by the calculation of the free energy.

The Helmholtz free enrgy F is defined as a minus of the on-shell D7-brane action (13)
in Euclidean signature. The integration is divergent as ε

4, so we need to reguralize by
subtracting the free energy for a trivial solution. Then the free energy density is given by

F = ϑ7

[∫
ωc

dε V (ε, R)
→
1 +R→2 ↑ 1

4
ε
4
c

]
, (21)

where εc is a large-r cuto!.
Figure 3 (a) and (c) show the me dependence of the free energy which corresponds to D7

brane embeddings in Figure 2. As shown in the figure, there is first order phase transition at
certain value of me. We scaled every parameter with the Weyl paramerter b. Near the phase
transition points, there are three types of the embeddings, one is a Minkowski embedding
and the others are the black hole embedding, see Figure 3 (b) and (d). The free energy graph
says that D7 brane start from the black hole embedding for me ↓ 1. As me increases there
is a first order phase transtion from the black hole embedding to the Minkowski embeding
at m

↑
e
/b. The embeddings between the Minkowski embedding C in Figure 3 (b), (d) and

the black hole embedding A in the same figures always have more free energy and never
realized as a physical embeddings.
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(a) (b)

Figure 4: phase diagram surface in (m,T, q) for a nonzero b. Right figure is detailed phase
diagram near origin of the left phase diagram.

the Figure 4 (a), the phase structure in the q/b = 0 plane is consistent with the result in
[Obannon]. The detailed structure near origing (T/b ⌧ 1, m/b ⌧ 1 and q/b ⌧ 1) is drawin
in Figure 4 (b). As shwon in the fugre, even though we start with a Weyl semimetal phase
at q/b = 0, there is a phase transtion to the insulating phase for large value of q/b. It means
that the instanton number opens a bulk gap and hence Weyl semimetal phase changes to
the insulating phase.

3 Conductivity

In this section, we calculate non-linear DC conductivity using the method of [Karch,...]. To
do this, we turn on the gauge field fluctuations with an external electric field in x direction.
Asymptotic expression of the gauge field fluctuations give the boundary electric current hJxi
and hJyi. The regularity condition at the black hole horizon gives a relation between the
external electric field and the boundary current. By read o↵ the co↵eicient of the linear
term of the current to the external electric field, we get the non-linear longitudinal and Hall
conductivities.

Ansatz for U(1)V DC longitudinal and Hall conductivities

Ax(t, ⇢) = Et+ Ax(⇢), Ay(⇢), �(z, ⇢) = bz + �(⇢) (23)

Note that we introduce the electric field E in the x direction, and Ai(⇢) allows for a nonzero
current hJii for i = x, y. From the ansatz (23), the metric and the pullback of C4 to the
woroldvolume is given by
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0
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where � is the Euler’s constant and c1, c2 are integration constants. By using the following
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where mq and c are new integration constants.

3 Thermodynamics

4 Conductivity

Ansatz for U(1)V DC longitudinal and Hall conductivities

Ax(t, ⇢) = Et+ Ax(⇢), Ay(⇢), �(z, ⇢) = bz + �(⇢) (22)

Note that we introduce the electric field E in the x direction, and Ai(⇢) allows for a nonzero
current hJii for i = x, y. From the ansatz (22), the metric and the pullback of C4 to the
woroldvolume is given by
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where 2⇡↵0 is absorbed in F .
Then the D7-brane action (10) is (N = ⌧7 vol(R(1,3)))
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We define the canonical momenta P� ⌘ �SD7/��
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to �, Ax, and Ay, respectively. Then the Euler-Lagrange equations are given as @⇢Pi = 0
(i = �, x, y), which implies that the canonical momenta can be written as some constant
such as P� = N p�, Px = N jx, Py = N jy.
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Note that �(⇢) is nonnegative for all ⇢, whereas the signs of ↵(⇢) and �(⇢) are flipped at some
⇢H < ⇢ < 1. In order that ↵(⇢)�(⇢)� �(⇢) � 0 in the range of ⇢ � ⇢H , the roots of ↵(⇢),
�(⇢), and �(⇢) should be same each other. We denotes the root as ⇢⇤ which corresponds to
the so-called worldvolume horizon.

4.1 Conductivity at Zero Temperature
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α(ρ*) = 0, β(ρ*) = 0, γ(ρ*) = 0
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⇢H < ⇢ < 1. In order that ↵(⇢)�(⇢)� �(⇢) � 0 in the range of ⇢ � ⇢H , the roots of ↵(⇢),
�(⇢), and �(⇢) should be same each other. We denotes the root as ⇢⇤ which corresponds to
the so-called worldvolume horizon.
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If q is finite, the equation cannot be satisfied in the limit of E ! 0, i.e., ↵(⇢⇤) 6= 0.
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4.2 Conductivity at Non-Zero Temperature

Denoting the values of R, ⇠, !± and � at ⇢⇤ as R⇤, ⇠⇤, !±⇤, and �⇤, respectively, we can
write ↵(⇢⇤) = �(⇢⇤) = 0 in (28) as
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In order that �(⇢⇤) = 0, each term in �(⇢⇤) should vanish independently.

p� = 0, jy =
L
4
bE⇢

4
⇤

⇠4⇤
(34)

Currents
hJxi = �(2⇡↵0)N jx, hJyi = �(2⇡↵0)N jy (35)

From (33) and (34),

hJxi = (2⇡↵0)N
L
2
⇢
3
⇤E

⇠2⇤

s
L4b4R2

⇤
⇠4⇤

+ !+⇤, hJyi = �(2⇡↵0)N
L
4
bE⇢

4
⇤

⇠4⇤
. (36)

DC conductivity
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Minkowski embedding

⟨Jx⟩ = 0, ⟨Jy⟩ = 0
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5

Black hole embedding

Minkowski embedding

⟨Jx⟩ = 0, ⟨Jy⟩ = 0

(a) q = 1 (b) q = 7

Figure 6: Nonlinear electric currents →Jx↑ in (36) for ωH = 1 and b = 1. (T/b ↓ 0.45)

Figure 7: Critical values of E for ωH = 1 and b = 1. (T/b ↓ 0.45)

3.2 DC conductivity

The DC conductivities are defined by

εxx = lim
E→0

(2ϑϖ↑)→Jx↑/E, εxy = ↔εyx = ↔ lim
E→0

(2ϑϖ↑)→Jy↑/E. (37)

Form (35), (36) and the temperature (22),
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When m = 0, the trivial solution (ϱh = ωH and RH = 0) is always thermodynamically
preferred, and then, the conductivities are given by

εxx|m=0 = (2ϖ↑)2ϑ3
L
4
N T, εxy|m=0 = (2ϖ↑)2ϑ2

L
4
N b. (40)
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Figure 5: Conductivities for ⇠H = 1 and b = 1. (T/b ⇡ 0.45)
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Figure 6: Conductivities for ⇠H = 0.2 and b = 1. (T/b ⇡ 0.09)
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Figure 10: Normalized conductivities for me = 0.48 and b = 1. The shaded region indicates
the Minkowski phase.

3.3 Embeddings at zero-temperature

When T = 0, ωH = 0, and then, ε± → 1. So (14) becomes a simple form.

VT=0(ϑ, R) =

(
1 +

q

(ϑ2 +R2)2

)
ϑ
3

√

1 +
L4b2R2

(ϑ2 +R2)2
(42)

At zero temperature, the second and third term in (15) is simplified by

R (b2L4 (↑ϑ
6
↑ qϑ

2 + 6qR2 + 2ϑ4R2) + 4qϑ4) +R
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2 (ϑ4 ↑ 3q) + 3ϑ9 ↑ qϑ

5)

ϑ6 (q + ϑ4)
(
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ω4

) , (43)

so the linearized equation of motion can be obtained as
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2
L
4
R (ϑ4 + q) + (3ϑ7 ↑ qϑ

3)R→ + 4qϑ2R

ϑ4 (ϑ4 + q)
= 0. (44)

Consider the following form of solution such as

R(ϑ) ↓ e
g(ω)

, (45)

then we get
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Using
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dω

2q
ω(q+ω4) , i.e.,

(
g
→ = G
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(47)

the equation can be more simplified as

4q2ϑ2 ↑ b
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ϑ4 (ϑ4 + q)2
+ G

→→ +
3G →

ϑ
+ (G →)2 = 0. (48)
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Conclusion and Discussion
We study D-instanton effects on the holographic Weyl semimetal

For given Weyl point and electron mass, instanton impurities can make WSM-insulator 
trantision
What is a interpretation of the D-instanton impurities in condensed matter physics? 

WSM-TI transtion? We need to introduce boundaries
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Thank you !!


