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Introduction to cosmological perturbations



Metric: Scalar-Vector-Tensor Decomposition

ds® = a®(n) [—(1 + 24)dn? — 2B; dydz’ + (8;; + 2C;;)dz'da’]

A—a, Bi=08+8S,] |Cy=—uvé,+86,E+ % (8F; + 8;F) + hi;.

Gauge Transformations

" — 2% = 2% + £ infinitesimal coord. transformation

& =(€"¢) = (£, €L +¢)

i_,i — 03 gJ_%' — 3_

T L
Scalar perturbation & —a — HT - / ot Gauge Invariant Variables ®=a—-(Q +HQ),
N Bardeen Variables (1980)
5 — 3 T L’ — T, III = 'u'} . HQ
¥ =9 +HT, Q=8+E

E=E-1L,.



Gauge Fixing

« Gauge freedom: most important in scalar perturbation

* Free to choose 50 and C - 2 conditions

T L

e.g.) Longitudinal Gauge

B=E=0 = g” = ¢ = (|: gauge conditions

‘{ a=a=9%o, {E — 9 = W, | the other 2 scalars < gauge invariant

) |ds’ =d’(n) [(1+28)dn’ + (1 - 20)y;; de'da’]

: so called, “Conformal Newtonian” gauge



Gauge Invariance
VS.
Gauge Fixing

1. Gauge invariance

Is unchanged under transformations between different diffeomorphic representatives of the
same physical geometry.

2. Gauge fixing

fixes the temporal slicing and spatial threading, thereby selecting one definite representative
from each diffeomorphism orbit.



1st order Einstein’s equation

=87 GT",

: Einstein’s equation

Brandenberger & Mukhanov (1992, Phys. Rep.)

Guy — (O)G#v + BG#p +-

0G", =87wGdT",

N /

NOT gauge-invariant,

individually

Define Gauge-Invariant Quantities:

s —sch+[[0ct) 6 m],  sc —sct (¢

ST = §T? +

—5Gf+( G“') (B—E).
(“

) (8
6T = oTi + (OT}) (8- E).

J

51‘;[%1]{] _ 51—:0 4 ([

: 15t order Einstein’s equation

GD—%HG"‘){‘S EJ‘)

o) - 30T (8- B),,

0G* =87 GdT* |

_ ‘ 3G # M =8mG ST * "

: can be written in gauge-invariant form




Explicit form of G.I. Eq.'s for Inflaton

‘ agf’gi)" =87G 5T£gi)“ : 15t order equation in gauge-invariant form

—3H (H® +T') + VT + 3K¥

(H® +¥),

1

[(2?{ FHY) @+ HE + U+ 2HT — KT + %‘E’ZD §i — =" Dy,

2
:- derived with NO gauge fixing

:- all written in gauge-invariant (Bardeen) variables
:- valid in arbitrary coord. system

= 4rGa’PT*",

— ArCalsT®)° Einstein Equation

= 4G | D =& — W.

§¢'&) = §¢p + ¢y (B — E')

O =a? '—qﬁ{ﬁ@ + 5 (60) + V., azécﬂgﬂ} ,

ST = a2 ¢459'¥,

51‘:‘;31]-5 _ a—E ’éaﬂq} o qf)E] (5¢{g1]) 4+ Vﬁ& aﬂa¢[gi]j| 5;

S E - 2H S8 — V2§58 + 1,:@&25(;5}{513 — 4¢®' + 2V 4a’® = 0. | Scalar Field Equation




2"d order Perturbations and Back Reaction

Picture

Oth order: GLO,) — TIS(;) (8nG=1)

plug in

1st order: Gf},} = Tﬂsllj) : solutions

2nd order: Gg/) — Tﬁ) }
s

1 2 2
Gl + G
‘

Quadratic in g

, |

.

quadratic terms only

.

D] = T + T2

¢

(1)

1 ft)
-Gl =15

N

/ Back-reaction source
cf) (6612) =0, (5p®) =0
stochastic



QEMT: gauge dependent very possibly

Guw =Tw
= GO+ +GR + - =TO) +T)+TD + ...

The equality is satisfied order by order, Ggﬁ) = T,LES).

y

—(1 —(1
1st order ) = 1d ' G =T,

al = ey @@ o) =7 5‘T® : terms making the quantity gauge invariant

\ 4

77 11 )

2nd order 7@ =12 ' c® _7?

—(2) a N
G = 62 GO 610 + ] + 568 + 56 o)

7(2) _ - (2) 1,2 @7 @), W7 sW1,2) 27 4 s7@)1, 0 (L)
T,tw _Tp,u @ T,u,v [g y Y ]—’_Tpu [Q » ¥ ]—’_OT,U,V [9 » Y ]—'_OT,UV [Q » Y ]

T =730 v — cF[gW]] : QEMT responsible for Back-Reaction
- hard to be gauge invariant

13N | 7. = 87GT7,, (k) = 87G <TE;EH}U{)> : Fourier Transformed




Interpretation

—per 0 00
i (2.0ff) _ 0 per 0 0
v 0 0 pe O

0 0 0 pes

(2.eff) — (2)7,(1) (1)1 ~(2)7,,(1)
T2 = T2 [gW, M) = G,




Gauge Problem

QEMT for a scalar field: gauge dependent



Q=3+E.

8T C;T(]g ==

T

E | :gauge variables

: { — ((VI')?) = ((AD)?) = 2(K + H)(VI' - VT) — [:3(H’ CHY) 4+ K24 a%;w] ((1')2)

+ (9H — 10H? — 2L){((VT)?) + 2 [GH(’H’ —H?) — KL +2(H — 'H?)a?@ - a.QHI/qu] (')

o

- {LQ —AH(H —H?)a I/ff +a*H?Vy MI;?)}
Pq

v,
+2 <{a2ﬁQ’ + {3?{ + (4H + K )a?
0

+ 2<{ - (L +6H? — 2a2H¥

@

2 Vo

"
~0

+ 02‘[/¢¢] Q—-AQ+ AR — QHAE}lIf >

)Q" n [2?{(1: —3H) 4+ (L — 2H' + 4H?)a®-2 + Ha2v¢¢] 0O

—AQ' — (K —H)AQ + 2HAFE' + AQE}LIJ> — (H' +2H*)(Q") — 2 [’H{H" —4H?) + (H' - Hg)a-zz—rf) (Q'Q)
0

—2H(VQ'-VQ) + ([4H*Q + 2HAE —

— {(H" —H?) {4%2 + SHaQ% +at (p—f’
@o o

2
) +a21[/;5¢,] +3H'(H' — 4%9)}<Q2)
(H' + 21 E'|AE") + 4H{(HQ' + H'Q)AE),




SWC;T(]@‘ :@
8TGTij [% 1 H?{ (V")) = ((AD)?) + ?(7; K)(W" V) + (H’ - H? - K? +a.2%¢)<(111")2>
+ E (L1H — 10H?) — QL] (VI)?) +2 [Ha.%;m — KL+ 2(H' —H*)(K + gm] 2%

+ 2< !Q” +303H - K)Q" + (H + 121 + K? — THK — QQT’:W)Q + %AE — %(K - ’H)/_\E} @>

+ 2<{4HQ” +(6H' +10H? —3L)Q" + AQ' — (K — 3H)AQ
4

£ 2VQ" V@) + 2(VQP) + TV Q) + 2H(QQ) - ?H’<Q”Q> = ) ()
— 221"+ 3HH + (H = HA(K +H)[(Q'Q)

TH? 4 a®Vpy +a (ZD) ”(@2)

. {—’lHH” + SH.’Q + 4?{!?{2 + (H! . HQ)

- %({HQ +2(H +HAQ +2[3HH — P — (W - H)K|Q}AE)|.

2

- [2?{” + a®HVyy — HEK? + (5H + 2H) K — 1TH'H — 9%3] Q- -AE" — "HAE’ — SLAE + SA’E

2 1
— ~((2HQ = 3HE' + AE)AE") — <([SHQ' + 8(H' + H)Q = 3(H' + 2H*)E' + 2AE' + {HAE|AE')

1)




Motivation

Gauge invariant # Gauge fixed # Observable




Three Different Notions

Concept

Meaning What it solves

CONCEPTS

What it does not guarantee

Gauge invariant

unchanged under gauge transformation removes coordinate ambiguity

selects one representative

not automatically measurable

Gauge-fixed defined after complete gauge choice 0 CliesEn EEEE not automatically physical
. connects theory to . . .
Observable defined by measurement procedure experiment/observation data requires operational input
4 )
Central statement

Gauge invariance is not the same as observability.

Gauge fixing is not the same as observability.
\_ J
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Step 1: Gauge-Invariant Quantities

A quantity can be free of coordinate ambiguity without being directly measured.

—~

Q _ Q Examples

v" Unchanged under an infinitesimal
gauge transformation.
v" Not a coordinate artifact.
v A natural candidate for physical interpretation.

« Bardeen potentials: ®, W
« Comoving curvature perturbation: R
« Mukhanov—Sasaki variable

4 N

But

A gauge-invariant quantity is not automatically a directly observable quantity.

Example

o @ and ¥ are gauge invariant,

k * but a telescope does not directly measure ® or ¥ alone.

05




Step 2: Gauge-Fixed Quantities

» A gauge-fixed quantity is evaluated after imposing gauge conditions.
» Complete gauge fixing gives a unique representative, not automatically an observable.

Examples of complete scalar gauge choices =~ What gauge fixing does

Removes residual coordinate freedom
Makes expressions unambiguous in that gauge
. Can be tied to a physical slicing

Comoving gauge Does not by itself define a measurement

* Uniform- denS|ty et A gauge-fixed quantity is not automatically
« Uniform-expansion gauge observable.

....... N

« Longitudinal gauge
« Spatially-flat gauge

Example

In longitudinal gauge,

-
o, = $
Key statement

so « coincides with a gauge-invariant quantity in that gauge. ) . . ]
Gauge-fixed means “uniquely defined in a chosen gauge,’

However: not “automatically measurable.”

e this does not mean that every gauge-fixed variable is observable;

e it only means that some gauge-fixed variables may represent a gauge-invariant quantity.

k / 06




Step 3: Observables

An observable is tied to an operational measurement procedure.

STEP 3

An observable specifies: Examples
1. a physical observer, @ observed redshift z
> 3 reference frame @ CMB temperature anisotropy AT/T
3. a signal propagation process, ©) Ium|n05|ty d|stance. D_L
(® observed galaxy number counts
4 )
Key statement
A true observable must ultimately be free of gauge ambiguity,
but its theoretical expression may involve gauge-dependent intermediate variables.
- J
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CMB Example: The Observable Is a Complete Combination

»|The observed CMB temperature anisotropy is not given by a single perturbation variable.
»ndividual pieces can be gauge dependent; the full prediction is not.

Each contribution may be gauge dependent:

(’) — A_I_ B_I_ C+ . A=A+, A#4A,  B=B+08uu B+#B, C=C+084,,C#C.

the gauge-transformed quantity is
5 = AT -+ E —+ 5 4 ...
— [:A + l'-Sgauge-f"l} T (-B ‘l‘ 5ga|1geB) + [:C ‘l‘ Jgallgec) + '
=0 + 6ga.|1geA + 5gaugeB + t'—Sgaugec“ T

A: intrinsic temperature perturbation
B: gravitational redshift contribution
C: Doppler contribution

plus integrated line-of-sight effects A physical observable must satisfy

&)
I
S

Therefore,

(sgallgeA _'_ 5gaugeB + 5gaugec e = U

4 )
Message

Individual pieces may be gauge dependent,

while the full observable is gauge invariant.
\ / 08




Lessons from the CMB and Clock Examples

The same logic appears in many cosmological observables.

A physical observable may be built
from several individually gauge-dependent pieces.

Lesson 1

Gauge invariance of the final observable can emerge
through cancellations among intermediate terms.

Lesson 2

A gauge-fixed value may represent an observable
only when the gauge is tied to a physical clock, slicing,
or measurement prescription.

Lesson 3

LESSONS

The right question is not only “Is A gauge dependent?”,
but “Can A be embedded in a complete observable?”

| | I I I
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Observer-Centered Formulation

A general schematic form of an observable

Oobs =M [Aa Z'LL(T)v u'ua ea'ua k'ua XA7 W7 Rdet]

e A: theoretical field or tensor

FORMULATION

* 2#(T): observer worldline 4

e u': observer 4-velocity

o k#: signal propagation N

Not all of these elements are required
for every observable;

e ¢,": observer tetrad only the relevant subsetis selected depe

nding on the measurement.

~

J

e X4 physical clocks and rods
e W: observation/averaging window

o Ry..: detector response

11



Practical Examples

The same quantity can sit at different levels depending on how it is used.

{ Bardeen potential @ Gauge invariant

Longitudinal-gauge lapse o | ©3uge-fixed represen

tation
CMB anisotropy (%) ] Observable
ohs
4 )
Observed redshift Observable
k, u*
1_|_ > — [: [ )-‘3
(kuut)o

EXAMPLES

Enters SW, ISW, and lensing,
but is not usually measured alone.

In longitudinal gauge, aj, = @
Useful, but not automatically a direct observable.

Constructed from
source + propagation + observer expression.

Involves source, observer, and photon propagation

14



Conceptual Position of the 2EMT

A gauge-fixed quadratic EMT is well-defined, but not automatically an observable.

INTERPRETATION

Computing T_{pv}*{(2)} in a complete gauge gives a definite expression.
If different gauges give different results, gauge fixing alone cannot settle observability.
A physical interpretation requires one of the following additional structures:

Gauge-invariant completion

Construct a quantity whose gauge
transformation cancels.

Physical slicing or clock

Interpret the gauge as fixed by a real clock,
density surface, or expansion surface.

Observer prescription

Specify the observer, local frame, signal,
and measurement protocol.

Therefore: study the 2EMT as a gauge-dependent quadratic source first,
and then ask how it can be embedded in an observable framework.

18



Several Results for 5 Gauge Choices

Gauge Temporal slicing condition
Longitudinal 8=0
Spatially flat =0
Comoving dp =10
Uniform density dp=10
Uniform expansion 06 =0

After gauge fixing, all choices give ’Z',uv( T)

(E

0)



Fourier-mode expansion

Slow-roll parameters

H o
e=—— =41G-2,
H? H?
(r-"}l] E
0=——+=¢€—
H(,}D QHE
Solutions
Ty (1) ~ Aqe (for long wavelength)
A P Gaoo [y sin (kn) + ¢ cos (kn)] (for short wavelength)
QEMT (k)

T = 817Gy, (k) = 871G <T(2‘Em(k)>

fLLs




1. Longitudinal Gauge For long-wavelength, oy = k/H < 1.
For short-wavelength, o3 = H/k « 1.

A. Long-Wavelength

- J_r :
t00 = k2 |A1|2 [(gf _|_:1fr_rf) - (—26[45 —11€) + %)

(_23_6 +4EJ‘1?) N (2{.(4?{5 +¢€)  3e(d - df})

ti; = k2 | Ay
if I 1| 3 ﬂ_’f

g 2 2
3 dt‘]’l Jl

2 3662 — 484€ — 9¢? de(d — €)?(: €
+(_&c_[&_f_} , (366 — 485¢ —9 })+(_4 (8 }(55+2})]‘

B. Short-Wavelength

) 2nGk?
o0 = —3 (|f‘1| + |ea| )

( + 202) ((14£ — &}ar% + 3(d — 35]‘5’3)

+ (26%03 — (65 + 65e — €)a3) + (36°0: )].

L-"

- 2nGE? 2 50 — 4de . )
L A (|r1| + |ez2] ) [( 3 gﬂrg) + (— 3 o2 —3(6 — 5{):73)

242
(——r:rz + 652 — 20e — ) Jg) + (—§2[35 + 26}03) ] :



2. Spatially-flat Gauge

A. Long-Wavelength

- 2
Ton = kg |A1|

: - 3e(d — 3¢
(e + eo) + (—f(dﬂ —9¢) + %)

1

2 2
a3 =E]

(1282 — 548 + 5362 (26 — 3€) (652 — 2T5e 2
+(4E(5_E)m_2£}_ (1282 — 545¢ + 53 })+( (26 — 3€)(66% — 27de + 25 ))]

fij = K |4]°

K N €(40 —25¢)  3e(d —3e) 22,
( 3+Eﬂ'1)+( 3 = 3:‘71

2 2
3 o7 3 o] j

. (_ 4e(6” — 13Je + 16€?) N (1262 — 545¢ + 593}) N (252{25 —3¢)(26 — 5e) (20 — 3€)(65” — 275¢e + 4162})
B. Short-Wavelength

. 2rGk* : - 2, :
Ton = ﬂag (|'31|2 + IC2|2) [(2 + gﬁ] — ({t’} — 46}0’5 + 5{5 — df}ﬂ;)

+ ((6 — €)%03 — (66% — 240¢ + 17€%) 03) + ((6 — €) (36* — 125€ + T€?) ag}} .

L2 b

1. 76 — 6e .
- ggg) + (— ; 02 _ 35— 3e)a§)

(—52 + 225 + 1162
3

N (25{5 - F-;(é — 35}% —(6—¢) (352 — 12de + 2352) Jﬁl) ]

. 2nGk?
Tij = —j (|Cl|2 + |Czlg) [(
+

Jg — (652 — 24de + 235.2) Jg)




3. Comoving Gauge

A. Long-Wavelength

Fo0 = K2 |Ay[? [ (—6 - % - af) i+ (12& 25— 0B g5 Ef)“f)

1 T

+ (f(45 +6)+ o Ul f}[%ﬁ — 166}) (—4.5(& —2+ *{"—;‘Ejg) ] .

T aj

Tij = k2 | Ay

3 55,2, p 126 +5¢ 44
(2{1—3—5 1+3U1)+(—9(~1d—56}+—0% - 3

2452 — 285e + 1562 4(36% + 80e — 136%)  8(6 —¢)? , 4e(6 —€)®  4e(d — €)(116 — 17¢)
+ | = — 5 - oy |+ 3 + 72 .
1

3 oy 3

B. Short-Wavelength

. 21TGR‘4 3 9 20 — 3¢  6(6—2¢) , 185 —13¢
o= 20 (ot ) [ (-1 # B 2ot) 4 (272 20220 5ok

€ £ £

,  0(95 —14 P
([25 + 5€)o3 %c@) + (—8%03 + a%r;‘)] .

. 2nGE* 1 17, 3, 25 +3e  2(95 —10€) , 65+ 17e g
Tij = — (|c1| + |eo| ) [(———I——az—zag)—l—(— 3 - o3 + — 0>

9 2 ) a2 — Re2 2
. (_2; _60% + 1{:;5.5 + 11e 02 362 + 285 — 8¢ aé) 4 (%gg’ +6(116 — 12f.)r:r§) ]
€ € €



4. Uniform-Density Gauge

A. Long-Wavelength

- 9 22 10
Tl_’]ﬂ:.ti_'z |A1|2 [( +—2—?Jf+gﬂ'?)

(125 TTe 366 249f 1206 ; 217 5 2(259- EEJU?)

79

o
: 1
of 9

S - _ 2
( 4 ed(3 4E(d - €) N €(28 — 3¢) U?) .
3 3 9

. 2 3 64 58 2
Tij=k2|x41| [( 2+ q 2+EU?—EU?)

(2452 — 3648¢ + 29¢> . 4(6 — €)(94 — 16¢) 3602 — 1518¢ + 135¢2 g)

( 1685 — 2n5f L 129 ;L 5e 1008 + 4?55%. N 16(64 — ?fjgf)
o} 9 27
?252 - 12[1& +85e%  4(30% + 8de —13¢?)  5(285% — 57d¢ + 25¢%) ,  2(20 —5e)(20 — 3¢)
+ gz - g 0y + 97 oy
1

of

. (445 - c][Sd =69 40 = (18179 s _gfjggf) ]



-

Ton =

2r Gkt
a2

. Short-Wavelength

2 2 16 1 9 5 9 4
(|c1| + |ez2| ) [(-3c -I-gfg% + frrz-l- - 02

N (_2{3(]5 — 47e) N 256 —¢ N 2(36 — 31e) o2 — 186 — 13{5_4)

9e 9¢ o3 Je € :
N (-9&2 + 491& — 2362 N 642 + ﬁ;:c + 1?5203 N 8(948 — 145}03)
[ £ €

8(106 + 9¢) N 540 —; _2(450 — 415]0% N 66 + 17¢€ o
e 2Te o3 e 3
. ( 4762 — 37de + €2 N 2(6 —€)(6—3€)  126% + 36de + 13{252 36% + 286e — 8¢

e 27e o3 Je . € 2

a(Ho —
, 3(55-29

(5 — €)?2 5 29) 2 4 5(115 — 12fjgg) ] .

)



5. Uniform-Expansion Gauge

A. Long-Wavelength

108¢2 12662 5 —
oo = k* |:‘!L1|2 [{E—}- at) + (—fl[rlﬁ —17¢) + Sﬁf + 4'5 n 3e( 23[]"5})

B ay Ul

o 648¢Y  3662(126 + 11e)  6e2(636 — 124¢)  4e(38% — 3de + 267)
+ | de(d =€) = —— — = — T - 5 .
i1 T T T

foo = k2| Aq[* [(-% + 50:12)

. (c(45+ e) 252¢2  138¢2  3e(d — 5{]5})

6 4 2
3 o] ay oy

+ = 6 1 + 3
3 0y Ty T L]

( (=) 1728 363(285 +29¢) 182416 —8le) | de (362 — 495¢ + 3&2)) ]



B. Short-Wavelength

s

27 Gk?
0 = 2 (lea + leal?)

2 [2 + U%)

+ ((8 + Te)os + 3(8 — 12¢)o3 + 234eas + 108e0s)

+ (6%03 — 2(38% + 93¢ — 5¢*)oy — 6¢(338 — 16¢)0s
—36¢(66 + 41e)o — 648c%0,")

+ (36%(8 — 2€)0; + 3€(20 — €)(158 + 26¢€)05

+9¢(126° + 1335 — 32¢)a3 + 81€%(160 + 87€)a," + 2673¢%0,”) ] .

o3 — 3(8 — 12¢)o3 — 390eas — 252.:55)

a3 + 2(36% — 370e — 8% ) + 54€(98 + €)os

+252¢(28 + 15€)05 + 1728¢°03°)
+ (—67(38 + 2€)05 — 3¢(1226” — 1195 — 14¢”) a5

—9¢(2846% + 5050€ + 82€%)oh — 27¢2(1164 + 819¢)oi” — 7047 01?)



Overall Pattern

Long-wavelength limit

2rGk*

Fsw = = (|~‘31|2 + |Cz\2) :
Tig

wl‘ﬂh = ﬁj
T00

Gauge Too Tij Wyaw
Longitudinal 35(6 — gf)}-LW —36(5 — 35)}-]_.“-' —1
Spatially flat 36(6 — SE).}E-LW —3&(5 — 3E]J:Lw —1

Comoving 9 FLw 3 w —1
Uniform density 9FLw —3FLw —%

The uniform-expansion result contains increasingly strong inverse powers of o1, so its strict infrared limit

cannot be reliably inferred from the truncated slow-roll series.

Short-wavelength limit

Gauge Too Tij Wraw
Longitudinal 6Fsw B Fow ;
Spatially flat 2Fsw %Fgw 2

Comoving —L1Fsw | —5Fsw %1
Uniform density %ﬂi Fsw % Fsw | — %
Uniform expansion | 2Fgw %}';gw L




1. Longitudinal Gauge

Physical character

¢ /ero-shear gauge.
e Metric perturbations are directly represented by the Bardeen potentials.

* Provides the clearest gravitational-potential description.

Long-wavelength result Short-wavelength result
~L ., _ ~L . ~ 10
Tij = —Toos T =~ 6 Fsw, ':q-'} ~ ?Fgw.
i Thus
7o = O(ed, €%). . 5

{

raw —

o

Therefore, the infrared 2EMT is vacuum-like but slow-roll suppressed.

Interpretation

The longitudinal-gauge result is regular in both limits and provides a useful gravitational benchmark.

However, it is tied to a zero-shear slicing rather than to a direct physical clock.




2. Spatially-Flat Gauge

Physical character

e Vanishing intrinsic spatial-curvature perturbation.
® The scalar degree of freedom is carried mainly by the inflaton fluctuation.

® Particularly natural for quantizing scalar perturbations.

Long-wavelength result Short-wavelength result

At the lowest nonvanishing slow-roll order, g
31 2 F.
Top — SW

~SF __ ~L
fpr = T sF 2
Tij; = 5-7"3“
Hence,
SF Therefore,
Wayw = _13
. . . SF 1

with a slow-roll-suppressed effective density. W, = 3

The equality with the longitudinal result does not persist at all higher slow-roll orders.

Interpretation

This is the cleanest short-wavelength result. It is positive and radiation-like, consistent with kinetic and

gradient energy dominating sub-Hubble inflaton fluctuations.




3. Comoving Gauge

Physical character
Inflaton rest-frame slicing.

The inflaton acts as a physical clock.

Quantities are evaluated at fixed inflaton value.

Long-wavelength result
750 = 9FLw,

"C

Thus,
1

Unlike the longitudinal and spatially-flat results, this contribution is not slow-roll suppressed.

Relation to uniform-density gauge

All dominant 1 /a7 coefficients agree with the uniform-density result. Therefore,

§6=0, E=0.

T — T

Short-wavelength result

C +UD (k/H — 0)

This is consistent with the equivalence of comoving and uniform-density slicings for single-field

adiabatic perturbations on super-Hubble scales.

o 1
Tﬁ. ——Fsw,
€
o 11
Tz(; =~ _E}_‘SW
Interpretation
The 1/€ enhancement reflects the fact that
b
¢ qﬁ:{f o< €.

Tc ~ —,
0

As € — 0, the inflaton becomes a poor clock. The large negative short-wavelength result should
therefore be interpreted as a slicing effect rather than as direct evidence for negative physical energy.




4. Uniform-Density Gauge
p=0, E=0.
Physical character

* Fixed-density slicing.

¢ The local energy density acts as a physical clock.

e Natural for super-Hubble curvature perturbations and transition hypersurfaces.

Long-wavelength result

Therefore,

The strict long-wavelength result coincides with the comoving-gauge result.

Short-wavelength result

The dominant behavior is

Thus,

Interpretation

The transformation to uniform-density gauge involves

d
TPN—‘?, Py X —E.
0

For short wavelengths, derivatives in dp generate additional k/? enhancement. The resulting

1

2
€05

behavior indicates that density is a poorly conditioned clock for high-frequency perturbations.




5. Uniform-Expansion Gauge

Physical character

¢ Fixed local-expansion slicing.

80=0, E=0.

® C(Closely related to constant-mean-curvature slicing.

¢ Particularly relevant to cosmological backreaction.

Short-wavelength result

~UE
Too ~ 2]:3“.*,

2
~UE
Ti5 =~ EFSW'

Long-wavelength result

The slow-roll-expanded expressions contain terms such as

2 &3 2
6 8 P
0, 0, g,

Therefore, These terms suggest that the slow-roll and long-wavelength expansions are nonuniform.
veg 1 A structure of the form
Wray = g
1
2 2

and k? + O(eH?)

~UE ~SF can generate, after a premature slow-roll expansion,

T,ﬁ_w : pr (.H//k — ﬂ)

2
A A

Interpretation

The apparent infrared enhancement should not immediately be interpreted as physical backreaction. The

exact, unexpanded, or resummed expression must be examined before taking the strict & — 0 limit.




Physical Classification of the Five Gauges

Geometrical gauges
Longitudinal, Spatially flat.

® Regular in both wavelength limits.
* Do not rely directly on a slowly evolving matter clock.

* Useful as benchmark descriptions.
Matter-clock gauges
Comoving, Uniform density.

® Physically natural on super-Hubble scales.
e (Coincide in the long-wavelength limit.

®* Become strongly enhanced or poorly conditioned in the short-wavelength regime.

Geometrical-clock gauge

Uniform expansion.

® Directly relevant to expansion and backreaction.
* Agrees with the spatially-flat result in the short-wavelength limit.

® Requires special care in the infrared.




Main Physical Conclusions

1. The gauge dependence is highly structured
Good

Comoving ~ Uniform density in the infrared .
- Signatures

and 00C

Spatially flat ~ Uniform expansion in the ultraviolet

These agreements reflect the physical properties of the corresponding slicings.

2. Comoving-uniform-density agreement is an important consistency check

For single-field adiabatic perturbations,

fixed inflaton ~ fixed density 3. Spatially-flat—uniform-expansion agreement identifies a common UV

behavior
on super-Hubble scales.
Both gauges give

The 2EMT reproduces this expected relation. 1
Peft > {)1 Peit = %Pei'l'-

This radiation-like behavior is the most natural candidate for the common short-wavelength field-energy

contribution.

4. Large 1 /€ factors indicate clock degeneracy
In the de Sitter limit,

Therefore, comoving, uniform-density, and uniform-expansion slicings become increasingly ill-

conditioned as physical clocks.




5. The raw gauge-fixed 2EMTs are not yet observables

The same perturbation mode can give positive, negative, finite, or strongly enhanced effective energy

densities depending on the slicing.

Therefore,

The five gauge-fixed 2EMTs are slicing-dependent quadratic effective sources.

They should not yet be regarded as five equivalent representations of an established observable.
A true observable would require a common operational prescription involving, for example,

a physical clock, an observer, and—when relevant—an averaging prescription.




Next Step 1 — Identify the Gauge-Robust Content
® The gauge dependence of the quadratic EMT is structured rather than arbitrary:

(k <H),

Comoving ~ Uniform density

Spatially flat ~ Uniform expansion (k > H).

® These agreements indicate potentially gauge-robust limiting behaviors.

¢ large 1/€ and inverse-gradient terms instead signal sensitivity to the physical clock, spacetime
slicing, and the order of limits.

® The raw gauge-fixed 2EMTs should therefore be interpreted as quadratic effective sources defined

on different spacetime slicings, rather than as direct observables.

Next Step 3 — Connect the 2EMT to Observable Consequences

Rather than observing the raw 2EMT directly, investigate its gauge-independent effects on

Heg, Ner, APg(k), Qcw (k).

Next Step 2 — Construct the Same Relational Quantity in Every Gauge

For each gauge G, define

— (2) L
OQLMT( ) = [T;;u__(;'u(;u(} i Aclock.(} + Aobserver,(;

Xo=X,

Here X¢ and 'u,'g. are gauge-dependent coordinate representations of the same physical clock and

observer. The individual terms,

[’7] m
_uu G ulfwu( y

Aclock,Gs Agbserver,Gs

generally differ among gauges, and the hypersurface X = X, occurs at different coordinate locations.

Nevertheless, with the same physical clock, observer, hypersurface, and averaging prescription,
OthT( .) = OQLMT( v) = Oﬁhm( .) = OQhMT[ :) = OQ]:.MT( £)s

up to the perturbative order considered.

The raw gauge-fixed 2EMTs need not agree; only different gauge representations of the same fully

specified relational quantity must agree.



Central Message

The purpose is not to select one “correct” gauge.

The five gauges form a diagnostic framework for determining

which contributions are slicing dependent, which represent different relational clocks, and which
survive as observable physical effects.

(Gauge dependence is not the end of the analysis—
it is the starting point for identifying observable physics.




Cosmological Gauge vs. Gauge Symmetry in Quantum Field

Theory

Common structure

Both theories contain redundant field descriptions:

Gauge orbit = {all gauge-related representations of one physical state}.

* Gauge fixing: selects one representative from the orbit.

e Gauge invariance: identifies quantities that are unchanged along the orbit.

® Physical predictions: must not depend on the chosen representative.

Key difference

Internal gauge theory

Cosmological perturbation theory

U(1), SU(N), -
Acts in internal field space
z* remains fixed

A, = A, + 8,

Diff(M)
Acts on spacetime slicing and threading
zH — xH + EH
5.9‘;1!.’ — 59,&1/ - ‘cﬁg;(ﬂ}

Gauge-Invariant Quantities and Observables

Internal gauge theory

Cosmological perturbation theory

A, is gauge dependent
F),, is gauge invariant

— v 1 v led
E,u, — E;wu 3 B,u, - E‘ngparu F*

a, 3,1, E are gauge dependent

®, ¥, R are gauge invariant

@|y_y. with a physical clock or reference

spacetime perturbation theory
less directly observable

usually requires a relational,
observer-based prescription.



Conclusions

Evaluated QEMT in inflation in 5 gauge conditions
QEMT is gauge dependent

Gauge invariant # Gauge fixed # Observable

Search possible Observables in the future
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