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Introduction to cosmological perturbations



Metric: Scalar-Vector-Tensor Decomposition

Gauge Transformations

T L

Scalar perturbation Gauge Invariant Variables
Bardeen Variables (1980)



Gauge Fixing

e.g.) Longitudinal Gauge

• Gauge freedom: most important in scalar perturbation

• Free to choose        and         2 conditions

: gauge conditions

: the other 2 scalars  gauge invariant

: so called, “Conformal Newtonian” gauge
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Gauge Invariance 
vs. 

Gauge Fixing



1st order Einstein’s equation

: Einstein’s equation

: 1st order Einstein’s equation

NOT gauge-invariant, individually 

Define Gauge-Invariant Quantities:

: can be written in gauge-invariant form

Brandenberger & Mukhanov (1992, Phys. Rep.)



:- derived with NO gauge fixing
:- all written in gauge-invariant (Bardeen) variables
:- valid in arbitrary coord. system 

Explicit form of G.I. Eq.’s for Inflaton

: 1st order equation in gauge-invariant form

Scalar Field Equation

Einstein Equation



Picture

2nd order Perturbations and Back Reaction

1st order:

2nd order:

0th order:

: solutions
plug in

Quadratic in g(1)

Back-reaction source

quadratic terms only

(8πG=1)

Linear in g(2)
stochastic



QEMT: gauge dependent very possibly

1st order

2nd order

: terms making the quantity gauge invariant

: QEMT responsible for Back-Reaction 
--- hard to be gauge invariant

QEMT(k) : Fourier Transformed



Interpretation



Gauge Problem

QEMT for a scalar field: gauge dependent 



: gauge variables





Motivation

Gauge invariant  ≠  Gauge fixed  ≠  Observable



Three Different Notions
CONCEPTS

Concept Meaning What it solves What it does not guarantee

Gauge invariant unchanged under gauge transformation removes coordinate ambiguity not automatically measurable

Gauge-fixed defined after complete gauge choice selects one representative
in a chosen gauge

not automatically physical

Observable defined by measurement procedure connects theory to 
experiment/observation data requires operational input
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Step 1: Gauge-Invariant Quantities
A quantity can be free of coordinate ambiguity without being directly measured.

STEP 1

 Unchanged under an infinitesimal 
gauge transformation.

 Not a coordinate artifact.
 A natural candidate for physical interpretation.

Examples

• Bardeen potentials: Φ, Ψ
• Comoving curvature perturbation: ℛ
• Mukhanov–Sasaki variable
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Step 2: Gauge-Fixed Quantities
 A gauge-fixed quantity is evaluated after imposing gauge conditions. 
 Complete gauge fixing gives a unique representative, not automatically an observable.

STEP 2

Examples of complete scalar gauge choices

• Longitudinal gauge
• Spatially-flat gauge
• Comoving gauge
• Uniform-density gauge
• Uniform-expansion gauge
• …….

What gauge fixing does

• Removes residual coordinate freedom
• Makes expressions unambiguous in that gauge
• Can be tied to a physical slicing
• Does not by itself define a measurement
• A gauge-fixed quantity is not automatically 

observable.
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Step 3: Observables
An observable is tied to an operational measurement procedure.

STEP 3

An observable specifies:

1. a physical observer, 
2. a reference frame, 
3. a signal propagation process, 
4. and a detector response.

Examples

① observed redshift  z
② CMB temperature anisotropy  ΔT/T
③ luminosity distance  D_L
④ angular diameter distance  D_A
⑤ observed galaxy number counts
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CMB Example: The Observable Is a Complete Combination
IThe observed CMB temperature anisotropy is not given by a single perturbation variable.
ndividual pieces can be gauge dependent; the full prediction is not.

EXAMPLE

• A: intrinsic temperature perturbation
• B: gravitational redshift contribution
• C: Doppler contribution
• plus integrated line-of-sight effects
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Lessons from the CMB and Clock Examples
The same logic appears in many cosmological observables.

LESSONS

Lesson 1 A physical observable may be built 
from several individually gauge-dependent pieces.

Lesson 2 Gauge invariance of the final observable can emerge 
through cancellations among intermediate terms.

Lesson 3 A gauge-fixed value may represent an observable 
only when the gauge is tied to a physical clock, slicing, 
or measurement prescription.

The right question is not only “Is A gauge dependent?”, 
but “Can A be embedded in a complete observable?”

10



Observer-Centered Formulation
A general schematic form of an observable

FORMULATION

Not all of these elements are required 
for every observable; 

only the relevant subset is selected depe
nding on the measurement.
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Practical Examples
The same quantity can sit at different levels depending on how it is used.

EXAMPLES

Bardeen potential Φ Gauge invariant Enters SW, ISW, and lensing, 
but is not usually measured alone.

Longitudinal-gauge lapse Gauge-fixed represen
tation

In longitudinal gauge, 
Useful, but not automatically a direct observable.

CMB anisotropy Observable Constructed from
source + propagation + observer expression.

Observed redshift Observable Involves source, observer, and photon propagation
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Conceptual Position of the 2EMT
A gauge-fixed quadratic EMT is well-defined, but not automatically an observable.

INTERPRETATION

Computing τ_{μν}^{(2)} in a complete gauge gives a definite expression.
If different gauges give different results, gauge fixing alone cannot settle observability.
A physical interpretation requires one of the following additional structures:

Gauge-invariant completion

Construct a quantity whose gauge 
transformation cancels.

Physical slicing or clock

Interpret the gauge as fixed by a real clock, 
density surface, or expansion surface.

Observer prescription

Specify the observer, local frame, signal, 
and measurement protocol.

Therefore: study the 2EMT as a gauge-dependent quadratic source first, 
and then ask how it can be embedded in an observable framework.
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Several Results for 5 Gauge Choices

After gauge fixing, all choices give tmn(Y )



Fourier-mode expansion

Slow-roll parameters

Solutions

QEMT(k)

















Analyses















Good 
Signatures

... …









In spacetime perturbation theory
 
• less directly observable 

• usually requires a relational, 
observer-based prescription.



• Evaluated QEMT in inflation in 5 gauge conditions

• QEMT is gauge dependent

• Gauge invariant  ≠  Gauge fixed  ≠  Observable

• Search possible Observables in the future

Conclusions
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