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Overview of Our Results
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• Based on Hocheol Lee & Bogen Gwak, arxiv:2511.13086

• Consider the D-dimensional Einstein-Hilbert Action & 
Anisotropic Matter

• Assume Spherically Symmetric D-dimensional Metric

• Calculate the Innermost Stable Circular Orbit



Overview of Our Results
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Review: Innermost Stable Circular Orbit
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ሶ𝒓𝟐 + 𝑽𝒆𝒇𝒇 = 𝟎

• Innermost Stable Circular Orbit (ISCO) is the smallest marginally stable circular orbit in 
in which a test particle can stably orbit a massive object in General Relativity.

*Wikipedia: Innermost Stable Circular Orbit

1) Circular Motion:

ሶ𝒙𝟐 = −𝟏

ሶ𝒓 = 𝟎 𝑽𝒆𝒇𝒇 = 𝟎

ሷ𝒓 = 𝟎 𝑽𝒆𝒇𝒇
′ = 𝟎

2)

𝑽𝒆𝒇𝒇
′′ > 𝟎

𝑽𝒆𝒇𝒇
′′ = 𝟎

𝑽𝒆𝒇𝒇
′′ < 𝟎

(Stable)

(Marginal, ISCO)

(Unstable)



Review: Innermost Stable Circular Orbit
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𝑽𝒆𝒇𝒇 𝒓𝑰𝑺𝑪𝑶 = 𝑽𝒆𝒇𝒇
′ 𝒓𝑰𝑺𝑪𝑶 = 𝑽𝒆𝒇𝒇

′′ 𝒓𝑰𝑺𝑪𝑶 = 𝟎



Review: Schwarzshcild Black Hole (Vacuum)

6

𝑽𝒆𝒇𝒇 𝒓𝑰𝑺𝑪𝑶 = −
𝑬𝟐

𝟐
+
𝟏

𝟐
𝟏 +

𝑳𝟐

𝒓𝑰𝑺𝑪𝑶
𝟐

𝟏 −
𝟐𝑴

𝒓𝑰𝑺𝑪𝑶

𝑬𝟐 =
𝒓𝑰𝑺𝑪𝑶 − 𝟐𝑴 𝟐

𝒓𝑰𝑺𝑪𝑶 𝒓𝑰𝑺𝑪𝑶 − 𝟑𝑴
𝑳𝟐 =

𝒓𝑰𝑺𝑪𝑶
𝟐 𝑴

𝒓𝑰𝑺𝑪𝑶 − 𝟑𝑴

𝑽𝒆𝒇𝒇
′′ 𝒓𝑰𝑺𝑪𝑶 = 𝟎 𝒓𝑰𝑺𝑪𝑶 = 𝟔𝑴



Review: Anisotropic Fluid
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𝒓𝑰𝑺𝑪𝑶 ≤ 𝟔𝑴𝑻𝑶𝑻𝑨𝑳

*Y. Cen & Y. Song PLB 866 (2025)

𝑴𝑻𝑶𝑻𝑨𝑳 =
𝒓𝒉
𝟐
+ 𝟒𝝅න

𝒓𝒉

∞

𝒓𝟐𝝆 𝒓 𝒅𝒓



Action & Metric
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𝑺 = ∫ 𝒅𝑫𝒙 −𝒈
𝑹

𝟐𝜿
+ ℒ𝑴

𝒅𝒔𝟐 = −𝒆𝟐𝒈 𝒓 𝒇 𝒓 𝒅𝒕𝟐 +
𝒅𝒓𝟐

𝒇 𝒓
+ 𝒓𝟐𝒅𝛀𝐃−𝟐

𝟐

𝒅𝛀𝐃−𝟐
𝟐 = 𝒅𝜽𝟏

𝟐 + 𝒔𝒊𝒏𝟐𝜽𝟏𝒅𝜽𝟐
𝟐 +⋯+ 𝒔𝒊𝒏𝟐𝜽𝟏⋯𝒔𝒊𝒏𝟐𝜽𝑫−𝟑𝒅𝜽𝑫−𝟐

𝟐

lim
𝒓→∞

𝒇 𝒓 = 𝟏 lim
𝒓→∞

𝒈 𝒓 = 𝟎

Action:

Metric:

Asymptotic
Flatness:



Energy-Momentum Tensor
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𝑻 𝝂
𝝁

= 𝒅𝒊𝒂𝒈 −𝝆 𝒓 , 𝒑𝒓 𝒓 , 𝒑𝒕 𝒓 ,⋯𝒑𝒕 𝒓
D-2 Terms

𝒑𝒓 : Radial Pressure

𝒑𝒕 : Transverse Pressure



Einstein Equations
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𝟎 = 𝒇′ −
𝑫− 𝟑 𝟏 − 𝒇

𝒓
+
𝟐𝜿𝒓𝝆

𝑫− 𝟐

𝟎 = 𝒈′ −
𝜿𝒓 𝝆 + 𝒑𝒓
𝑫− 𝟐 𝒇

𝒇′′ = −
𝑫− 𝟑 𝒓𝒇′ − 𝒇 + 𝟏

𝒓𝟐
−
𝟐𝜿 𝒓𝝆′ + 𝝆

𝑫 − 𝟐

𝒈′′ = −
𝜿 𝒓 𝝆 + 𝒑𝒓 𝒇

′ − 𝒓 𝝆′ + 𝒑𝒓
′ + 𝝆 + 𝒑𝒓 𝒇

𝑫 − 𝟐 𝒇𝟐

𝒕𝒕 :

𝒓𝒓 :



Einstein Equations
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𝒇 𝒓𝒉 = 𝟎 𝒇′ 𝒓𝒉 ≥ 𝟎

𝝆 𝒓𝒉 ≤
𝑫 − 𝟑 (𝑫 − 𝟐)

𝟐𝜿𝒓𝒉
𝟐 𝝆 𝒓𝒉 = −𝒑𝒓 𝒓𝒉

𝟎 = 𝒇′ −
𝑫− 𝟑 𝟏 − 𝒇

𝒓
+
𝟐𝜿𝒓𝝆

𝑫 − 𝟐

𝟎 = 𝒈′ −
𝜿𝒓 𝝆 + 𝒑𝒓
𝑫− 𝟐 𝒇



Einstein Equations
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𝒇 𝒓 ≡ 𝟏 −
𝟐𝑴 𝒓

𝒓𝑫−𝟑

𝑴 𝒓 =
𝒓𝒉
𝑫−𝟑

𝟐
+

𝜿

𝑫 − 𝟐
න
𝒓𝒉

𝒓

𝒔𝑫−𝟐𝝆 𝒔 𝒅𝒔

lim
𝒓→∞

𝒓𝑫−𝟏𝝆 𝒓 = 𝟎Finiteness:



Conservation Law
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𝛁𝝁𝐓 𝐫
𝝁
= 𝟎:

𝒑𝒓
′ =

𝟐𝑻 + 𝑫 − 𝟏 𝝆 − 𝑫 + 𝟏 𝒑𝒓
𝟐𝒓

−
𝑫 − 𝟑

𝟐𝒓
+
𝜿𝒓𝒑𝒓
𝑫 − 𝟐

𝝆 + 𝒑𝒓
𝒇

𝑻 ≡ 𝑻 𝝁
𝝁



Energy-Momentum Conditions
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𝝆 ≥ 𝟎

1) Weak Energy Condition

𝝆 + 𝒑𝒓 ≥ 𝟎 𝝆 + 𝒑𝒕 ≥ 𝟎

2) Non-Positive Trace: 𝑻 ≤ 𝟎

3) Radial & Tangential Pressure

𝒑𝒕 ≥ 𝟎 𝒑𝒕 ≥ 𝒑𝒓

Dominant Energy Condition & Additional Conditions

𝝆 ≥ 𝒑𝒓 𝝆 ≥ 𝒑𝒕 𝝆 ≥ 𝒑𝒓 + 𝑫− 𝟐 𝒑𝒕 ≥ 𝟎

𝒑𝒕 ≥ 𝒑𝒓 ≥ 𝟎



Current Status
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• D-Dimensional Einstein-Hilbert Action

• D-Dimensional Sphericallly Symmetric Metric

• Anisotropic Fluid

• Dominant Energy Condition & Additional Conditions



Timelike Geodesic Equation
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𝒖 = ሶ𝒕, ሶ𝒓, ሶ𝜽𝟏, ⋯ , ሶ𝜽𝑫−𝟐D-Velocity:

𝜽𝟏 = 𝜽𝟐 = ⋯ = 𝜽𝑫−𝟏 =
𝝅

𝟐

𝝓 ≡ 𝜽𝑫−𝟐

𝑬 ≡ −𝝃𝝁
𝒕
𝒖𝝁 = 𝒆𝟐𝒈𝒇 ሶ𝒕 𝑳 ≡ 𝝃𝝁

𝝓
𝒖𝝁 = 𝒓𝟐 ሶ𝝓

𝒖𝟐 = −𝟏
𝟏

𝟐
ሶ𝒓𝟐 +

𝒇

𝟐
−
𝑬𝟐𝒆−𝟐𝒈

𝒇
+
𝑳𝟐

𝒓𝟐
+ 𝟏 = 𝟎

Polar Angles:
(Equatorial Plane)

Azimuthal Angle:



Effective Potential
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𝑽𝒆𝒇𝒇 𝒓 = −
𝑬𝟐

𝟐
𝒆−𝟐𝒈 𝒓 +

𝟏

𝟐
𝟏 +

𝑳𝟐

𝒓𝟐
𝒇 𝒓

𝑬𝟐 = อ
𝟐𝒆𝟐𝒈𝒇𝟐

𝟐𝒇 − 𝒓 𝒇′ + 𝟐𝒇𝒈′
𝒓=𝒓𝑰𝑺𝑪𝑶

𝑳𝟐 = อ
𝒓𝟑 𝒇′ + 𝟐𝒇𝒈′

𝟐𝒇 − 𝒓 𝒇′ + 𝟐𝒇𝒈′
𝒓=𝒓𝑰𝑺𝑪𝑶

𝑽𝒆𝒇𝒇 = 𝑽𝒆𝒇𝒇
′ = 𝟎:

𝑬𝟐 ≥ 𝟎

𝑳𝟐 ≥ 𝟎
𝟎 < 𝟏 +

𝟐𝜿𝒓𝟐𝒑𝒓
𝑫− 𝟑 𝑫 − 𝟐



Second Derivative of Effective Potential
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𝟎 =
𝟐𝜿𝟐𝒓𝟒𝒑𝒓 𝝆 − 𝟑𝒑𝒓

𝑫− 𝟐 𝟐
+
𝜿𝒓𝟐 𝟐𝒇𝑻 + 𝑫 − 𝟏 𝒇 + 𝑫 − 𝟑 𝝆 + 𝟓𝑫 − 𝟏𝟏 𝒇 − 𝟕 𝑫 − 𝟑 𝒑𝒓

𝑫 − 𝟐

ቚ− 𝑫 − 𝟑 𝑫 − 𝟏 𝒇𝟐 + 𝟑𝑫 − 𝟕 𝑫 − 𝟑 𝒇 − 𝟐 𝑫 − 𝟑 𝟐

𝒓=𝒓𝑰𝑺𝑪𝑶

𝑽𝒆𝒇𝒇
′′ 𝒓 ≡ 𝒞 𝒓 =

𝟐𝜿𝟐𝒓𝟒𝒑𝒓 𝝆 − 𝟑𝒑𝒓
𝑫− 𝟐 𝟐

+
𝜿𝒓𝟐 𝟐𝒇𝑻 + 𝑫 − 𝟏 𝒇 + 𝑫 − 𝟑 𝝆 + 𝟓𝑫− 𝟏𝟏 𝒇 − 𝟕 𝑫− 𝟑 𝒑𝒓

𝑫− 𝟐

− 𝑫− 𝟑 𝑫 − 𝟏 𝒇𝟐 + 𝟑𝑫 − 𝟕 𝑫 − 𝟑 𝒇 − 𝟐 𝑫 − 𝟑 𝟐

𝒞 𝒓 ≡ 𝒜 𝒓 + ℬ 𝒓



Second Derivative of Effective Potential
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𝒞 𝒓𝒉 = −
𝟐 𝟐𝜿𝒓𝟐𝝆 − 𝑫− 𝟑 𝑫− 𝟐

𝟐

𝑫− 𝟐 𝟐 ≤ 𝟎

𝒞 𝒓 → ∞ ∼
𝟐𝜿𝒓 𝑫 − 𝟑 𝝆 − 𝑫− 𝟔 𝒑𝒓 + 𝑫− 𝟐 𝒑𝒕

𝑫− 𝟐
≥ 𝟎

𝒞 = 𝑽𝒆𝒇𝒇
′′

𝒓𝒓𝑰𝑺𝑪𝑶

𝒓𝒉

∞

𝜹 ≡ 𝟏 +
𝟐𝜿𝒓𝟐𝒑𝒓

𝑫− 𝟑 𝑫 − 𝟐
> 𝟎 𝝈 ≡ 𝒑𝒓 + 𝒑𝒕 ≥ 𝟎



Result: Positive Radial Pressure (𝒑𝒓 > 𝟎)
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𝑨 𝒓 ≥
𝟒𝜿𝟐𝒓𝟒𝒑𝒓 𝑫− 𝟒 𝑫 − 𝟏 𝝆 + 𝑫 − 𝟑 𝟐 + 𝟐 𝒑𝒓 + 𝑫 − 𝟐 𝑫 − 𝟏 𝒑𝒕

𝑫 − 𝟑 𝑫 − 𝟐 𝟐 𝑫− 𝟏

+
𝟐𝜿𝒓𝟐 𝑫− 𝟒 𝑫 − 𝟏 𝝆 + 𝑫 − 𝟏 𝟐 − 𝟔 𝒑𝒓 + 𝑫 − 𝟐 𝑫 − 𝟏 𝒑𝒕

𝑫 − 𝟐 𝑫 − 𝟏

=
𝟐 𝑫 − 𝟒 𝜿𝒓𝟐𝜹

𝑫 − 𝟐
+
𝟒𝜿𝟐𝒓𝟒𝒑𝒓 𝑫− 𝟑 𝟐 + 𝟐 𝝈 + 𝟑 𝑫 − 𝟑 𝒑_𝒕

𝑫 − 𝟑 𝑫 − 𝟐 𝟐 𝑫− 𝟏

+
𝟐 𝑫 − 𝟒 𝜿𝒓𝟐𝜹

𝑫 − 𝟐
+
𝟒𝜿𝟐𝒓𝟒𝒑𝒓 𝑫− 𝟑 𝟐 + 𝟐 𝝈 + 𝟑 𝑫 − 𝟑 𝒑_𝒕

𝑫 − 𝟑 𝑫 − 𝟐 𝟐 𝑫− 𝟏

≥
𝟐𝜿𝒓𝟐 − 𝑫− 𝟕 𝒑𝒓 + 𝑫 − 𝟐 𝑫 − 𝟏 𝒑𝒕 − 𝒑𝒓

𝑫 − 𝟐 𝑫 − 𝟏

≥ −
𝟐 𝑫 − 𝟕 𝜿𝒓𝟐𝒑𝒓
𝑫− 𝟐 𝑫 − 𝟏



Result: Positive Radial Pressure (𝒑𝒓 > 𝟎)
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𝑨 𝒓 ≥ −
𝟐 𝑫 − 𝟕 𝜿𝒓𝟐𝒑𝒓
𝑫− 𝟐 𝑫− 𝟏

𝑫 ≤ 𝟕:
𝑨 𝒓 ≥ 𝟎

𝟎 = 𝑪 𝒓𝑰𝑺𝑪𝑶 = 𝑨 𝒓𝑰𝑺𝑪𝑶 +𝑩 𝒓𝑰𝑺𝑪𝑶

𝑩 𝒓𝑰𝑺𝑪𝑶 ≤ 𝟎:

𝟐𝑴 𝒓𝑰𝑺𝑪𝑶

𝒓𝑰𝑺𝑪𝑶
𝑫−𝟑

≥ −
𝑫− 𝟓

𝑫− 𝟏

𝒓𝑰𝑺𝑪𝑶 ≤ 𝟔𝑴 𝒓𝑰𝑺𝑪𝑶 ≤ 𝟔𝑴 𝒓 → ∞𝑫 = 𝟒:

𝟓 ≤ 𝑫 ≤ 𝟕: 𝒓𝑰𝑺𝑪𝑶 > 𝟎

𝒓𝑰𝑺𝑪𝑶 < −
𝟐 𝑫 − 𝟏 𝑴 𝒓𝑰𝑺𝑪𝑶

𝑫 − 𝟓
< 𝟎

𝑫 ≥ 𝟖:
𝑨 𝒓 ≥ 𝟎: 𝒓𝑰𝑺𝑪𝑶 > 𝟎

𝑨 𝒓 < 𝟎:



Result: Non-Positive Radial Pressure (𝒑𝒓 ≤ 𝟎)
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𝑨 𝒓 ≥
𝟒𝜿𝟐𝒓𝟒𝒑𝒓 𝑫− 𝟒 𝝆 + 𝑫𝒑𝒓 + 𝑫− 𝟐 𝒑𝒕

𝑫− 𝟑 𝑫− 𝟐 𝟐 +
𝟐𝜿𝒓𝟐 𝑫− 𝟒 𝝆 + 𝑫− 𝟔 𝒑𝒓 + 𝑫− 𝟐 𝒑𝒕

𝑫 − 𝟐

=
𝟐𝜿𝒓𝟐𝜹

𝑫− 𝟐
𝑫− 𝟒 𝝆 + 𝑫− 𝟐 𝝈 + 𝟐 𝑫− 𝟑 𝑫 − 𝟑 − 𝜹 𝟏 − 𝜹

≥ 𝟎

𝑩 𝒓𝑰𝑺𝑪𝑶 ≤ 𝟎:
𝟐𝑴 𝒓𝑰𝑺𝑪𝑶

𝒓𝑰𝑺𝑪𝑶
𝑫−𝟑

≥ −
𝑫− 𝟓

𝑫− 𝟏

𝒓𝑰𝑺𝑪𝑶 ≤ 𝟔𝑴 𝒓 → ∞𝑫 = 𝟒:

𝑫 ≥ 𝟓: 𝒓𝑰𝑺𝑪𝑶 > 𝟎



Overview of Our Results
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Summary & Conclusion
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The radius of innermost circular orbit is 
unbounded or non-existent for 𝑫 ≥ 𝟓.



Thank you!
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The radius of innermost circular orbit is 
unbounded or non-existent for 𝑫 ≥ 𝟓.
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