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Rµω → 1

2
gµω + !gµω = Tµω

• In holography, U(1) gauge fields are 
usually not dynamical in the boundary 
theory. 

• Bulk local symmetry = Boundary global 
symmetry 

• On the other hand, the double-trace 
deformation is utilized to make the 
boundary gauge fields dynamical. 

• I revisit and review this method.

2

Bulk Boundary

Diffeo. Lorentz

U(1) gauge U(1) global
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Holographic dictionary
• In asymptotic AdS, fields (e.g. scalar) behave as

3

<latexit sha1_base64="O0VCxSlv6uOApXRmcFXnsZ2QZgw="></latexit>

ω(z) = zd→!ω(0) + z!ω(ω) + · · ·

The leading term is non-normalizable mode, its coefficient is source. 
The sub-leading term is normalizable mode, its coefficient is VeV. 

(called standard quantization)

• In some cases, both terms are normalizable. 
Then, one can consider alternative quantization.
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What does “normalizable” mean?

4

• That is in the sense of Klein-Gordon inner product,

• Consider mode expansion
<latexit sha1_base64="M9qaNpZ17AJFGCRu+sIDqiu98fY="></latexit>

(!1,!2) =(2ω)d→1ε(d→2)(ϑk2 → ϑk1)(ϖ1 + ϖ2)e
i(ω1→ω2)t

∫
dr

√
g/g2ttϱ

↑
1ϱ2,

<latexit sha1_base64="pwXzDIVkU/QFcg62ugqkDqkWjnw="></latexit>

(!1,!2) =

∫

!

→
g!

i

2
nµ(!→

1ωµ!2 ↑ !2ωµ!
→
1),

{
” :spacelike surface

nµ :timelike normal

<latexit sha1_base64="anEYGaba1QZthvc1H9ENxUdSMiI="></latexit>

! = eik·xω(r)
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Strum-Liouville inner product

5

• In simple cases, the bulk integral becomes SL inner product
<latexit sha1_base64="u9RRnNwTo9t4RIPYfjCZL4zJcS4="></latexit>

(ω1,ω2)SL =

∫
dr w(r)ω→

1(r)ω2(r).

SL problem is given by
[
d

dr

(
p(r)

d

dr

)
+ εw(r)→ q(r)

]
ω(r) = 0, ε : eigenvalue.

<latexit sha1_base64="s07/c3hS/Pr6rEhBHleylpq8tzs="></latexit>

(ωm,ωn)SL =
1

εm → εn
p(r) (ω→

m(r)ω↑
n(r)→ ωn(r)ω

↑→
m(r))

∣∣∣∣
ω

• We can evaluate it by

Wronskian
<latexit sha1_base64="5mtZFKnV99H5SE6JDlo+wX2OSxw="></latexit>

W(ωm,ωn) := ω→
m(u)ω↑

n(u)→ ωn(u)ω
→↑
m(u)
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Scalar fields in AdSd+1

• Let’s consider a basic example: massive scalar in planer AdS_d+1.

6

<latexit sha1_base64="EgyEINVCSvHnpybcoVKqg4VFVx8="></latexit>

S =
1

2

∫
ddx

→
↑g

[
↑(ωε)2 ↑m2ε2

]
,

ds2 = L2↑ dt2 + dx2
d→1 + du2

u2
.

<latexit sha1_base64="bKsagr4y+5ibfy1nle7XKsTiOnQ="></latexit>

(L = 1)
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Note: When , logarithmic terms must appear in the expansion.2ν ∈ ℤ

<latexit sha1_base64="wmCSRI9kn/K7+RgAg68yWR4GJB8="></latexit>

A massive scalar field in AdSd+1 obeys

z2ω2
zε→ (d→ 1)zωzε→m2ε→ k2z2ε = 0.

The SL coe!cients read

ϑ = →k2, p(z) = z1→d, q(z) = m2z→1→d, w(z) = z1→d.

The asymptotic expansion is

ε(z) = zd/2→ω
(
ε(0) + z2ε(1) + z2ωε(ω) + · · ·

)
, ϖ =

√
d2

4
+m2.
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p(z)W(ω→
1,ω2)

→k21 + k22
= |C|2

{
z2↑2ω

2(1→ ε)
k↑ω
1 k↑ω

2 !(ε)2 + 21↑2ω k
ω
1k

↑ω
2 → k↑ω

1 kω2
k21 → k22

ε!(ε)!(→ε) + · · ·
}
.

A regular solution with spacelike momentum

The leading contribution from the AdS boundary becomes

For norm ( )ϕ1 = ϕ2
<latexit sha1_base64="pdDqMmLFjk83BO9kLFwIJGxoTrA="></latexit>

= |C|2
{

z2→2ω

2(1→ ω)
k→2ω!(ω)2 +

21→2ω

k2
ω2!(ω)!(→ω) + · · ·

}
.

<latexit sha1_base64="bAxd5wmIj4LVHj768BJi7XcHsf0="></latexit>

ω(z) = 21→ωCzd/2Kω(kz), k =
√

εijkikj .

This term diverges if ν>1.
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ω =

√
d2

4
+m2

In more general form,
<latexit sha1_base64="qawt+3y42KclkyfOpaLFfxR4rGs="></latexit>

p(z)W(ω→
1,ω2)

→k21 + k22
=

1

2(1→ ε)
z2↑2ωω(0)

1 ω(0)
2 → 2ε

k21 → k22
(ω(0)

1 ω(ω)
2 → ω(0)

2 ω(ω)
1 ) + · · ·

This term diverges if ν>1.

In this sense,  represents non-normalizable mode.ϕ(0)

(The contribution from another side (horizon) is finite.)

Recall
<latexit sha1_base64="BPgS2Pw50jvJVDTFcQ9KnhsgzqE="></latexit>

ω(z) = zd/2→ω
(
ω(0) + z2ω(1) + z2ωω(ω) + · · ·

)
.
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Mass window
The condition for the convergence:

10

<latexit sha1_base64="r88kgrb5xRvM3xMjdBZDQEs20qc="></latexit>

ω =

√
d2

4
+m2L2 < 1

Scaling dimension:
<latexit sha1_base64="RuSn8q1vkhBqGVPM+qZjLFKYlO4="></latexit>

! =
d

2
+

√
d2

4
+m2L2.

Reality condition = Breitenlohner-Freedman bound

<latexit sha1_base64="9SAdCQUum2iWk3McfbkBTy1j6Ms="></latexit>

d2

4
+m2L2 → 0

<latexit sha1_base64="CGFgb8JsDQBgWTGvCU7TU5m16x8="></latexit>

→d2

4
↑ m2L2 < →d2

4
+ 1

(Bulk) mass window for alternative quantization
~ unitarity bound in CFT
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!
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d

2
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d→ 2

2

<latexit sha1_base64="N9PT9m+zPxac8gfhZG6mmDZdb5A="></latexit>

m2
ωL

2

<latexit sha1_base64="8sMEJPzRaWU8qkxMOOXtuzVAyI4="></latexit>

m2
ωL

2 = !(!→ d)

<latexit sha1_base64="K2Sqm8rzvJMh846kecjC1UAEI34="></latexit>

d

<latexit sha1_base64="uX4hukWLEavgeBwyfR7klwT63Lw="></latexit>

→d2

4

<latexit sha1_base64="5AlkUUvIZ6W39aLJt4BTbAq5U8A="></latexit>

→d2

4
+ 1

<latexit sha1_base64="BINQk+OjJKd8emR/MutlCpqD4x0="></latexit>

!

<latexit sha1_base64="j19lQgPP8fPC2yo+9bKC1LJv9LQ="></latexit>

m2
ωL

2

<latexit sha1_base64="+BaJs5ocI4hFjSeTMtqIatWc2MQ="></latexit>

m2
ωL

2 =

(
!→ d

2

)2

<latexit sha1_base64="6jyboWTUrgvlc9WlmxDcfBykuYQ="></latexit>

d

2

<latexit sha1_base64="KtVSObUPxOnAwfOK/011ss/XtsI="></latexit>

d→ 1

2

<latexit sha1_base64="+oTQ8KLvcM6lptbEjkam5vN33sg="></latexit>

1

4
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!
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d

2
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m2
AL

2 = (!→ 1)(!+ 1→ d)

<latexit sha1_base64="PJJKaAlKCR6rSBuxpNKLxp91JAU="></latexit>

m2
AL

2

<latexit sha1_base64="krDgLFVbh7nGT8jxncRQnnzL0Uw="></latexit>

d→ 1

<latexit sha1_base64="xXntgLeDSeseKMrz/dWqyWuYZ7M="></latexit>

1

<latexit sha1_base64="n1fsT5A9iTigE46+VnbVKmXhdOY="></latexit>

→
(
d

2
→ 1

)2

Scalar Spinor Vector

No range allows  
alternative quantization

Unitarity bound violated 
Note: The bound depends on spin. 

Mass window for various spin



/ 22

Notes
• Holographic models require holographic renormalization by adding 
coutertems. 

• In the case of non-normalizable modes exist, the counterterms 
must include kinetic terms. 

• If one considers the KG inner product of this kinetic term, it 
precisely cancel the divergence of bulk inner product. 

• However, such a prescription leads to ghosts.

12

Andrade, Marolf (2011) [1105.6337] 
Andrade, Marolf (2011) [1112.3085]



Gauge fields in AdS5

13
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Sbulk =

∫
d5x

→
↑g

(
↑1

4
FµωF

µω

)
,

Sct =

∫

ε
d4x

→
↑ω

(
↑1

4
log

(
ε

uct

)
FmnF

mn

)
.

<latexit sha1_base64="UH7paym0BtJJXloe2p7vYYoyUeg="></latexit>

Am = ωm

(
1 +

k2

2
u2 log

u

uex

)
+ εmu2 + · · · .

<latexit sha1_base64="LFZ1+Ux6GYREUymKB+BUmy1eFfk="></latexit>

ω(Sbulk + Sct) =

∫
d4k

(2ε)4

[
2ϑm(k) + k2

(
1

2
+ log

uct

uex

)
ϖm(k)

]
ωϖm (→k)

Bulk action:

Counterterms:

Asymptotic expansion:

Variation of the renormalized on-shell action:

Response Source
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The double-trace deformations

15

<latexit sha1_base64="e4/eUiNAX9/tf704OiZ3t3SDXGE="></latexit>

Sfin =

∫
d4x

[
→ 1

4ω
fmnfmn + εmJm

ext

]
, fmn := ϑmεn → ϑnεm.

<latexit sha1_base64="irRF13yUD38LvHAUuedpVRw4hHI="></latexit>

!n :=
ωSren

ωεn
.

For this, we additionally consider

Total variation:

SourceVeV

<latexit sha1_base64="FWY1ClFrKUgKbBNDJYv1g6yzaqI="></latexit>

ω(Sren + Sfin) =

∫
d4x

[(
1

ε
→mfmn +!n + Jn

ext

)

︸ ︷︷ ︸
=0 (imposed)

ωϑm + ϑm ωJm
ext

]
.

<latexit sha1_base64="VQmzliqouuJmA5xSK1qOwl1GLMA="></latexit>

Jn
ext = → 1

ω
εmfmn →!n.New external source:

E.g., Mauri, Stoof [1811.11795]
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J t
ext =

→ikx
k2x → ω2

(
2Z(S)

1 → (k2x → ω2)Z(L)
1

(
1

ε
→ log

uct

uex
→ 1

2

))
,

Jx
ext =

→iω

k2x → ω2

(
2Z(S)

1 → (k2x → ω2)Z(L)
1

(
1

ε
→ log

uct

uex
→ 1

2

))
,

Jy
ext =

1

→iω

(
2Z(S)

2 → (k2x → ω2)Z(L)
2

(
1

ε
→ log

uct

uex
→ 1

2

))
,

where
Z1 = iωAx(u) + ikxAt(u), Z2 = iωAy(u).

<latexit sha1_base64="ciPCS1Di479tzILONzL0ec9rRCM="></latexit>

1

ω
=

2

k2x → ε2

Z(S)
ω

Z(L)
ω

+
1

2
+ log

uct

uex
.

We can rewrite it in terms of the gaige invariants:

By solving , we obtainJext = 0
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AdS5

17
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Zω = C →






uH
(1)
1 (u

√
ω2 ↑ k2x) ω

2 ↑ k
2
x > 0, ω ↓ 0,

uH
(2)
1 (u

√
ω2 ↑ k2x) ω

2 ↑ k
2
x > 0, ω < 0,

uK1(u
√

k2x ↑ ω2) ω
2 ↑ k

2
x ↔ 0.

<latexit sha1_base64="OgtyeNBzJwVMXrPGW7iJshDe9Qc="></latexit>

1

ω
= εE + log uct +

1

2
log

k2

2
.

The solution in AdS5 is

For spacelike momentum, we obtain

For given , we find real-valued . 
Implying tachyonic mode under some values of real .

k λ

λ

Similar issues: 
Hofman, Iqbal [1707.08577]
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RNAdS5

18

0.

1.

2.

-15 -10 -5 0 5 10 15

-4

-2

0

2

4

The same problem exists 
in the case of RNAdS5.

The constant  gives 
just a vertical offset of 
the plot.

uct

positive imaginary ω
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Ad-hoc fix?

19

0.

1.

2.

-15 -10 -5 0 5 10 15
-1.5

-1.0

-0.5

0.0

0.5
If we set , 
we can remove the 
unstable modes.

uct = 2e−γE/ |k |

• k-dependent scale 
in counterterms? 

• Still unstable for finite 
momentum.



Gauge fields in AdS4

20
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SAdS4

21

<latexit sha1_base64="mhewZxdu3h5y9TY1sPH8Joc03r8="></latexit>

1

ω
=

1

iε

In Schwarzschild AdS4, one can obtain

-1.0 -0.5 0.0 0.5 1.0

-10

-5

0

5

10

So, it is stable for positive . 
But, it is independent of T. 
Is the zero-T limit safe?

λ
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Summary
• The dual-operators of the gauge fields always violate the unitarity 
bound. 

• As a result, the leading term is always non-normalizable. 
• For AdS5, the logarithmic divergence appears. 
• In practice, we observe tachyonic modes, whose frequencies 
depend on the arbitrary cut-off scale. 

• After all, is this pathological? 
Is there a way to fix these problem?

22


