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Black Hole Thermodynamics and Phase Transition and QNMs of RN Black Holes
J.L. Jing, Q.Y. Pan. Phys.Lett.B 660 (2008) 13-18.
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Fig. 2: From Phys.Lett.B 660 (2008)
13-18.Cq is the heat capacity at fixed charge
Q. Kis a slope parameter of QNMs w

K = dw;/dw,.
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* QNMs and BH phase transition:
Y. Liu, D.-C. Zou, and B. Wang. JHEP, 09:179, 2014, 1405.2644.
C. Lan, Y.-G. Miao, and H. Yang. Nucl. Phys. B, 971:115539,
2021.

® Lyapunov exponent of particle motion and BH phase
transition:
R.H. Ali, Xiao-Mei Kuang. Eur.Phys.J.C 85 (2025) 10, 1131.
Deyou Chen, Chuang Yang, Yongtao Liu. Phys.Lett.B 865 (2025)
139463.
Shao-Wen Wei, Yu-Xiao Liu. Chin.Phys.C 44 (2020) 11, 115103.

® More ...
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Euler-Heisenberg F(R) Black Hole Model
Y. Sekhmani, S.K. Maurya et al. Phys.Dark Univ. 46 (2024) 101701.
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Euler-Heisenberg F(R) Black Hole Model
Y. Sekhmani, S.K. Maurya et al. Phys.Dark Univ. 46 (2024) 101701.

ds® = —h(r)dt2+;1('f)+r2(d02+sm20d¢2),

2 4 mg: The mass parameter of
h(r) = 1Mo R0r2f+71 o e , black hole.
r 12 1+ 1R, r2 20/6

With the traceless energy-momentum tensor GF filpe Grers 6if bladk el

condition

Ro (14 fry) — 2 (Ro Jr?(Ro)) =0,

Ry = 4A

Here, we set Ry > 0.

Ro is a constant scalar curvature
R = Ro = Constant and fgr, = % . The
R=Ry

F(R) term of the theory can be characterized by

the two parameters Ry and fg,.
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Fig. 3: The blackening factor h(r) of F(R)-Euler-Heisenberg black holes
with Ry =1, g = 0.5, A = 0.03 and fg, = 0.1 for different r,. The red
dashed line does not correspond to an actual black hole solution, while
the black dashed line marks the event horizon radius r, of the black hole
solution.
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Fig. 3: The blackening factor h(r) of F(R)-Euler-Heisenberg black holes
with Ry =1, g = 0.5, A = 0.03 and fg, = 0.1 for different r,. The red
dashed line does not correspond to an actual black hole solution, while
the black dashed line marks the event horizon radius r, of the black hole
solution.
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Euler-Heisenberg F(R) Black Hole Thermodynamics
Y. Sekhmani, S.K. Maurya et al. Phys.Dark Univ. 46 (2024) 101701.
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¢ = h 1= 10r Horizon.
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Euler-Heisenberg F(R) Black Hole Thermodynamics
Y. Sekhmani, S.K. Maurya et al. Phys.Dark Univ. 46 (2024) 101701.

At —20¢%r
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M=——(1+f Rorg —12) - ————-h
57 (1 + fro) m(Roryy = 12) 107

§=m(l+ fr)rh Q=4 Local thermodynamics
q G2 of the Black Hole Event

¢ = h <1 - 10,ﬁ> Horizon.

T— 1 _ Rorh q2 LqQ 4

4wy 16m 0 16w (1+fry) i \

Heat Capacity at Constant Charge:
0S

25° [4n® (14fr)) @ —4m(14fr) ) S+R0S| 20 A(1+fz)° Q'S
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Fig. 4: Three distinct profiles of the heat capacity Cg as a function of the
rescaled horizon radius #, under variation of the Euler-Heisenberg
parameter A, in which (a) A =0.1, (b) A = 0.3 and (c) A = 0.5, while
the other parameters are fixed as Ry =1, @ = 0.5, fg, = 0.1.

The transition for phase structure 1 to phase structure 2.
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Klein-Gordon Equation and Boundary Conditions

Klein-Gordon Equation

Ov = \/1_7;_6” (V=ge™ 8,%) =0

Step 1: Ingoing EF Coordinates & Radial Decomposition
Using ds®> = h(r)dt® — 2drdt + ... and substituting u=1/r.

[Z(l + Ou+ in]z/) + [— 2iwu — u3h'} P —Phy’ =0
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Klein-Gordon Equation and Boundary Conditions

Klein-Gordon Equation

Ov = \/1_7;_6” (V=ge™ 8,%) =0

Step 1: Ingoing EF Coordinates & Radial Decomposition
Using ds®> = h(r)dt® — 2drdt + ... and substituting u=1/r.

[Z(l + Ou+ in]z/) + [— 2iwu — u3h'} P —Phy’ =0

Step 2: Outgoing BCs at Cosmological Horizon (uc)

u—uc .
up—uc’

2w 4
Applying the Ansatz o) = (u— )\ #H () ¢ and scaling v =

bl (in1(V) + BO(V))% + (w2C2(v) +iwCi(v) + Co(v))go =0.
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® Solving the equation
by Chebyshev
spectral method.

® Fixed the
parameters:/ = 0,

Ro=1, Q=
0.5, fr, = 0.1.

Stability.
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Fig. 5: Three kinds of structure transitions
under the parameters setting Ry = 1 and

Q=1/2..

transition point.
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Fig. 6: The influences on the relative error Ay as a function of fg, of

varying the parameter (a) Ry with fixed Q = % and (b) Q with fixed
Ry=1..
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Effect of Quantum Numbers / and n in QNMs

Ngiyv = the number of the divergence points in the specific K — 7, curve.

Take the change of Ng;, as the sign of transition in QNMs behavior.

Yu-Qi Lei

Thermodynamic phase structures and Quasi-normal mode of Nonlinear charged black hole



BH Thermodynamics and Q
[eleTelo] ]

Effect of Quantum Numbers / and n in QNMs

Ngiyv = the number of the divergence points in the specific K — 7, curve.

Take the change of Ng;, as the sign of transition in QNMs behavior.

4
pi
0]
0.

IR

0.00 0.05 0.10 0.15 0.20 0.25 0.30
A

Yu-Qi Lei Shanghai Universit

Thermodynamic phase structures and Quasi-normal mode of Nonlinear charged black hole 22/



BH Thermodynamics and Q
[eleTelo] ]

Effect of Quantum Numbers / and n in QNMs

Ngiv = the number of the divergence points in the specific K—# curve

Take the change of Ng;, as the sign of transition in QNMs behavior.
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There is a competitive relationship between n and /.
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Summary and Discussion

Summary:

® A relationship between black hole thermodynamic phase structures
and QNM behaviors in F(R)-Euler-Heisenberg theory;

® The coincidence between heat capacity and QNM transitions
remains valid across the parameter space;

® A competitive relationship exists, the correspondence is obscured by
larger angular quantum numbers (/) but reemerges at higher
overtone numbers (n).
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Summary and Discussion

Summary:

® A relationship between black hole thermodynamic phase structures
and QNM behaviors in F(R)-Euler-Heisenberg theory;

® The coincidence between heat capacity and QNM transitions
remains valid across the parameter space;

® A competitive relationship exists, the correspondence is obscured by
larger angular quantum numbers (/) but reemerges at higher
overtone numbers (n).

Future Directions:
® Extend the study to rotating black holes;

® Connect to the Lyapunov exponent of particle motion and black
hole phase transition;

® Connect theoretical transitions to gravitational wave ringdown
signals for potential observational verification of thermodynamic
properties.
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