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Dark Matter and WIMPs

• Many evidences of Dark Matter
• Galaxy rotational curve
• CMB
• Lensing effect

• Many candidates
• Neutrino
• Cold Dark Matter (CDM)
• Weakly Interacting Massive Particle (WIMP)
• Weak-type interaction

• no electric charge, no color

• Mass range in GeV-TeV range
• WIMP miracle

• correct relic abundance is obtained at WIMP < 𝜎𝑣 > = 𝑤𝑒𝑎𝑘 𝑠𝑐𝑎𝑙𝑒
• most extensions of SM are proposed independently at that scale. 2



Detection strategies

• Direct detection: DM interacts with SM particles (left to right)

• Indirect detection: DM annihilation (top to bottom)

• Accelerator: DM creation (bottom to top) 3



Direct Detection (DD)

• The signals are WIMP-nucleus recoil events

• Low probability requires high exposure

• Underground to avoid background

• Depend on features of targets and experimental set-ups

• Different nuclear targets and background subtraction:
• COSINE, LZ, XENON-nT, ANAIS, DAMA, PandaX-4T, PICO-60 and ect.
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Indirect Detection (NT)

• Capture rate in the celestial body

• WIMP scatters off nucleus at distance r inside celestial body
• same interaction probed by DD

• If its outgoing speed 𝑣𝑜𝑢𝑡 is below the escape velocity 𝑣𝑒𝑠𝑐(𝑟), 
it gets locked into gravitationally bound orbit and keeps scattering 
again and again

• Capture process is favored for low (even vanishing) WIMP speeds
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Non-Relativistic Effective Theory (NREFT)

• WIMP is slow, so that the recoil events are non-relativistic

• NREFT provides a general and efficient way to characterize results
with mass of WIMP and coupling constants

• ℋ = Σ𝑖=1
𝑁 𝑐𝑖

𝑛𝒪𝑖
𝑛 + 𝑐𝑖

𝑝
𝒪𝑖

𝑝

• Non-relativistic process
• all operators must be invariant

 by Galilean transformations

   (𝑣 ~ 10−3𝑐 in galactic halo)

• Building operators using:

 𝑖
𝑞

𝑚𝑁
, Ԧ𝑣⊥, Ԧ𝑆𝜒, Ԧ𝑆𝑁
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Operators spin up to 1/2



• Scattering amplitude:  
1

2𝑗𝜒 + 1

1

2𝑗𝑁 + 1
Σ𝑠𝑝𝑖𝑛𝑠 𝑀 2 ≡ Σ𝑘Σ𝜏=0,1Σ𝜏′=0,1ℛ𝑘

𝜏𝜏′
Ԧ𝑣𝑇

⊥2
,

Ԧ𝑞2

𝑚𝑁
2 , 𝑐𝑖

𝜏 , 𝑐𝑗
𝜏′

𝑊𝑘
𝜏𝜏′

𝑦

• ℛ𝑘
𝜏𝜏′

: WIMP response function

• Velocity dependence: ℛ𝑘
𝜏𝜏′

= ℛ𝑘,0
𝜏𝜏′

+ ℛ𝑘,1
𝜏𝜏′

𝑣2 − 𝑣𝑚𝑖𝑛
2

• 𝑊𝑘
𝜏𝜏′

: nuclear response function
• 𝑦 = (𝑞𝑏/2)^2
• b: harmonic oscillator size parameter
• 𝑘 = 𝑀, Δ, Σ′, Σ′′, ෩Φ′ and Φ′′

 

• 𝑀: standard spin-independent interaction
• Σ′ + Σ′′: standard spin-dependent interaction

Non-Relativistic Effective Theory (NREFT)
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• Scattering amplitude:  
1

2𝑗𝜒 + 1

1

2𝑗𝑁 + 1
Σ𝑠𝑝𝑖𝑛𝑠 𝑀 2 ≡ Σ𝑘Σ𝜏=0,1Σ𝜏′=0,1𝑅𝑘

𝜏𝜏′
Ԧ𝑣𝑇

⊥2
,

Ԧ𝑞2

𝑚𝑁
2 , 𝑐𝑖

𝜏, 𝑐𝑗
𝜏′

𝑊𝑘
𝜏𝜏′

𝑦

• Differential cross section : 
𝑑𝜎

𝑑𝐸𝑅
=

1

106

2𝑚𝑁

4𝜋

𝑐2

𝑣2

1

2𝑗𝜒+1

1

2𝑗𝑁+1
 Σ𝑠𝑝𝑖𝑛 𝑀 2  

• Differential rate : 
𝑑𝑅

𝑑𝐸𝑅
= 𝑁𝑇 ׬

𝑣𝑚𝑖𝑛

𝑣𝑒𝑠𝑐 𝜌𝜒

𝑚𝜒
 𝑣

𝑑𝜎

𝑑𝐸𝑅
 𝑓 𝑣  𝑑𝑣

• With 𝐸𝑅 =
𝜇𝜒𝑁

2  𝑣2

𝑚𝑁
 ,   𝑣𝑚𝑖𝑛 =

1

2𝑚𝑁𝐸𝑅

𝑚𝑁𝐸𝑅

𝜇𝜒𝑁
+ 𝛿  

Non-Relativistic Effective Theory (NREFT)

8



• DD event rate

    RDD =  𝑀𝜏𝑒𝑥𝑝
𝜌𝜒

𝑚𝜒
׬  𝑑𝑢 𝑓 𝑢 𝑢 Σ𝑇  𝑁𝑇 ׬

𝐸𝑅,𝑡ℎ

𝐸𝑅
𝑚𝑎𝑥

𝑑𝐸𝑅  𝜁𝑒𝑥𝑝
𝑑𝜎𝑇

𝑑𝐸𝑅

• 𝑀𝜏𝑒𝑥𝑝 : exposure

• 𝐸𝑅,𝑡ℎ : experimental energy threshold

• 𝜁𝑒𝑥𝑝 : experimental features such as quenching, resolution, efficiency, etc.

• 𝑅𝐷𝐷 = ׬ 
𝑢𝑚𝑖𝑛

𝐷𝐷
𝑢𝑒𝑠𝑐 𝑓 𝑢  𝐻𝐷𝐷 𝑢

   𝐻𝐷𝐷 𝑢 = 𝑢 𝑀𝜏𝑒𝑥𝑝
𝜌𝜒

𝑚𝜒
 Σ𝑇  𝑁𝑇 ׬

𝐸𝑅,𝑡ℎ

2𝜇𝜒𝑇
2  𝑢2 /𝑚𝑇 𝑑𝐸𝑅  𝜁𝑒𝑥𝑝

𝑑𝜎𝑇

𝑑𝐸𝑅

DD event rate
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Capture rate

• Capture rate

    𝐶⊙ =
𝜌𝜒

𝑚𝜒
׬  𝑑𝑢 𝑓 𝑢

1

𝑢
׬ 

0

𝑅⊙ 𝑑𝑟 4𝜋𝑟2 𝑤2 Σ𝑇  𝜌𝑇 𝑟  Θ 𝑢𝑇
𝐶−𝑚𝑎𝑥  − 𝑢 ׬ 

𝑚𝜒 𝑢2 /2

2𝜇𝜒𝑇
2  𝑤2 /𝑚𝑇

𝑑𝐸𝑅
𝑑𝜎𝑇

𝑑𝐸𝑅

• 𝜌𝑇 : the number of density of target 

• r: distance from the center of the Sun for Standard Solar Model AGSS09ph

• 𝑢: DM velocity asymptotically far away from the Sun

• 𝑣𝑒𝑠𝑐(𝑟): escape velocity at distance r

• 𝑤2 𝑟 = 𝑢2 + 𝑣𝑒𝑠𝑐
2 (𝑟)
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Capture rate

• Neutrino Telescope (NT):

• the neutrino flux from the annihilation of WIMPs captured in the Sun

• DM annihilations into 𝑏 ത𝑏

• with assumption of equilibrium between capture and annihilation:
 Γ⊙ = 𝐶⊙/2

• 𝐶⊙ = ׬ 
0

𝑢𝑚𝑎𝑥
𝐶

𝑑𝑢 𝑓 𝑢  𝐻𝐶 𝑢

   𝐻𝐶 =
𝜌𝜒

𝑚𝜒

1

𝑢
׬ 

0

𝑅⊙ 𝑑𝑟 4𝜋𝑟2 𝑤2 Σ𝑇  𝜌𝑇 𝑟  Θ 𝑢𝑚𝑎𝑥, 𝑇
𝐶  − 𝑢 ׬

𝐸𝑚𝑖𝑛
𝐶

𝐸𝑚𝑎𝑥
𝐶

𝑑𝐸𝑅
𝑑𝜎𝑇

𝑑𝐸𝑅

• 𝑢𝑚𝑎𝑥, 𝑇
𝐶 = 𝑣𝑒𝑠𝑐 𝑟

4𝑚𝜒𝑚𝑇

𝑚𝜒−𝑚𝑇
2 : maximum WIMP speed for capture possible
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Event rate

• Event rate:
   𝑅 ∼ ׬ 𝑑𝑣 𝐻 𝑣  𝑓 𝑣 ∼ ׬ 𝑑𝑣 ℛ 𝑣  𝜂 𝑣

• Two parts of interaction and velocity distribution
• needs to avoid uncertainty
• interaction: include all possible interaction types
• velocity distribution: halo independent approaches

• Model independent method: the most general scenarios
• exploiting the complementarity between DD and capture
• various targets and different WIMP speed range

12

velocity distribution

interaction



Complementarity between Direct Detection and Capture in the Sun:
Interaction-Independent bounds

+ nucleus

𝜒

𝜒

v>outvesc(r)

Vout<vesc(r)
𝜒

=

𝑅 ∼ න𝑑𝑣 𝐻 𝑣  𝑓 𝑣 ∼ න𝑑𝑣 ℛ 𝑣  𝜂 𝑣
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Bracketing DD experiments

• Hamiltonian with contact and long-range interaction:

• ℋ = Σ𝜏=0,1Σ𝑖=1
15 𝑐𝑖

𝜏 +
𝛼𝑖

𝜏

𝑞2 𝒪𝑖𝑡𝜏 =  Σ𝜏Σ𝑖𝑐𝑖
𝜏𝒪𝑖𝑡𝜏 + Σ𝜏Σ𝑖𝛼𝑖

𝜏 𝒪𝑖

𝑞2 𝑡𝜏

• 𝑐: coupling for contact interaction

• 𝛼: coupling for long-range interaction

• In NREFT expected signals are quadratic forms in the couplings

• Experimental bounds single up allowed parameter space inside 
multi-dimensional ellipsoids:
• 𝑅𝐸𝑥𝑝 = 𝑐𝑇 ∙ 𝐴𝐸𝑥𝑝 ∙ 𝑐 = Σ𝑖,𝑗  𝑐𝑖 𝐴𝐸𝑥𝑝 𝑖𝑗

𝑐𝑗 < 1

• 𝑐 = 𝑐1, 𝑐3, 𝑐4, … , 𝑐14, 𝑐15, 𝛼1, 𝛼3, 𝛼4, … , 𝛼14, 𝛼15 : couplings vector

• 𝐴𝐸𝑥𝑝: matrix encoding all the information

14S. Kang, I. Jeong, S. Scopel “Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory”, j.astropartphys.2023.102854 (arXiv:2209.03646)



Bracketing DD experiments

• Allowed region is an intersection of ellipsoids

• When the ellipsoid of one experiment is totally inside
 of the others, only that experiment decide the bound

• single constraint:

• max 𝑐𝛼 1,𝑐𝛽=0 = 1/ 𝐴𝐸𝑥𝑝1 𝛼𝛼

• max 𝑐𝛼 1 = 𝐴𝐸𝑥𝑝1
−1

𝛼𝛼
 

15A. Brenner, G. Herrera, A. Ibarra, S. Kang, S.S. and G. Tomar, "Complementarity of experiments in probing the non-relativistic 
effective theory of dark matter-nucleon interactions", JCAP06(2022)026 (arXiv: 2203.04210)



Bracketing DD experiments

• combining different experiments
provides complementarity

• Linear matrix inequality

16A. Brenner, G. Herrera, A. Ibarra, S. Kang, S.S. and G. Tomar, "Complementarity of experiments in probing the non-relativistic 
effective theory of dark matter-nucleon interactions", JCAP06(2022)026 (arXiv: 2203.04210)



𝑐1
𝑝

𝑐1
𝑝

𝑐1
𝑝

+ 𝑐1
𝑛

𝑐1
𝑝

+ 𝑐1
𝑛 + 𝑐3

𝑝
+ 𝑐3

𝑛

This point is excluded
no matter what the model is

𝑚𝜒

Bracketing: LMI exclusion bands

• Each line represents single coupling, proton-neutron interference, interference be
tween only contact (or long) range interaction(if exist), interference between cont
act and long-range interaction

• Subspaces
• 𝑐1, 𝑐3, 𝛼1, 𝛼3 , 𝑐11, 𝑐12, 𝑐15, 𝛼11, 𝛼12, 𝛼15

• 𝑐4, 𝑐5, 𝑐6, 𝛼4, 𝛼5, 𝛼6 , [𝑐8, 𝑐9, 𝛼8, 𝛼9]
• 𝑐7, 𝛼7 , 𝑐10, 𝛼10 , 𝑐13, 𝛼13 , 𝑐14, 𝛼14
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𝑐1
𝑝

+ 𝑐1
𝑛 + 𝑐3

𝑝
+ 𝑐3

𝑛 + 𝛼1
𝑝

+ 𝛼1
𝑛 + 𝛼3

𝑝
+ 𝛼3

𝑛

S. Kang, I. Jeong, S. Scopel “Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory”, j.astropartphys.2023.102854 (arXiv:2209.03646)



Bracketing: LMI exclusion bands

• Spin-Independent
• 𝑐1, 𝑐3, 𝛼1, 𝛼3 ,

𝑐11, 𝑐12, 𝑐15, 𝛼11, 𝛼12, 𝛼15

• 𝑀 and Φ′′

• Favor heavy targets
• mostly LZ and PandaX-4T

18S. Kang, I. Jeong, S. Scopel “Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory”, j.astropartphys.2023.102854 (arXiv:2209.03646)



Bracketing: LMI exclusion bands

• Spin-Dependent 
interfering operators

• 𝑐4, 𝑐5, 𝑐6, 𝛼4, 𝛼5, 𝛼6 ,
[𝑐8, 𝑐9, 𝛼8, 𝛼9]

• Σ′′ and Σ′ and Δ

• combining proton-odd 
targets and neutron-o
dd targets are effective
• reduces band width

19S. Kang, I. Jeong, S. Scopel “Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory”, j.astropartphys.2023.102854 (arXiv:2209.03646)



Bracketing: LMI exclusion bands

• SD interactions and 
non-interfering operators

• 𝑐7, 𝛼7 , 𝑐10, 𝛼10 , 
𝑐13, 𝛼13 , 𝑐14, 𝛼14

• Only two bands

20

• SD interactions and 
non-interfering operators

• 𝑐7, 𝛼7 , 𝑐10, 𝛼10 , 
𝑐13, 𝛼13 , 𝑐14, 𝛼14

• Σ′′ and Σ′

• ෩Φ′(𝑐13 and 𝛼13)
• 𝑗𝑇 > 1/2 : 

23
𝑁𝑎,

73
𝐺𝑒,

127
𝐼,

131
𝑋𝑒

S. Kang, I. Jeong, S. Scopel “Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory”, j.astropartphys.2023.102854 (arXiv:2209.03646)



Bracketing: LMI exclusion bands

21S. Kang, I. Jeong, S. Scopel “Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory”, j.astropartphys.2023.102854 (arXiv:2209.03646)



Bracketing: relaxation factors

• Except  SI(1, 3, 11, 12, 15), our results have stable sensitivity
• due to the complementarity of proton-odd and neutron-odd targets

22S. Kang, I. Jeong, S. Scopel “Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory”, j.astropartphys.2023.102854 (arXiv:2209.03646)



A. Brenner, G. Herrera, A. Ibarra, S. Kang, S.S. and G. Tomar, "Complementarity of experiments in probing the non-relativistic 
effective theory of dark matter-nucleon interactions", JCAP06(2022)026 (arXiv: 2203.04210)
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Bracketing DD experiments and capture

• Some of DD exclusion plots have 
Flat directions 

• The Sun has many different 
targets not included in DD 
→ more stable

• Adding new targets with different 
flat directions may be important 
rather than improving each 
experimental sensitivity



Complementarity between Direct Detection and Capture in the Sun:
Halo-Independent bounds

+ nucleus

𝜒

𝜒

v>outvesc(r)

Vout<vesc(r)
𝜒

=

𝑅 ∼ න𝑑𝑣 𝐻 𝑣  𝑓 𝑣 ∼ න𝑑𝑣 ℛ 𝑣  𝜂 𝑣
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Halo independent approach

• Halo independent approach with arbitrary speed distribution, 𝑓 𝑢
• The only constraint: ׬

𝑢=0

𝑢𝑚𝑎𝑥 𝑓 𝑢  𝑑𝑢 = 1 

• Direct detection experiments have a threshold 𝑢 > 𝑢𝑡ℎ
𝐷𝐷

• Due to the energy threshold of experimental detectors

• Capture in the Sun is favored for low 
WIMP speeds
• 𝑢 < 𝑢𝑚𝑎𝑥, 𝑇

𝐶

• In order to cover full speed range: 
combine DD and capture

25
F. Ferrer, A. Ibarra, S. Wild “A novel approach to derive halo-independent limits on dark matter properties”, JCAP09(2015)052

Direct Detection

Capture in 
the Sun



Halo independent approach

• Considering one effective coupling (𝑐𝑖) at a time:
• 𝑅𝑒𝑥𝑝 𝑐𝑖

2 = ׬ 𝑑𝑢 𝑓 𝑢  𝐻𝑒𝑥𝑝 𝑐𝑖
2, 𝑢 ≤ 𝑅𝑚𝑎𝑥

• 𝑅𝑚𝑎𝑥 : corresponding maximum experimental bound

• Using relation : 𝐻 𝑐𝑖
2, 𝑢 = 𝑐𝑖

2𝐻 𝑐𝑖 = 1, 𝑢
• 𝐻 𝑐𝑖,𝑚𝑎𝑥

2 𝑢 , 𝑢 = 𝑅𝑚𝑎𝑥

• 𝑐𝑖,𝑚𝑎𝑥
2 𝑢 =

𝑅𝑚𝑎𝑥

𝐻 𝑐𝑖=1,𝑢

• 𝑐𝑖,𝑚𝑎𝑥 𝑢  : upper limit on 𝑐𝑖 at single speed stream 𝑢

• upper limit on 𝑐𝑖 over whole streams: 

   𝑐𝑖
2 ≤ ׬

0

𝑢𝑚𝑎𝑥 𝑑𝑢
𝑓 𝑢

𝑐𝑖,𝑚𝑎𝑥
2 𝑢

 
−1

26
F. Ferrer, A. Ibarra, S. Wild “A novel approach to derive halo-independent limits on dark matter properties”, JCAP09(2015)052



Halo independent approach

• 𝑐∗ = 𝑐𝑚𝑎𝑥
𝑁𝑇 ෤𝑢 = 𝑐𝑚𝑎𝑥

𝐷𝐷 ෤𝑢  : halo independent limit
• ෤𝑢 : intersection speed of NT and DD

• To cover whole speed range,
one may combine DD and NT

• 𝑢𝑇
𝐶−𝑚𝑎𝑥 = 𝑣𝑒𝑠𝑐 𝑟

4𝑚𝜒𝑚𝑇

𝑚𝜒−𝑚𝑇
2 

• 𝑢𝑡ℎ
𝐷𝐷 2

=
𝑚𝑇

2𝜇𝜒𝑇
2 𝐸𝑅,𝑡ℎ

27

S. Kang, A. Kar, S. Scopel, JCAP03(2023)011

F. Ferrer, A. Ibarra, S. Wild “A novel approach to derive halo-independent limits on dark matter properties”, JCAP09(2015)052



Halo independent approach case I

• Intersection:

𝑐𝑁𝑇
𝑚𝑎𝑥
2 𝑢 ≤ 𝑐∗

2   for 0 ≤ 𝑢 ≤ ෤𝑢
𝑐𝐷𝐷

𝑚𝑎𝑥
2 𝑢 ≤ 𝑐∗

2   for ෤𝑢 ≤ 𝑢 ≤ 𝑢𝑚𝑎𝑥

 𝑐2 ≤ 𝑐∗
2 ׬

0

෥𝑢
𝑑𝑢 𝑓 𝑢

−1
=

𝑐∗
2

𝛿

 𝑐2 ≤ 𝑐∗
2  ෥𝑢׬

𝑢𝑚𝑎𝑥 𝑑𝑢 𝑓 𝑢
−1

=
𝑐∗

2

1−𝛿

 𝛿 = ׬ 
0

෥𝑢
𝑑𝑢 𝑓 𝑢

 𝑐2 ≤ 2𝑐∗
2

28

S. Kang, A. Kar, S. Scopel, JCAP03(2023)011

2 3
1

F. Ferrer, A. Ibarra, S. Wild “A novel approach to derive halo-independent limits on dark matter properties”, JCAP09(2015)052



Halo independent approach case II

• If 𝑐𝐷𝐷
𝑚𝑎𝑥
2 𝑢 > 𝑐∗

2 at 𝑢 = 𝑢𝑚𝑎𝑥 :

 𝑐2 ≤ 𝑐∗
2 ׬

0

෥𝑢
𝑑𝑢 𝑓 𝑢

−1
=

𝑐∗
2

𝛿

 𝑐2 ≤ 𝑐𝐷𝐷
𝑚𝑎𝑥
2 𝑢𝑚𝑎𝑥  ෥𝑢׬

𝑢𝑚𝑎𝑥 𝑑𝑢 𝑓 𝑢
−1

=
𝑐𝐷𝐷

𝑚𝑎𝑥
2 𝑢𝑚𝑎𝑥

1 − 𝛿
 𝑐2 ≤ 𝑐𝐷𝐷

𝑚𝑎𝑥
2 𝑢𝑚𝑎𝑥 + 𝑐∗

2
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• Halo independent limit may depend on 𝑢𝑚𝑎𝑥

𝑢 𝑢𝑚𝑎𝑥

෤𝑢

𝑐𝑚𝑎𝑥
𝑐∗

𝑐𝑚𝑎𝑥
𝐷𝐷

F. Ferrer, A. Ibarra, S. Wild “A novel approach to derive halo-independent limits on dark matter properties”, JCAP09(2015)052



Halo independent approach case III

30

𝑢 𝑢𝑚𝑎𝑥

𝑐𝑚𝑎𝑥

𝑐𝑚𝑎𝑥
𝑁𝑇• If 𝑢𝑡ℎ

𝐷𝐷 > 𝑢𝑚𝑎𝑥 :

Capture cover full speed range alone

 𝑐2 ≤ 𝑐𝑁𝑇 2 𝑢𝑚𝑎𝑥

• Halo independent limit may depend on 𝑢𝑚𝑎𝑥

F. Ferrer, A. Ibarra, S. Wild “A novel approach to derive halo-independent limits on dark matter properties”, JCAP09(2015)052



Halo independent approach

31S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering fro
m direct detection and neutrino observations”, JCAP03(2023)011 (arXiv:2212.05774)
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• Case II, 𝑐𝐷𝐷
𝑚𝑎𝑥
2 𝑢 > 𝑐∗

2 at 𝑢 = 𝑢𝑚𝑎𝑥 : 𝑐2 ≤ 𝑐𝐷𝐷
𝑚𝑎𝑥
2 𝑢𝑚𝑎𝑥 + 𝑐∗

2

• Case III,  𝑢𝑡ℎ
𝐷𝐷 > 𝑢𝑚𝑎𝑥 : 𝑐2 ≤ 𝑐𝑁𝑇

𝑚𝑎𝑥
2 𝑢𝑚𝑎𝑥

• 𝑢𝑚𝑎𝑥 : 780 km/s → 8000 km/s

• Effect of large 𝑢𝑚𝑎𝑥 is mild: factor less than 2

Dependence on 𝑢𝑚𝑎𝑥

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering fro
m direct detection and neutrino observations”, JCAP03(2023)011 (arXiv:2212.05774)



Relaxation factor

33

• Relaxation factor

 𝑟𝑓
2 =

2𝑐∗
2

𝑐𝑆𝐻𝑀
𝑒𝑥𝑝 2 = 2𝑐∗

2 ׬ 
0

𝑢𝑚𝑎𝑥 𝑑𝑢
𝑓𝑀 𝑢

𝑐𝑒𝑥𝑝
𝑚𝑎𝑥
2 𝑢

= 2𝑐∗
2 <

1

𝑐𝑒𝑥𝑝
𝑚𝑎𝑥
2 > ≅ 2𝑐∗

2 <
1

𝑐𝑒𝑥𝑝
𝑚𝑎𝑥
2 >𝑏𝑢𝑙𝑘

׬ 
𝑏𝑢𝑙𝑘

𝑑𝑢 𝑓𝑀 𝑢 ≈ 0.8

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering fro
m direct detection and neutrino observations”, JCAP03(2023)011 (arXiv:2212.05774)



Relaxation factor

34

• small or large mass range
• outside the bulk of Maxwellian
• smooth dependence on u

• intermediate range (10 ~ 200 GeV)
• inside the bulk of Maxwellian
• steep dependence on u

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering fro
m direct detection and neutrino observations”, JCAP03(2023)011 (arXiv:2212.05774)



Relaxation factor
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• small or large mass range
• outside the bulk of Maxwellian
• smooth dependence on u

• intermediate range (10 ~ 200 GeV)
• inside the bulk of Maxwellian
• steep dependence on u

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering fro
m direct detection and neutrino observations”, JCAP03(2023)011 (arXiv:2212.05774)



Relaxing factor

36

• small relaxing factors
• 𝑂4,7 : SD with no 𝑞 suppression

• 𝑂9,10,14 : SD with 𝑞2 suppression

• 𝑂6 : SD with 𝑞4 suppression

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering fro
m direct detection and neutrino observations”, JCAP03(2023)011 (arXiv:2212.05774)



Relaxation factor

37

• High relaxation factor: 
the halo-independent method can weaken the bound

   𝑟𝑓
2 =

2𝑐∗
2

𝑐𝑆𝐻𝑀
𝑒𝑥𝑝 2 = 2𝑐∗

2 ׬ 
0

𝑢𝑚𝑎𝑥 𝑑𝑢
𝑓𝑀 𝑢

𝑐𝑒𝑥𝑝
𝑚𝑎𝑥
2 𝑢

= 2𝑐∗
2 <

1

𝑐𝑒𝑥𝑝
𝑚𝑎𝑥
2 > ≅ 2𝑐∗

2 <
1

𝑐𝑒𝑥𝑝
𝑚𝑎𝑥
2 >𝑏𝑢𝑙𝑘

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering fro
m direct detection and neutrino observations”, JCAP03(2023)011 (arXiv:2212.05774)



Kinematic conditions for inelastic scattering

38

• 𝑢2 + 𝑣𝑒𝑠𝑐
2 𝑟 = 0 > 𝑣𝑇∗

2

• for inelastic scattering process to be kinematically possible

• 𝑢 > 𝑢𝐷𝐷−𝑚𝑖𝑛

• for the recoil energy to be above the DD experimental threshold

• 𝑢 < 𝑢𝐶−𝑚𝑎𝑥

• for outgoing speed to be below the escape velocity in the Sun

• 𝑢𝐷𝐷−𝑚𝑖𝑛 < 𝑢𝐶−𝑚𝑎𝑥

• for DD and capture intersect
𝛿 = 𝑚𝜒′ − 𝑚𝜒 > 0

χ

nucleus

χ'

nucleus



𝑚𝜒 − 𝛿 planes

39
S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on Inelastic Dark Matter”, JCAP11(2023)077 (arXiv:2308.13203)



Determining 𝛿𝑚𝑎𝑥

40

• High 𝑚𝜒 region, DD and capture 
decide 𝛿𝑚𝑎𝑥 together

• 𝛿𝑚𝑎𝑥 is determined by a combination 
of DD and capture

• Above 𝛿𝑚𝑎𝑥 , no HI bounds

𝛿𝑚𝑎𝑥 for HI

No HI bounds

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on Inelastic Dark Matter”, JCAP11(2023)077 (arXiv:2308.13203)



Dependence on 𝑢𝑚𝑎𝑥

• HI might be sensitive to 𝑢𝑚𝑎𝑥

• except point (3), 𝛿𝑚𝑎𝑥 does not change
even if we extend the value of 𝑢𝑚𝑎𝑥

• Only happens in SI case and 𝛿𝑚𝑎𝑥 does
not decrease dramatically

41
S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on Inelastic Dark Matter”, JCAP11(2023)077 (arXiv:2308.13203)



Halo-independent exclusion plots

42

• HI exclusion plots of SI and SD couplings

• For increasing 𝛿 the constraints get weaker 
and WIMP mass range for HI bounds is shrinking

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on Inelastic Dark Matter”, JCAP11(2023)077 (arXiv:2308.13203)



Halo-independent exclusion plots
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No HI bounds

• low 𝑚𝜒: capture is kinematically impossible

• high 𝑚𝜒: DD and capture doesn’t intersect

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on Inelastic Dark Matter”, JCAP11(2023)077 (arXiv:2308.13203)



Bounds on 𝛼

44

• When 𝑢 → 0, ׬  𝑑𝐸𝑅
𝑑𝜎

𝑑𝐸𝑅
 diverges

• DD: no effect due to the 𝐸𝑅,𝑡ℎ

• NT: important

• Sensitivity on f(u)
• removing lower tail of SHM
• varying 𝑣𝑐𝑢𝑡

• Important at large 𝑚𝜒

• 𝑢𝑚𝑎𝑥
𝐶  is smaller than 𝑢𝑚𝑎𝑥

• steep increasement
• large sensitivity on f(u)

K. Choi, I. Jeong, S. K., A. Kar, S. Scopel, “Sensitivity of WIMP bounds on the velocity distribution in the limit of a massless m
ediator”, JCAP01(2025)007 (arXiv:2408.09658)



HI bounds in long range interactions

45

• 𝑣𝑐𝑢𝑡 does not affect much on HI bounds
• 𝑣𝑐𝑢𝑡 is sensitive at small u range

• Large 𝑢𝑚𝑎𝑥 may change the type of HI
• Even if we tested unrealistic value, the effect is mild

K. Choi, I. Jeong, S. K., A. Kar, S. Scopel, “Sensitivity of WIMP bounds on the velocity distribution in the limit of a massless m
ediator”, JCAP01(2025)007 (arXiv:2408.09658)



HI bounds in long range interactions

46

• Effect of large 𝑢𝑚𝑎𝑥 is mild
• factor ~ 2 or 3

• 𝛼𝑚𝑎𝑥 released with larger 𝑢𝑚𝑎𝑥

• suppression of form factor
• finite energy bin

• Case II:
𝛼2 ≤ 𝛼𝐷𝐷

𝑚𝑎𝑥
2 𝑢𝑚𝑎𝑥 + 𝛼∗

2

K. Choi, I. Jeong, S. K., A. Kar, S. Scopel, “Sensitivity of WIMP bounds on the velocity distribution in the limit of a massless m
ediator”, JCAP01(2025)007 (arXiv:2408.09658)



HI bounds in long range interactions

47

𝑢𝑚𝑎𝑥,𝐻1
𝐶 𝑢𝑚𝑖𝑛,𝐹19

𝐷𝐷

𝐻1 𝑁14

K. Choi, I. Jeong, S. K., A. Kar, S. Scopel, “Sensitivity of WIMP bounds on the velocity distribution in the limit of a massless m
ediator”, JCAP01(2025)007 (arXiv:2408.09658)



Relaxation factor

48

• Relaxation factor

 𝑟𝑓
2 =

𝛼𝐻𝐼
2

𝛼𝑆𝐻𝑀
𝑒𝑥𝑝 2 = 𝛼𝐻𝐼

2 ׬ 
0

𝑢𝑚𝑎𝑥 𝑑𝑢
𝑓𝑀 𝑢

𝛼𝑒𝑥𝑝
𝑚𝑎𝑥
2 𝑢

= 𝛼𝐻𝐼
2 <

1

𝛼𝑒𝑥𝑝
𝑚𝑎𝑥
2 > ≅ 𝛼𝐻𝐼

2 <
1

𝛼𝑒𝑥𝑝
𝑚𝑎𝑥
2 >𝑏𝑢𝑙𝑘

׬ 
𝑏𝑢𝑙𝑘

𝑑𝑢 𝑓𝑀 𝑢 ≈ 0.8

K. Choi, I. Jeong, S. K., A. Kar, S. Scopel, “Sensitivity of WIMP bounds on the velocity distribution in the limit of a massless m
ediator”, JCAP01(2025)007 (arXiv:2408.09658)



WimPyDD & WimPyC

• User-friendly Python code
• object-oriented
• customizable
• portable

• Calculates expected rates in any scenarios 
• arbitrary spins
• inelastic scattering
• generic WIMP velocity distribution

• Published and can be downloaded:
• https://wimpydd.hepforge.org/

49
I. Jeong, S. Kang, S. Scopel, G. Tomar, “WimPyDD: An object-oriented Python code for the calculation of WIMP direct 
detection signals”, Computer Physics Communications, 2022.108342 (arXiv: 2106.06207)

https://wimpydd.hepforge.org/
https://wimpydd.hepforge.org/
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WimPyDD

I. Jeong, S. Kang, S. Scopel, G. Tomar, “WimPyDD: An object-oriented Python code for the calculation of WIMP direct 
detection signals”, Computer Physics Communications, 2022.108342 (arXiv: 2106.06207)

• Calculates DD expected rates in any scenarios 

• Three main components
• Wilson coefficients
• response functions
• halo function

• WimPyDD is transparent and fast, suitable for large parameter space

• WimPyDD is used by the LZ collaboration:
• Phys.Rev.Lett. 133 (2024) 22, 221801 (e-Print: 2404.17666)
• Phys.Rev.D 109 (2024) 9, 092003 (e-Print: 2312.02030 )



51
I. Jeong, S. Kang, S. Scopel, G. Tomar, “WimPyDD: An object-oriented Python code for the calculation of WIMP direct 
detection signals”, Computer Physics Communications, 2022.108342 (arXiv: 2106.06207)

WimPyDD

• Three main routines
• WD.dsigma_der: calculates the differential cross section on target
• WD.diff_rate: calculates the differential rate 

                 without including the response of the detector.
• WD.wimp_dd_rate: calculates the integrated expected rates 

                       including the response of the detector

• Four input classes
• element
• target: a single element or linear combination of elements
• eft_hamiltonian: with arbitrary combination of operators and Wilson coefficients

• Two operator bases available: Anand et al. arXiv:1308.6288 (spin=0,1/2)
                                       Gondolo et al., arXiv:2008.05120 (any WIMP spin)

• experiment: experimental set-up information 



52
I. Jeong, S. Kang, S. Scopel, G. Tomar, “WimPyDD: An object-oriented Python code for the calculation of WIMP direct 
detection signals”, Computer Physics Communications, 2022.108342 (arXiv: 2106.06207)

WimPyDD

• Three main routines
• WD.dsigma_der: calculates the differential cross section on target
• WD.diff_rate: calculates the differential rate 

                 without including the response of the detector.
• WD.wimp_dd_rate: calculates the integrated expected rates 

                       including the response of the detector



53
S. Kang, S. Scopel, G. Tomar, “WimPyC: an extension module of WimPyDD for the calculation of WIMP capture in celestial 
bodies”, arXiv: 2510.21185

WimPyC

• Three main new routines
• WD.wimp_capture: calculates the capture rate
• WD.wimp_capture_matrix: calculates the matrix for the capture rate
• WD.load_response_functions_capture: loads the response functions

• Two new classes
• isotope: without including the response of the detector
• celestial_body



Folder content

list of isotopes

54

WimPyC

S. Kang, S. Scopel, G. Tomar, “WimPyC: an extension module of WimPyDD for the calculation of WIMP capture in celestial 
bodies”, arXiv: 2510.21185

• Set-up a new celestial body: The input string is the name of the directory 
WimPyDD/WIMP_Capture/Celestial_bodies/Sun containing the celestial body 
information



recoil energy

tabulated response functions for WIMP Capture

55

WimPyC

S. Kang, S. Scopel, G. Tomar, “WimPyC: an extension module of WimPyDD for the calculation of WIMP capture in celestial 
bodies”, arXiv: 2510.21185

• Calculate response functions: Once you calculate the response functions for each 
isotopes you can use it for the other celestial bodies sampling in corresponding 
energy range.



Extensive tests to validate WimPyC against published results:

Sun, NREFT operators Earth, NREFT operators

Sun, SI interaction, inelastic sc
attering

56
S. Kang, S. Scopel, G. Tomar, “WimPyC: an extension module of WimPyDD for the calculation of WIMP capture in celestial 
bodies”, arXiv: 2510.21185



White DwarfJupiter

Main Sequence Star

N.B.: at high cross section optical thi
n regime no longer valid, multiple sc
atters set in (Capture rate eventually 
saturated by geometrical limit)

57
S. Kang, S. Scopel, G. Tomar, “WimPyC: an extension module of WimPyDD for the calculation of WIMP capture in celestial 
bodies”, arXiv: 2510.21185

Extensive tests to validate WimPyC against published results:



Match specific high—energy 
DM model (Anapole DM) to 
non-relativistic effective theo
ry 

Massless propagator N.B.: for a massless propa
gator the capture rate dive
rges at low momentum tra
nsfer.  Such events correp
ond to WIMPs locked on 
orbits of very large apheli
on. 
WimPyC allows to regulari
ze the capture rate by rem
oving orbits that cross Jup
iter ( “Jupiter cut”).

Matricial techniques using wimp_capture_matrix and wim
p_dd_matrix (allowed regions inside ellipsoids) 

Speed respon
se function HC

(u) for halo-in
dependent an
alysis

58
S. Kang, S. Scopel, G. Tomar, “WimPyC: an extension module of WimPyDD for the calculation of WIMP capture in celestial 
bodies”, arXiv: 2510.21185

Extensive tests to validate WimPyC against published results:



additional components of WimPyC module

59
S. Kang, S. Scopel, G. Tomar, “WimPyC: an extension module of WimPyDD for the calculation of WIMP capture in celestial 
bodies”, arXiv: 2510.21185



WimPyC vs. other codes for WIMP capture in celestial bodies

WimPyC can not be used when the speed of the WIMP is relativistic (neutron stars) and in the case of multiple 
scattering. And it can not calculate additional effects such as thermalization, equilibration, evaporation.

60



• The complementarity between WIMP direct detection and WIMP capture in the S
un allows to obtain bounds that do not depend on 
the WIMP-nucleus interaction or the WIMP velocity

•  WimPyC is the extension of WimPyDD that allows to calculate WIMP capture in 
celestial bodies in virtually any scenario 

• Using WimPyDD and WimPyC, one can easily correlate direct detection experime
nts and capture in celestial bodies

61

Summary



Back-up

62



Non-Relativistic Effective Theory (NREFT)

• Each operators have distinct couplings to proton and neutron:
 

 Σ𝛼=𝑝,𝑛Σ𝑖=1
15 𝑐𝑖

𝛼𝒪𝑖
𝛼 ,  𝑐2

𝛼 ≡ 0

• Equivalent form using isospin:
 

 Σ𝑖=1
15 𝑐𝑖

01 + 𝑐𝑖
1𝜏3 𝒪𝑖 = Σ𝜏=0,1Σ𝑖=1

15 𝑐𝑖
𝜏𝒪𝑖𝑡𝜏 ,  𝑐2

0 = 𝑐2
1 ≡ 0

 
 

 ۧ|𝑝 = 1
0

 ۧ|𝑛 = 0
1

 1 ≡
1 0
0 1

 𝜏3 ≡
1 0
0 −1

 

 𝑐𝑖
0 =

1

2
𝑐𝑖

𝑝
+ 𝑐𝑖

𝑛  𝑐𝑖
1 =

1

2
𝑐𝑖

𝑝
 − 𝑐𝑖

𝑛

 

 𝑡0 ≡ 1 𝑡1 ≡ 𝜏3
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NREFT: nuclear response

• Factorize amplitude into WIMP response functions R and nuclear 
response functions W:

1

2𝑗𝜒+1

1

2𝑗𝑁+1
Σ𝑠𝑝𝑖𝑛𝑠 𝑀 2 ≡ Σ𝑘Σ𝜏=0,1Σ𝜏′=0,1𝑅𝑘

𝜏𝜏′
Ԧ𝑣𝑇

⊥2
,

𝑞2

𝑚𝑁
2 , 𝑐𝑖

𝜏 , 𝑐𝑗
𝜏′

𝑊𝑘
𝜏𝜏′

(𝑦)

• 𝑅𝑘
𝜏𝜏′

: WIMP response function

• 𝑊𝑘
𝜏𝜏′

: nuclear response function

• 𝑦 = (𝑞𝑏/2)^2

• b: harmonic oscillator size parameter

• 𝑘 = 𝑀, Δ, Σ′, Σ′′, ෩Φ′ and Φ′′

• allowed responses assuming nuclear ground 
state is a good approximation of P and T

64
W.C. Haxton, N.Anand and A. L.Fitzpatrick, Weakly interacting massive particle-nucleus elastic scattering response, Phys. Rev., 2014
R. Catena and B. Schwabe, Form factors for dark matter captured by the Sun in effective theories, JCAP, 2015

WIMP response function Nuclear response function



NREFT: nuclear response

• Multipole expansions for nuclear electroweak response

• In elastic transitions the contributing multipoles are restricted by 
the known approximate good parity and T of nuclear ground 
states

65



NREFT: WIMP response functions

66

WIMP response functions

• 𝑐𝑖 : coupling for i-th operator

• 𝑗𝜒: spin of WIMP

• 𝑚𝑁 : mass of nucleon

• 𝑣𝑇
⊥: WIMP incoming velocity
• perpendicular to the direction of 

transferred momentum q



Halo functions

• Standard Halo model(SHM)

• WIMP velocity distribution as Maxwellian:

 𝑓𝑔𝑎𝑙 𝑢 =
1

𝜋3/2𝑣0
3𝑁𝑒𝑠𝑐

 𝑒−𝑢2/𝑣0
2
 Θ(𝑢𝑒𝑠𝑐 − 𝑢)

• 𝑢: WIMP speed in Galactic rest frame

• 𝑣0: Galactic rotational velocity

• Θ: Heaviside step function

• 𝑢𝑒𝑠𝑐 : Escape velocity

• 𝑁𝑒𝑠𝑐 = erf 𝑧 − 2𝑧𝑒−𝑧2
/𝜋1/2

• 𝑧2 = 𝑢𝑒𝑠𝑐
2 /𝑣0

2

67



Halo functions

• In laboratory frame :

 𝑓 𝑣𝑇 , 𝑡 =
1

𝑁𝑒𝑠𝑐

3

2𝜋𝑣𝑟𝑚𝑠
2

3/2
 𝑒

−
3 𝑣𝑇+𝑣𝐸

2

2𝑣𝑟𝑚𝑠
2

 Θ 𝑢𝑒𝑠𝑐 − 𝑣𝑇 + 𝑣𝐸 𝑡

• 𝑁𝑒𝑠𝑐 = erf 𝑧 − 2𝑧𝑒−𝑧2
/𝜋1/2

• 𝑧2 = 3𝑢𝑒𝑠𝑐
2 /(2𝑣𝑟𝑚𝑠

2 )

• 𝑣𝑟𝑚𝑠 =
3

2
𝑣0 ≅ 270 km/s (assuming hydrostatic equilibrium)

• Modulation

• 𝑣𝐸 𝑡 = 𝑣⊙
2 + 𝑣⊕

2  + 2𝑣⊙𝑣⊕ 𝑐𝑜𝑠𝛾 cos 𝜔 𝑡 − 𝑡0
1/2

• 𝑐𝑜𝑠𝛾 ≅ 0.49, 𝑣⊕ ≅ 29 km/s, 𝑣⊙ = 𝑣0 + 12 km/s, 𝑣0 = 220 km/s, 𝑢𝑒𝑠𝑐 = 550 km/s
• 𝛾: elliptic angle, 𝑣⊕: Earth velocity around the Sun, 𝑣⊙: velocity of the Sun

• 𝜂 𝑡 = 𝜂0 + 𝜂1 cos 𝜔 𝑡 − 𝑡0
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Hfunction

• Why Maxwellian? -> Violent relaxation

• temperature? -> root mean square velocity

• hydrostatic equilibrium



Linear Matrix Inequality (LMI)

• Linear matrix inequality
• constrained minimization 

using lagrange multipliers

• bounds are opened

• ‘Kuhn Tucker’ minimization.

• Convex constraint
• If two points obey the constraints,

all the points joining them also obey

70



Bracketing: LMI exclusion bands

• ellipsoids for each experiments
(zooming)

• for experiment 
saturating the bound:
•  𝑐𝜏𝐴𝐸𝑥𝑝𝑐 = 1

71S. Kang, I. Jeong, S. Scopel Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory, arXiv:2209.03646



Bracketing: relaxation factors

• relaxation factor r (y-axis value):

• level of tuning (horizontal bar):

• degree of sensitivity:

• sensitivity of the result to small changes of matrix 
element evaluation

• max  ≤ 104: beyond such value 
numerical calculation may not be reliable 

72

r

S. Kang, I. Jeong, S. Scopel Bracketing the direct detection exclusion plot for a WIMP of spin one half in non-relativistic
 effective theory, arXiv:2209.03646

max  ~ 102



Halo independent approach

• Halo independent approach with arbitrary speed distribution, 𝑓 𝑢  

• super position of 𝑁𝑠 streams

• 𝑓 𝑣, 𝑡 = Σ𝑘
𝑁𝑠  𝜆𝑘 𝑡 𝛿 𝑣 − 𝑣𝑘

• 𝜂 𝑣, 𝑡 = Σ𝑘
𝑁𝑠 𝜆𝑘 𝑡

𝑣𝑘
Θ 𝑣𝑘 − 𝑣 = Σ𝑘

𝑁𝑠𝛿𝜂𝑘 𝑡 Θ(𝑣𝑘 − 𝑣)

• 𝜂(0,1) 𝑣 = Σ𝑘
𝑁𝑠𝛿𝜂𝑘

(0,1)
𝑡 Θ 𝑣𝑘 − 𝑣  ≡  Σ𝑘

𝑁𝑠 𝜆𝑘
(0,1)

𝑡

𝑣𝑘
Θ 𝑣𝑘 − 𝑣

• Rate

• 𝑅 𝐸1
′ ,𝐸2

′ 𝑡 =
𝜌𝜒

𝑚𝜒
Σk

𝑁𝑠𝛿𝜂𝑘 𝑡 ׬ 
𝑣𝑇

∗
𝑣𝑘 Σ𝑇𝑑𝑣 ℛ𝑇, 𝐸1

′ ,𝐸2
′ (𝑣) 
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Halo independent approach

74

• Spin independent
• Ο1,3,11,12,15

• 𝑊𝑀 ,  𝑊Φ′′

• Enhanced for heavy targets

S. Kang, A. Kar, S. Scopel, Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering from 
direct detection and neutrino observations, JCAP03(2023)011 (arXiv:2212.05774)



Halo independent approach

75

• Spin dependent
• Ο4,5,6,7,8,9,10,13,14

• 𝑊Σ′′,  𝑊Σ′ : directly coupling to spin
• 𝑊Δ: related to angular momentum
• 𝑊 ෩Φ′ : spin larger than 1/2

S. Kang, A. Kar, S. Scopel, Halo-independent bounds on the non-relativistic effective theory of WIMP-nucleon scattering from 
direct detection and neutrino observations, JCAP03(2023)011 (arXiv:2212.05774)



DD event rate (inelastic scattering)

76

• DD event rate

    RDD =  𝑀𝜏𝑒𝑥𝑝
𝜌𝜒

𝑚𝜒
׬ 𝑑𝑢 𝑓 𝑢 𝑢  Σ𝑇  𝑁𝑇 ׬

𝐸𝑅,𝑡ℎ

2𝜇𝜒𝑇
2  𝑢2 /𝑚𝑇 𝑑𝐸𝑅  𝜁𝑒𝑥𝑝

𝑑𝜎𝑇

𝑑𝐸𝑅

 RDD =  𝑀𝜏𝑒𝑥𝑝
𝜌𝜒

𝑚𝜒
׬ 𝑑𝑢 𝑓 𝑢 𝑢 Σ𝑇  𝑁𝑇Θ 𝑢2 − 𝑣𝑇∗

2 ׬
𝐸𝑚𝑖𝑛

𝐸𝑚𝑎𝑥 𝑑𝐸𝑅  𝜁𝑒𝑥𝑝
𝑑𝜎𝑇

𝑑𝐸𝑅

 𝐸𝑚𝑎𝑥,𝑚𝑖𝑛 𝑢 =
𝜇𝜒𝑇

2  𝑢2

2 𝑚𝑇
1 ± 1 −

2 𝛿

𝜇𝜒𝑇 𝑢2

2

 𝑣𝑇∗ =
2 𝛿

𝜇𝜒𝑇
 

𝛿 = 𝑚𝜒′ − 𝑚𝜒 > 0

χ

nucleus

χ'

nucleus



Capture rate (inelastic scattering)
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• Capture rate

 𝐶⊙ =
𝜌𝜒

𝑚𝜒
׬  𝑑𝑢

𝑓 𝑢

𝑢
׬ 

0

𝑅⊙ 𝑑𝑟 4𝜋𝑟2 𝑤2 Σ𝑇  𝜌𝑇 𝑟  Θ 𝑢𝑇
𝐶−𝑚𝑎𝑥  − 𝑢 ׬ 

𝑚𝜒 𝑢2 /2

2𝜇𝜒𝑇
2  𝑤2 /𝑚𝑇

𝑑𝐸𝑅
𝑑𝜎𝑇

𝑑𝐸𝑅

 𝐶⊙ =
𝜌𝜒

𝑚𝜒
׬  𝑑𝑢

𝑓 𝑢

𝑢
׬ 

0

𝑅⊙ 𝑑𝑟 4𝜋𝑟2 𝑤2 Σ𝑇  𝜌𝑇 𝑟  Θ 𝜔2 − 𝑣𝑇∗
2 Θ 𝐸𝑚𝑎𝑥 − 𝐸𝑐𝑎𝑝

𝜒
׬

𝑚𝑎𝑥 𝐸𝑚𝑖𝑛,𝐸𝑐𝑎𝑝

𝐸𝑚𝑎𝑥 𝑑𝐸𝑅
𝑑𝜎𝑇

𝑑𝐸𝑅

 𝐸𝑚𝑎𝑥,𝑚𝑖𝑛 𝑢 =
1

2
 𝑚𝜒𝜔2 1 −

𝜇𝜒𝑇
2

𝑚𝑇
2 1 ±

𝑚𝑇

𝑚𝜒
1 −

𝑣𝑇∗
2

𝜔2

2 2

 𝐸𝑐𝑎𝑝
𝜒

𝑢 =
1

2
𝑚𝜒𝑢2  − 𝛿

𝛿 = 𝑚𝜒′ − 𝑚𝜒 > 0

χ

nucleus

χ'

nucleus



Capture rate (inelastic scattering)

78

• 𝑢𝑇
𝐶−𝑚𝑎𝑥 is determined:

 𝐸𝑚𝑎𝑥
𝜒

≥ 𝐸𝑐𝑎𝑝
𝜒

   or   𝜔2 1 −
𝜇𝜒𝑇

2

𝑚𝑇
2 1 −

𝑚𝑇

𝑚𝜒
1 −

𝑣𝑇∗
2

𝜔2

2

≥ 𝑢2

• Outgoing speed of 𝜒′ is below 𝑢𝑒𝑠𝑐

• Heavier state quickly decays back to the lighter particles

• Lighter particles carry away most of the energy 

• Outgoing WIMP does not receive a significant amount of kinetic energy 
and remains locked in a bound orbit.

𝛿 = 𝑚𝜒′ − 𝑚𝜒 > 0

χ

nucleus

χ'

nucleus



Determining 𝛿𝑚𝑎𝑥

• 𝑟 =
𝑚𝑁

𝑚𝑇
≥ 𝑟𝑚𝑖𝑛 ≃ 3.9 

• below this value, only Capture determines 𝛿𝑚𝑎𝑥

• SI (𝑇 = 56𝐹𝑒, N =  𝑋𝑒)
• r ≃ 2.3

• SD (𝑇 =  27𝐴𝑙, 𝑁 = 𝑋𝑒 (𝐼))
• r ≃ 4.86 (4.7)

79
S. Kang, A. Kar, S. Scopel, Halo-independent bounds on Inelastic Dark Matter, JCAP11(2023)077 (arXiv:2308.13203)



Determining 𝛿𝑚𝑎𝑥

• 𝑟 =
𝑚𝑁

𝑚𝑇
≥ 𝑟𝑚𝑖𝑛 ≃ 3.9 

• below this value, only Capture determines 𝛿𝑚𝑎𝑥

• SI (𝑇 = 56𝐹𝑒, N =  𝑋𝑒)
• r ≃ 2.3

• 𝛿𝑚𝑎𝑥,𝐷𝐷 < 𝛿𝑚𝑎𝑥

• Capture alone determines 𝛿𝑚𝑎𝑥

80
S. Kang, A. Kar, S. Scopel, Halo-independent bounds on Inelastic Dark Matter, JCAP11(2023)077 (arXiv:2308.13203)



Determining 𝛿𝑚𝑎𝑥

• 𝑟 =
𝑚𝑁

𝑚𝑇
≥ 𝑟𝑚𝑖𝑛 ≃ 3.9 

• below this value, only Capture determines 𝛿𝑚𝑎𝑥

• SD (𝑇 =  27𝐴𝑙, 𝑁 = 𝑋𝑒 (𝐼))
• r ≃ 4.86 (4.7)

• 𝛿𝑚𝑎𝑥,𝐷𝐷 > 𝛿𝑚𝑎𝑥

• 𝛿𝑚𝑎𝑥 is determined by a combination

81
S. Kang, A. Kar, S. Scopel, Halo-independent bounds on Inelastic Dark Matter, JCAP11(2023)077 (arXiv:2308.13203)



𝑚𝜒 − 𝛿 planes

82
S. Kang, A. Kar, S. Scopel, Halo-independent bounds on Inelastic Dark Matter, JCAP11(2023)077 (arXiv:2308.13203)



Bounds on 𝛼

83

• Updating bounds from SHM

• DD is more constraining than NT
except a case of 𝛼𝑆𝐷

𝑝
 

due to the large amount of 𝐻1 
• effect of q is larger in NT

K. Choi, I. Jeong, S. K., A. Kar, S. Scopel, “Sensitivity of WIMP bounds on the velocity distribution in the limit of a massless m
ediator”, JCAP01(2025)007 (arXiv:2408.09658)



Determining 𝛿𝑚𝑎𝑥

84

• Low 𝑚𝜒 region, capture can cover full 
speed range alone up to 𝛿𝑚𝑎𝑥

• Capture alone can determine 𝛿𝑚𝑎𝑥

• Above 𝛿𝑚𝑎𝑥 , no HI bounds

𝛿𝑚𝑎𝑥 for HI

No HI bounds

S. Kang, A. Kar, S. Scopel, “Halo-independent bounds on Inelastic Dark Matter”, JCAP11(2023)077 (arXiv:2308.13203)



• ℋ =  σ𝜏=0,1
𝛼𝑆𝐼

𝜏

𝑞2+𝑀0
2  1𝜒1𝑁𝑡𝜏 +

𝛼𝑆𝐷
𝜏

𝑞2+𝑀0
2  Ԧ𝑆𝜒  ∙ Ԧ𝑆𝑁𝑡𝜏

• Scattering amplitude:  
1

2𝑗𝜒 + 1

1

2𝑗𝑁 + 1
Σ𝑠𝑝𝑖𝑛𝑠 𝑀 𝑞2 2

=
4𝜋

2𝑗𝑁
 [ ෍

𝜏,𝜏′ =0,1

{
𝛼𝑆𝐼

𝜏 𝛼𝑆𝐼
′

𝑞4
 𝑊𝑇𝑀

𝜏𝜏′
𝑞 +

𝑗𝜒 𝑗𝜒 + 1

12

𝛼𝑆𝐷
𝜏 𝛼𝑆𝐷

′

𝑞4
 [𝑊𝑇Σ′

𝜏𝜏′
𝑞 + 𝑊𝑇Σ′′

𝜏𝜏′
𝑞 ]}

• Capture rate

    𝐶⊙ =
𝜌𝜒

𝑚𝜒
׬  𝑑𝑢 𝑓 𝑢

1

𝑢
׬ 

0

𝑅⊙ 𝑑𝑟 4𝜋𝑟2 𝑤2 Σ𝑇  𝜌𝑇 𝑟  Θ 𝑢𝑇
𝐶−𝑚𝑎𝑥  − 𝑢 ׬ 

𝐸𝑚𝑖𝑛
𝐶

𝐸𝑚𝑎𝑥
𝐶

𝑑𝐸𝑅
𝑑𝜎𝑇

𝑑𝐸𝑅

• 𝐶⊙ may diverge when 𝑢 → 0

• Capture favors for low WIMP incoming speed and has no lower limit on 𝑢

• 𝐸𝑚𝑖𝑛
𝐶 →

1

2
𝑚𝜒 𝑢2 + 𝑣𝑐𝑢𝑡

2 , where 𝑣𝑐𝑢𝑡 = 𝑣𝑒𝑠𝑐 𝑟𝑆𝑢𝑛−𝐽𝑢𝑝𝑖𝑡𝑒𝑟  ≅ 18.5 km/s

NREFT with long-range interactions

85


	Slide 1: Exploring the complementarity  of WIMP direct detection and capture in celestial bodies  using WimPyDD and WimPyC
	Slide 2
	Slide 3: Detection strategies
	Slide 4: Direct Detection (DD)
	Slide 5: Indirect Detection (NT)
	Slide 6: Non-Relativistic Effective Theory (NREFT)
	Slide 7
	Slide 8
	Slide 9
	Slide 10: Capture rate
	Slide 11: Capture rate
	Slide 12: Event rate
	Slide 13
	Slide 14: Bracketing DD experiments
	Slide 15: Bracketing DD experiments
	Slide 16: Bracketing DD experiments
	Slide 17: Bracketing: LMI exclusion bands
	Slide 18: Bracketing: LMI exclusion bands
	Slide 19: Bracketing: LMI exclusion bands
	Slide 20: Bracketing: LMI exclusion bands
	Slide 21: Bracketing: LMI exclusion bands
	Slide 22: Bracketing: relaxation factors
	Slide 23
	Slide 24
	Slide 25: Halo independent approach
	Slide 26: Halo independent approach
	Slide 27: Halo independent approach
	Slide 28: Halo independent approach case I
	Slide 29: Halo independent approach case II
	Slide 30: Halo independent approach case III
	Slide 31: Halo independent approach
	Slide 32
	Slide 33: Relaxation factor
	Slide 34: Relaxation factor
	Slide 35: Relaxation factor
	Slide 36: Relaxing factor
	Slide 37: Relaxation factor
	Slide 38: Kinematic conditions for inelastic scattering
	Slide 39: m sub chi minus delta  planes
	Slide 40: Determining delta sub m a. x 
	Slide 41: Dependence on u sub m a. x 
	Slide 42: Halo-independent exclusion plots
	Slide 43: Halo-independent exclusion plots
	Slide 44: Bounds on alpha
	Slide 45: HI bounds in long range interactions
	Slide 46: HI bounds in long range interactions
	Slide 47: HI bounds in long range interactions
	Slide 48: Relaxation factor
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62: Back-up
	Slide 63: Non-Relativistic Effective Theory (NREFT)
	Slide 64: NREFT: nuclear response
	Slide 65: NREFT: nuclear response
	Slide 66: NREFT: WIMP response functions
	Slide 67: Halo functions
	Slide 68: Halo functions
	Slide 69: Hfunction
	Slide 70: Linear Matrix Inequality (LMI)
	Slide 71: Bracketing: LMI exclusion bands
	Slide 72: Bracketing: relaxation factors
	Slide 73: Halo independent approach
	Slide 74: Halo independent approach
	Slide 75: Halo independent approach
	Slide 76: DD event rate (inelastic scattering)
	Slide 77: Capture rate (inelastic scattering)
	Slide 78: Capture rate (inelastic scattering)
	Slide 79: Determining delta sub m a. x 
	Slide 80: Determining delta sub m a. x 
	Slide 81: Determining delta sub m a. x 
	Slide 82: m sub chi minus delta  planes
	Slide 83: Bounds on alpha
	Slide 84: Determining delta sub m a. x 
	Slide 85

