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Motivation
• Long wavelength mode of SOMETHING may play a role in the Universe

- It interacts barely with others
- It may be a source of dark energy

• SOMETHING could be cosmological perturbations

- Has been already investigated as a back reaction (in inflation) 
- Abramo, Brandenberger, Mukhanov
- Has a GAUGE issue – Unruh, Ishibash & Wald

• We decided to investigate in FRW (perfect fluid)

- Gauge dependent
- Cannot explain dark energy

• We decided to investigate in Inflation (scalar field) for precision cosmology

- Gauge dependent

• But, still viable as precession cosmology

- investigate in the future in the TETRAD basis for local observations



Introduction to cosmological perturbations



Classification of perturbations





Number of independent functions of δgαβ 

(4 for scalar) + (4 for vector) + (2 for tensor)

= 10 functions = number of independent components of δgαβ

Scalar mode :- induced by energy density inhomogeneity (matter dof)
:- exhibit gravitational instability  structure formation
:- most important

Vector mode :- rotational motion of fluid
:- decays very quickly as in Newtonian gravity
:- not very interesting cosmologically

Tensor mode :- gravity waves  dof. of gravitational field itself
:- do not induce any perturbations in perfect fluid



Gauge Transformations



eg) scalar perturbation



Bardeen Variables (1980)

Gauge Invariant Variables





Gauge Fixing

e.g.) Longitudinal Gauge

• Gauge freedom: most important in scalar perturbation

• Free to choose        and         2 conditions

• Imposing gauge conditions  Fixing coord. system

: gauge conditions

: the other 2 scalars  gauge invariant

: so called, “Conformal Newtonian” gauge



1st order Einstein’s equation

: Einstein’s equation

: 1st order Einstein’s equation

NOT gauge-invariant, individually 

Define Gauge-Invariant Quantities:

: can be written in gauge-invariant form

Brandenberger & Mukhanov (1992, Phys. Rep.)



:- derived with NO gauge fixing
:- all written in gauge-invariant (Bardeen) variables
:- valid in arbitrary coord. system 

From now, consider Scalar Perturbations

: 1st order equation in gauge-invariant form

Scalar Field Equation

Einstein Equation



Picture

2nd order Perturbations and Back Reaction

1st order:

2nd order:

0th order:

: solutions
plug in

Quadratic in g(1)

Back-reaction source

quadratic terms only

(8πG=1)

Linear in g(2)
stochastic



2EMT: gauge dependent very possibly

1st order

2nd order

: terms making the quantity gauge invariant

: 2EMT responsible for Back-Reaction 
--- hard to be gauge invariant

: spatial integration (over several wave lengths)2EMT



Interpretation



Scalar Perturbations

Einstein Tensor

: scalar only

: general





Energy-Momentum Tensor (Inflaton)



0th order (Background Friedmann Eqs.)

1st order  Obtain solutions

1st order EQ in Gauge Invariant Variables

: gauge variable

Matter perturbation: can be written in metric perturbations

T=diag



Gauge Problem

Abramo-Brandenberger-Mukhanov (1997)

Unruh (1998), Ishibashi-Wald (2006)

2EMT: gauge invariant

2EMT: gauge dependent

INFLATON: scalar field

2EMT cannot explain Dark Energy 



2EMT for a scalar field
: gauge variables



Therefore, 2EMT is gauge dependent 

After spatial integration



Several Results with Gauge Choices

Would like to examine if 2EMT converges??
in some limit of different gauge choices



Longitudinal Gauge

Gauge Invariant



Spatially-flat Gauge

Gauge Invariant



Comoving Gauge

Gauge Invariant







However, the results look ALL DIFFERENT in different gauge choices.
IN SOME LIMITS, can we have convergences in results?



Field Equation

Fourier Mode Expansion

Solutions

Slow-roll parameters

Quantities in slow-roll parameters



: same with Longitudinal gauge





Tensor Perturbation

1st order eq.

2EMT for h-only

Solution



Long-wavelength



propagating along x3 direction

pure de Sitter

Lowest-order in slow-roll parameter



Short-wavelength



Strong in Short Wave Strong in Long Wave

• Pure de Sitter: only τT exists
• In slow-roll

- LW: Tensor and Cross modes are dominant
- SW: Scalar mode is dominant (stronger than pure de Sitter)



Scalar-Tensor Coupled

Solutions Ψ & h : same, 2EMT: only (ij)-compts

gauge dependent 



Long-wavelength

Short-wavelength



• Evaluated the 2nd order effective energy-momentum tensor (2EMT) for a scalar field 

• 2EMT is gauge dependent

• Obtained 2EMT in 3 gauge conditions (Longitudinal, Spatially-flat, Comoving) 
in long- and short-wavelength limit in slow-roll regime of inflation for

1. Scalar
2. Tensor
3. Scalar-Tensor coupled

• In pure de Sitter, Tensor mode contribution only
• In slow-roll, 
- Scalar mode correction is stronger for SHORT Wave
- The others are stronger for LONG Wave

Conclusions







: behaves as radiation !
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