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Motivation

Long wavelength mode of SOMETHING may play a role in the Universe

It interacts barely with others
It may be a source of dark energy

SOMETHING could be cosmological perturbations

Has been already investigated as a back reaction (in inflation)
Abramo, Brandenberger, Mukhanov
Has a GAUGE issue — Unruh, Ishibash & Wald

We decided to investigate in FRW (perfect fluid)

Gauge dependent
Cannot explain dark energy

We decided to investigate in Inflation (scalar field) for precision cosmology

Gauge dependent

But, still viable as precession cosmology

investigate in the future in the TETRAD basis for local observations



Introduction to cosmological perturbations



Classification of perturbations
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Number of independent functions of 5g,,

S;, F; with 2 divergence-free conditions

[

(4 for scalar) + (4 for vector) + (2 for tensor)
! !
o, B, ¢, K h;; with 4 gauge conditions

= 10 functions = number of independent components of &g,

Scalar mode :- induced by energy density inhomogeneity (matter dof)
:- exhibit gravitational instability = structure formation
:- most important

Vector mode  :- rotational motion of fluid
:- decays very quickly as in Newtonian gravity
:- not very interesting cosmologically

Tensor mode  :- - dof. of gravitational field itself
:- do not induce any perturbations in perfect fluid



Gauge Transformations

= % =a2% + £Y|: infinitesimal coord. transformation

¢ =@O=€ a9 =0 =g

At a given point, the metric tensor in = coord. system: ¢.,3(1")

Gap(x”) = gé0£($p) + 0gas(2”) : perturbation in x

. p Ox” Ox° p L
= Jap(T’) = D7 8335970(:13 ) : tensor transformation

d
0 0
g@@w) +8gas(a”) |- g\3 (@)% — g\D (aP)el,

))

- 952/3 (Z0) + 0gap (") : perturbation in 7

~
\\
|
4

Taylor expansion:  [0)i0f = 049 4 ¢0) » g e%) + 4 (27)"

v

Finally we have [ J (0) _
0Gap(T”) = dgap(x”) — gaﬁ,q(wp)&w gab ( )& A

J»}/ﬁ( ") Ty




eg) scalar perturbation

ds* = a” [(1 +20)dn* + Bdx'dn — [(1 — 20)0;; — 2E ;)] da'da? in x

- -, 0 :
‘ ()g(r;’% (;:U{ ) — 69{:14[3(':{;;)) o g&[‘?q(‘l’p)&w gab ( )& 3 Jq/['} ( ) : :}:x

A 4

d82 — a2 {(1 + QQB)dﬁQ + B,Zd}j@dﬁ — {(1 — 2’@5)533 — QEN”/U)} dflvfzdflfj] in x



Gauge Invariant Variables
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Gauge Fixing

¢ Gauge freedom: most important in scalar perturbation

e Free to choose 50 and C - 2 conditions

* Imposing gauge conditions = Fixing coord. system

e.g.) Longitudinal Gauge

B=F=0

= ¢" = (=0 : gauge conditions

m) | o=¢=>" ¢ =v¢=U| :the other 2 scalars > gauge invariant

ds’ = a’(n)[(1 +2®) dn” = (1 - 2¥)y, dx' dx’]

: so called, “Conformal Newtonian” gauge



1st order Einstein’s equation Brandenberger & Mukhanov (1992, Phys. Rep.)

G!-ty — (U)Gﬂ-p +SGMP +oen,

*,=8mGT" | :Einstein's equation

0G* =8mGdT* | : 1% order Einstein’s equation

N\ /

NOT gauge-invariant, individually

Define Gauge-Invariant Quantities:

3GE =3G H("Gy)Y(B-E"), 3G®°=3G; +(""Gy - {G)(B-E');,

i) i (0) ~ivys '
3G =3G" +(“"GLy(B-E"),

3T =8T, 4 (VTo)Y(B-E')] 8T =3T; +(VTo~ {"T\)(B~E");;,

(gi)i __ ] (0) iy '
ST = 3T + (OT')(B- E').

3G* =87GdT*, > ‘ 3G 8 =87 G 8T8 | : can be written in gauge-invariant form




From now, consider Scalar Perturbations

agigi)” =87G aTﬁgi)“ : 15t order equation in gauge-invariant form

~3H(HD + V') + VW + 3K W =47 Ga| STE"

: Einstein Equation
(9@ + V') |= 4w GalsT®" | .

(29" + #°)P + HD' + V' +2H¥' — XY + 3V'D]8' - sy"“Dy|= —4mGp’ 3T'®

a2

:- derived with NO gauge fixing
:- all written in gauge-invariant (Bardeen) variables
:- valid in arbitrary coord. system

3¢ =8¢+ ¢B-E")

STE = a7’ [—p P+ ¢; 00" +V a* 8¢'®]

3T = a"p; B ¥

-

ST = a [+ @~ ¢y 308 +V a’ 3p®]8"

50" + 29 58 — V2 58 + Vwaz qu(gi) —doid’ + 2V¢“2¢ =(0| Scalar Field Equation




2"d order Perturbations and Back Reaction

Picture

Oth order: GELO,) — Tlig) (8nG=1)

1st order: GSV) = TS) : solutions

2nd order: Gg/) _ Tlf/)
g
s

1 2 2
Gl + G
‘

Quadratic in g

plug in
\ quadratic terms only
/
Gl = TWu2)] + TRy 0)] — B = 7D
/ Back-reaction source
cf) (061)) =0, (5p®) =0
stochastic



2EMT: GAUGE DEPENDENT very possibly

Guw =Tu
= GO +GD+GR + - =TO) +T)+TD + -

The equality is satisfied order by order. GEIL) = T;ES).

\ 4

(1) _ 7(1)
G =T,

1st order ¢V =1

clV = ey @@ ) =7 @ﬁ@ : terms making the quantity gauge invariant

\ 4

[73 7 11 ]

2nd order GQ) =1 a® _ 7

—(2) . -
aly = 62 +QaEy ¢l + Gl + 66H ™) + 562 o)

72 . .- . / N / S /
T2 — 7@ @ TOg@. ¢+ 7D [gM, W] 4+ 6TV [g@ . v @] + 6T [¢D), W],

Uy jny

T = 7D W] — @ [gM]| : 2EMT responsible for Back-Reaction
- HARD to be gauge invariant

: spatial integration (over several wave lengths)

2, eff
T )

2EMT | |7, = (




Interpretation

—per 000
i (2.0ff) _ 0 per 0 0
v 0 0 pe O

0 0 0 pes

(2.eff) — (2)7,(1) (1)1 _ ~(2)7,,(1)
1o =T gW, M = G,




\ Scalar Perturbations

ds*|= a®(n)[—(1 + 24)dn* — 2B;dndz’ + (8;; + 2C;; )dx' dz’]

A=aq, B; = B, + B, Cij = —¢dij + E i + C(f)

(i.9) +Ci)] : general

A=«a, B;= 6,7; , Oz'j = —w&ij + E,z’j : scalar only

= a*(n)[—(1 + 2a)dn* — 28,:dndz’ + ((1 — 2¢)d;; + 2E ;;) da’da’]

Einstein Tensor
Gog = 3H? + 2H B 1. + EHC'I:& — AC + Cry g — (2H' + ‘HQJIB;;BE + éBk,kﬂU — iﬂk.lﬂk,.[

1 1 1 3
_E-B.ﬁ:__fﬂ.[__k + BBy — BrABy, — EC;:IG;:{ + iﬂ:kcﬁ — AHCuCy + ECM_.mGM__m

1
—Crt.mCrm) — E[Gkk_j — 2C1 k)(Cmmi — 2Cimm) + 2Ck(Cmmk + ACKH — 2Cmk mi)

—4MA kB + 2Br(Clum i — Cimm) + 2ZHBr(Cmmk — 2Ckmm) — Bri(Ciy + 4HCr)
+ By 1.Cpyp — 2A(ACk; — Crapa) (26)

Goi = 2HA; + B gy + (2H' + H?)B; + Cjy i — Chps — 4HAA ; — Bi(B{; ;) + 2H By 59)
+Bi( By + 2HBi k) + (Conm ke — 2Ckmm)Cig + 2Cu(Cry i — Cigg) + CpyCrai — 2HA'B;
+A; kB + A;iBi g — ArBi g — 2(2H' + H?)AB; — (AA)B; — 2HB.C}y, + 2HB;Cy,,
—2By; 3iCra + 2By 3y (Cuke — 2Ck11) — 2By Ciry — Bi(ACkk — Craga) + AiCiy
—AxCl | (27)



Gij =0 { — (2H' + H?) + 2HA" + 221 + H})A + AA — B}, — 2HBy ). — Ci — 2HCly,
+ACkE — Crapt — 8HAA — (VA)? — 2AAA — 4(2H + HHA? + 2HBLB],
3 1 1
+(2H + H?) BBy + EBJ:JB}.:,E — —BA:JBH.: — —B.i: kB — BiBi g + BrABg

3 1
+20kic£ii + ECL{CL — ECL;" + 4HCJE£CM + - {Ckk{ — 20 ke NCmmy — Ecim,m]

3
_Ecim,kcim,k + Cim kClie;m — 2Ck(Crnm it + ACk — 2C i) + A' By + 2ABy .

+2HA ;. By + 4HABy i + 285 ;Cy — Bi(Cu i — 2C1) — 2Br(Ch e — Cray) — BraChy
+ By 1 Cly + 4H B 1 Cyy — 2H By (Crpy — 2Cy.) + 2ACE, + A'Chy, + 4HAC,
—2A jiCrt + Ak (Cuk — 2Ck11) }

—Ajj + B jy + 2HB j) + Cf; + 2HCL — ACi; — 2(2H' + H?))Cij + 2Ckii jyk — Chaij

1 1
5BixBik — 5BriBr; — BeBry — 201, Cij

+A;A; +24AA; + By ;;B[?; i)+ B;;B{i kTS
+CL;;CI 2(:";» 4?{0%01_? + 2(ACk: — Ci ) Ci + ‘ECH(C%}-,H + Criij — 2Ck(i )
—(Chig — 2C k}(cij,r —2Cy 3 5y) + Cr1,iCrij + 2Ci 1 (Cirg — Ciix) — A'Byy )
—?A[BE” +2H B j)) — 2Br(Cr ) — Cisn) — (B + 2HBr) (2Cki5) — Cijik)

+By 1 (Cy; — 4HC;) — EB};‘L_CH + B{MJCL_,: — BL;EC'_;;; — Bj,kc;k — EA(C-';;- + EHC-';:,-]

—AJ{ T 4?{(:'1?;;'] + 4[2?{ + HE)AC:'_;F + A1k(2f:k|:.i‘j} — Cijr) +2(AA)C55 . (28)



Energy-Momentum Tensor (Inflaton)

1 _ - o
Too = 5((4‘)0’)2 + (J.QL'T(G')(]) + (IDE]O@, + QAI’T(OU) + a21f?¢(q‘)0)(‘)@

1 . I 1 - o1 _ -
+ E(O@’)Q + §(VOO)2 + 5({.21@@(@0)66)2 + 2&-2441";@(@0)(5@ + SBkBk(G)fO)Q — @;UBkb(f),kf

1 |
5}33-(@;,)2 +a®B;V (o)

+ CSO’(SC)}E — BEOIO(SC)" + 4481(6)!0)2 -+ (IQB%'I’FQI;(Q’}O)CS@?

1 i o , o
Tij = by {5(@6)2 - an(@O)] 04y [% — A(¢g)® — a?v’(@o)écﬁ] + ¢ {(%)2 — 24V (@oﬂ

Toi = dg00,i —

|1 | 1 o 1 1 o
-+ Oij {5((1’!@;)2 — §(VC5QT})2 -+ (2}12 — §BkBk) (06)2 — 244(_-"5"00@' + BROE)OOR — EQQI’@@(C}O)O@Q]



th i T :
0th order (Background Friedmann Eqs.) 22 % E(q.);ﬂ)z +an}

. 1.
IH +H* = &rrc;'[— 5({:;{])3 + a?v],

by + 2H by + a’Vy = 0.

1st order = Obtain solutions
2(H' + 2H*)A — 2H By — 2HChy, + ACkk — Crij = 87G [(Q’fof}‘@)’ + 2H P00 — 2@5"05@3!]-_
2HA; + Bl ke + Cgk,k — C‘j;;” = 871'(}'(:}’0(5@,?;,
5'-[2%‘442 W +2H2VA+ AA— Bl —OHDBpr — Clr — YHCLr + AChp — C ] o |
— Ajj + B, jy + 2H B j) + Cij + 2HCOY; — ACi; + 20 )k — Crkij

56" + QMO — ASd + a®Vyyd — (A — By g — Chp ) + 2%V, A = 0.

1st order EQ in Gauge Invariant Variables /J Matter perturbation: can be written in metric perturbations

I U — AU+ 2K0 + 2L = 0. I 0o b0 Q. Q=p5+E"| :gauge variable
v ¢=a-0Q -HQ.
V== K =3H+d-2 U=+ HQ.
o U+ HU
L=H +2H?+a®H-2. 9% = ArGdly
i 5o _ AWK LV
| ArG o),




Gauge Problem

Abramo-Brandenberger-Mukhanov (1997)

2EMT: gauge invariant

Unruh (1998), Ishibashi-Wald (2006)

2EMT: gauge dependent

2EMT cannot explain Dark Energy



2EMT for a scalar field

8 C;TOO ==

Q=p+E".

FE| :GAUGE VARIABLES

b
'Hf_'HQ

{ (VW)2) = ((AW)2) = 2(K + H)(VE' - V) — [3(H

+ (9H — 10H? = 2L){((VT)?) + 2 [GH(’H’ —H*) —KL+2(H —H*)a QI—“) — a®H Ve

C)O

- {LQ —AH(H —H?)a If? +a*H*Vy kqf?)}
)

— HY) + K2+ a2V | (1))

Jcow)

]

_|_

+2<{ (L+GH9 2(12%‘:—?

@

—AQ' — (K — H)AQ +2HAE' + AQE}IIJ> — (H' +2H*)(Q") -2 [’H(H’ —AH?) + (H — H?

<{ 2 (:’Q + [3%’ (4H + K)a®

2 Vo
)
0

+ (121’95(;)] Q—AQ +AFE — QHAE}lIf >

)Q" + [2%(1: —3H) + (L — 2H + 4H2)a? -2 + Ha%(;,(;,] Q

—{(H" Hz)[m%wa? 4 4 q (

@0

—2H(VQ'-VQ) + {[4H’Q + 2HAE —

Vo

!
(‘)0

2
) +a21{.5¢,] +3H'(H' — 4%9)}@2)
(H' +2H*)E'|AE") + 4H{(HQ' + H'Q)AE),

a22_<§ <Q!Q>




87 Gro; W After spatial integration

H i , f ) ] ;
8TGT; :‘ 0 .HQ{ VIIJ 2> < AT) >+ )( 3 ﬁ)(vq; .vg;) + (H 42 2 +a.21/¢¢)<(1;[1 )2>
+ E (11H — 10H?) — QL] (VD)2) +2 [Ha?p;m KL+ 2H —H2)(K + 2?{)] (D)

HAH = A (M + 217 + 1) — L2+ 20V (1119>}

+ 2< [Q” +3(3H — K)Q' + (H +12H? + K2 — THK — a2v;¢)Q + %AE" - %(K — H)AE} qj>

+ 2<{4’HQ” + (6H' +10H? —3L)Q" + AQ' — (K — 3H)AQ

4

+ §<VQH . v@) 4+ %«vQ:)Q) + %(v@f . v@) + 2H<Q”Qr> _ QH"<Q”Q> . (HI . 2H2)<Qf2>
9 [27{” FI3HH A+ (H — HA)(K + H)] (Q'Q)

AH? +a*Vyy +a (ZD)QI } (Q%)

. {—’lHH” + SH.’Q + 47{!?{2 + (H! . HQ)

- §<{HQ +2(H +HAQ +2[3HH —H — (W - H)K|Q}AE)|.

2

1 2 _
- [2?{” +a*HVpp — HEK? + (5H + 2H*)K — 1L1H'H — 97{3] Q= ZAE" — SHAE' — JLAE + §A2E

— ((2HQ — 3UE + AR)AE") — L([SHQ' + (M + H)Q — 3(H + 2H))E' + 2AF' + AHAE] AE')

")

Therefore, 2EMT is GAUGE DEPENDENT




Several Results with Gauge Choices

Would like to examine if 2EMT converges??
in some limit of different gauge choices



Longitudinal Gauge o Poe = oo

|
fo0 = 87G(H' —

) {—((V‘P’)z) — ((AW)?*) = 2(K + H)(VY' - V¥) — [3(H' — H?) + K* + a*V 4, |((¥')?)

—|—(9H’—1()H2—2L)((V‘P)2)+2[6’H(H’—’H2)—KL +2(H' = H*)a? Z——alH% (YY)
0

- [L2—4H(H’ H2)a 2;j+a2712 }(qﬂ)].

0ij
Tij = SEG(H’j ) 13 { (V¥)?) = ((A¥)?) +2 (? - K) (VY- VW) + (H = H? = K* +a*V ) (¥')?)
+ E(l 1H' — 10H?) — 2L] ((V¥)?) + 2[Ha*V yy — KL + 2(H' = H?*)(K + 2H) (YY)
+ [(H = H2)(H +2H? + L) — L + H2a?V 4y <l112>}.

Gauge Invariant



Spatially-flat Gauge

1
00 = SAG(H — 1)

_ KK L30T - HZ)) T )M M) + aZVM] (¥)?)

{—((V‘P’)z) — ((AY)?) + 2(L — M)(V¥' - VV¥)

H H
— s [(H = 2HO)(H) = 22 = 21) 1 (W~ 412 (H = M) (T9)2)
_ [ZL(H;{; H?) (31{ _H +7;1H2> _2(H 7—{2712) a2v¢¢,] L)
_ (71‘%—22”2)2 l(L - Q(H; M 4 i -1 + aZVM] <\1ﬂ>}q
5 = G |5 21 ~ TV —5 00+ 200) (a9

2
~3% [4H? + 3H'H? — 8H* + 2H + H*)HK](VY' - VY¥)

—[B(H' = H*)(3H' = TH?) + 14H(H' = H*)K + H*K* — H*a*V 3] ((V')?)

1
(H' = 2H*)[2H? + 10H'H? — 13H* + 2(2H" + H*)L]{((V'P)?)

T3
2

+ 3 (H' = 2H?)(L2 4 12(H' = H?)L — 4(H' + 2H*)(H' — H?)) = 2H(H' - Hz)asz,] (PP
H' — 2H?

_{ 7 ) L2 + 12(H' = H?)L = H2a?V 4y — 4(H' + 2H?)(H' — H?)] <\1ﬂ>}.

Gauge Invariant



(Comoving Gauge [T

UL HY
Q Hr _ %2
0 = g ,H,l_ o [—2’}1(&.\11’&»11) _(4H = 3H2)(AP)?)
F 2F
b (VWR) 4 e (VW V) 4 (V9)2)
F4 ! 2F5 / r
T TH =R ((P)?) - H = 1 (P'Y) — rﬁ'}{z)z <‘P2>] :

2 , 2 2P f p

P 2P
; sr—rer YV
2P, , Py
(’}-{f _ '}_{2)3 <lP lP) - 3(7‘{’ _ H2)3 (‘PZ>] .

Gauge Invariant



Py =2HH" + (H')? + AH(K — 2H)H = HAK — 3H),
Fy=— (21 — H)H" — (4K — 5H)(H)? + 2HQEH + L — 3H)H' — H3(2L — 3H?),

27/
F3 = —AHH'H" + 13(H')® — [BL —2 (K _ E ‘-D) H + 12?{2] (H')?

o

2
)’H +2H5(A+4H— Vs )

r0 C0

Fy=(H +2H*)(H")? —42HH')* — K(H')? - KH*H' + H' (2K +H)|H"

—H (ﬂm — 8L+ H2 - 4n”

Do

21":;{; )
P
21

L ) HAH)

Y

21/ 2
+ |5K? — 16KH + TH? — 2Ka*V/(¢g)/ b}y + ( ¢ j, ¢) ] (H')?

HQ(H!)Q

o
9

— |3K? —16HK +5H?* — 6Ka*V'(¢0)/dhy + 3 (
(

— |OK? + 8HEK — 17TH* + 6 Ka*V' (o) /b — 3 (

+ [TK? + SHEK — TH? + 2Ka?V' (¢y) Joh — (




Py =AH" + (6K — 11H)H' — 3H*(2K —H),
Dy =AHH" + 4(H')? + (SHK — 8L — 15H>)H' — H?(SHK — 8L — 3H?)
Ps=—2H —HHH" +6(H")? + 2[(SK — 13H)H' — H>(SK — H)|H" + 9(H')?
+ [8K(2K — 5H) — AL + 2TH?|(H')? — [16K (2K — 3H) — 8L + 1TH*|H*H'
+ [BK(2K — H) — AL + 5H?| H*,
Py=—HH —H)H" +6H(H")? — [3(H)? — (22HK — 8L — 19H*)H' + 2H*(LIHK — AL + H*)|H"
— (8K — 20H)(H')® + [AK (5KH — 3L — TH?) + H(16L — 69H?)| (H')*
— H?[AHK (10K — 9H) — 8L(3K — 2H) — 10TH*|H' + H* [AK (5HK — 3L) — 43H?],
Ps =4H*(H — HOH" — 18SH>(H")* + H[60(H')* — A(BHK +SL + L1H*)H’
AR (BHEK + 8L + 14H*)|H” — 23(H')* + (60HK + 4L — 131H?*)(H')?
— [AHK(10L + 39H?) — AL(2L + 17H?) — 333H*| (H')?
+ H2[AHK (201 + 39H?) — AL(4L + 21H?) — 35TH*|H’
— 2H*[IOHK (2L + 3H?) — 2L(2L + 3H?) — 53H*],




However, the results look ALL DIFFERENT in different gauge choices.
IN SOME LIMITS, can we have convergences in results?



Field Equation U” — AU L 2K 20T = 0. K = 3H + a? If"

@p

Vg
L=H +2H+d*H-.
o

Fourier Mode Expansion U(n,z) = Wg(n)ee

k
Solutions bl Aqe (long-wavelength)
Vi ) = .
A Gaopley sin(kn) + ca cos(kn)]  (short-wavelength)
Slow-roll parameters - H @R
€ = —m == Ll?'TGHQ,
: o ¢
0= ——- =€ —
HC)G 2HE
Quantities in slow-roll parameters
H = (1 —e)H.
3H? AV d*V
I/ = . = 4 Tl ]. — OTlr 5 f.
02 do AN TGV, 102 8m1G(e+9)V,
g @AV . a VAV edV
T 3Hdo' T 9HZdo? do 3do




|1. Long-wavelength limit (k < 'H)l

A. Longitudinal gauge

1-1. Ultra LW limit (k < /eH)

1-2. Infra LW limit (\/eH < k)

B. Spatially flat gauge

T00 ~

)
"JT-J )

1-1. Ultra LW limit (k < /eH)

1-2. Infra LW limit (y/eH < k)

- 441‘2%2/ ( ) _
C. Comoving gauge Too A [Q + (49¢ — 360) + 4(16€2 — 25€0 + 902)},
H
| Ay [PH2
rij & 81‘ % [ J€—|—125)+4(1362—866—352)].
H

A 2R2 [/ H? i
RJG 2¢ + .zk—Q(—.seQ +ed)| .
A 2R2 [ 2 H?
BW‘G ——€+ BF(BG —€d) |,
=P _ ‘3H2A\ (3€2 — €0)
= 0 - ’ &= 81&0
k‘2|441|26
@ A7Ga? >0
|441 QkQ B ‘ %2
BW‘G €+ 3?(—362 + €6)

A PE2 ] 1 H?
stG | 3 kY

: same with Longitudinal gauge

W= WLG, 0=0LG/2

—_—

¢ 3 slow-roll parameters (e, )

and wavelength parameter (H/k)

W= Wrey

OH?|AL[? _ 9HZ|A4P
(]

- 871G a? 87




A. Longitudinal gauge

B. Spatially flat gauge

C. Comoving gauge

|2. Short-wavelength limit (L > ’H! | / 0(50)

IHQ
E* T10  H?2 [4e  5d
- 2
ot 410 gz 5+ (5 - 5)
w3 e )
9 - 204
o KT 3
700 2 (|e1]® + |e2] )ﬁ _2+k—2(—4e+5)]

””//”'25) | H?

I 1
2 2 ‘ - ¢
700 =~ (le1]? + |eol?) — [ =2 3— |+ —(5e+29)],
00 (|C1‘ ‘CQ‘ ) 4a? [ € i ( € /2 (5 )} "
B (11 20 252
2 2 -
T — (|eg]? + |ea]?) — | — 1+ =)+ ==,
’ (fex+fel") 4a® [36'+ ( 36) € ]




\Tensor Perturbation

ds?|= a*(n)[— (1 + 2a)dn* — 2B ;dndz" + ((1 — 2¢)6;; + 2E ;) da'da’]

+h;; with TT gauge

1st order eq. Wi+ 2Hh; — hijnn =0
Solution ’:_1 __ _axh ‘
" (1) + (k‘g - “TM) v(n) =0 U= Jag| (M= 13+
e
v(n) = V=1 brJu(=kn) + baY . (—kn)]
e

Expand in € and o, = —ky (<€ 1) (for LW)
os = —1/kn (< 1) (for SW)

2EMT for h-only

Too = _% (hijm1)® = 2hijhijnint + 4Hhigh;

1
i+ 3(hiy)”

— ‘ YN ! Y 3 2 3 ! 2
Tij = —2Nin1 n2Mjn1 n2 + Anin2iltning,j + 2R, Ring + 035 (2 (hnin2,n3) 2 — 3(M102)?)




Long-wavelength \kn| < 1

PolyGammal|n, =

h(n) = 9’-‘?'1 \[\/é (12113}]3&)1 + 18k212by (1 — eLog[—kn] + € (—2 + Log[2] + PolyGamma [0._ %]))
+by (36 — 6e3Log[—kn]* + 36e (Log[2] + PolyGamma [0, 2])
+3€2 (—24 + 372 + 6Log[2]? — 4PolyGamma [0: %}

+6PolyGamma |0, %]2 + 4Log[2] (=1 + 3PolyGamma [0, 3] ))
+3e2Log[—kn)? (6 + € (—4 + Log[64] + 6PolyGamma [0. %} )
—eLog[—kn)] (36 4 12¢ (=1 4 Log|[8] 4 3PolyGamma [0, 3])

+e? (972 + 2 (=32 + 9Log[2]? — 2Log[64] — 12PolyGamma |0,

]
—_

+Log[262144|PolyGamma [O._ %] + 9PolyGamma [0, %} 2)))
+e* (72 (=6 + Log[512] + 9PolyGamma [0, 2])
+2 (24 + 3Log[2]? — 32PolyGamma [0 } 6PolyGamma [0, %} ’ + 3PolyGamma [O, %]3

+Log[2]? (—6 + 9PolyGamma [0: %D
)3/2

7|

+Log|[2] (—32 — 12PolyGamma [0, %} + 9PolyGamma [0, %] 2) + 3PolyGamma [2'- %] ) ) )) (



‘ o —1
O(e7%)w~ 20(2) A0 )
roo =|—28GTtata|_ 22aGbabat _ 1662 Tt | pure de Sitter e < 1
. 448G kb, bg *Log[ k)] 16Gk(144bg bo* —252bsbs ™ Log[2] —252babs ™ PolyGamma[D: %] )
’—‘l‘ 22 -+ a2
O (J;“ = ) p 16Gkbg ba* Log[—kn] (96 —6Log[64]*+Log|2] (—780—684PolyGamma|0, 2| +36(13+6PolyGamma[0,3|)+12(26+6Log[8]+39PolyGammal0,3])))
\\ + kind 0a2
160k —16b2bo* — 96bobs*PolyGamma, [0 —} — 12baby*Log[2]? (11 + 3PolyGamma, [O,

+Log[2] (72bgbg* + 312bs by *PolyGamma [O, %} + 36b2bs*PolyGamma [O

+Log

—12bobo* (14 + 26PolyGamma [O, %} + 3PolyGamma [0

3

2))

4] (Gﬁbgbg* + 18bobo*PolyGamma [O._ 5

32G62 bg* . 64Gkbzbg*L0g[—kT,‘] +

+

32Gkbaby™ (Log[4] +2PolyGamma [O .3 ] )

2))

]2

3
)2

1))

a2kn2 kQ,nQ a2

a2

)

] ) +Log[8]Log[16] (2—}—3P01yGamma[{L %] ) )

( ISGkbgbg*(—Log[64]2—12L0g[2]( 1—|—3P01yGamma[

16Gkbabs* Log[—kn) (2L0g[64] 2+ Log|2] (180—1— 180P01yGamma[

9a?

] —36(3—|—2P0]yGamma[0 ]) 12(6+Log[64]—i—QPolyGamma[D

propagating along x3 direction

0a?

_— _| 160Gbaby "
733 | T2k
- 320G kbobs* Log[— k7] 32Gkboby ™ (Log[1024] —i—lUPo]yGamma[O, %] )
+k27}2 - a2 + a2
n = ( ISGkbgbg*(—Log[64]2—12L0g[2] ( 1—|—3PolyGamma[ ]) +Log[8 ]Log[lﬁ](2—|—3P01yGamma[O,%]))
it 3a?

16Gkbgb2*Log[—kn](2L0g[64]2+L0g[2](180+180P01yGamma[ 3] —36(3—|—2P0]yGamma[0 ]) 12(6+L0g[64]—i—QPolyGamma[O

]))))

3a?

]))))




Short-wavelength ||/ > 1

h(n) = m\/é (1728e€ (Sin[kn]by + Cos[kn]ba)

—1296ken (Cos[kn] (— ((2 + 3€)b1) + weba) + Sin[kn] (meby + (2 + 3€)ba))

—24k*n? (Cos[kn] (373e®by + 4me (—18 — 21e + 5€2) by — 72(2 + 3€)ba + 37%€*(6 + 5¢)bo)
+Sin[kn] (3 (—48 — 72e + 672€* 4 5m2€®) by + we (72 + 84e — (20 + 377) €2) ba))

—k*n? (Sin[kn] (=723 (=1 + €)e®by + 64me (—27 + 9e — 6% + 5e) by

—3456by — 9mtedby + 48722 (9 — Ge + 5e2) bo)

+Cos[kn] (3 (1152 + 374e* — 167%€? (9 — 6e + 5e2)) by

—87e (216 — T2 + (48 — 97%) €2 + (=40 + 972) %) ba) ) ) (1)7/2

I

2 3
~0(E7) ,0(e)
/
| 32Gk(bib1+bsb2) 112G (b1 b1+b5b2) 224e(Y;b1+bsba)
100 — a2 _ aZkn? B a2 k2
. . 16G(b;bl+b;bg) 1613‘6(6;%}1%—5;52)
"1 — a2kn? T 2ken2
. |32Gk(b]b1+b3ba) 80G(bIb1+bsbs2) 96¢e(p b1 +byb2)
33 — a2 + a2kn? Nl 2kn?2




* Pure de Sitter: only 17 exists

Total
L o

Strong in Short Wave

Strong in Long Wave

In slow-roll

- LW: Tensor and Cross modes are dominant
- SW: Scalar mode is dominant (stronger than pure de Sitter)



Scalar-Tensor Coupled

Solutions 7 & h: same, 2EMT: only (ij)-compts

7ij = hij (Qnin1 — 2E 1y + 2HQ + 20 + Q") +
hi; (Q%anl —2HE" 101 +2Q w10y — By — Enininone + Q' (4H2 +4H') + U (83‘{2 +AH + %)

+Q (48a2GrVOH + 1213 — 22HH + 16a>GrV1o0 — 64GTHA0?) + SH' + 2 VAV 4 Q’HQ”)

GAUGE DEPENDENT

For +-polization: 71 = —799

For x-polization: 70 = 73




Long-wavelength

Short-wavelength

LG 8V2VGH?e(3e—25) (b5 A1+ Al ba) (l)SJZ
I 11 — an B
O™
SF__ 2V2VGHEA(—1+3Hn) (b A1+ AT ba) (;)3/2
U an? k
oM 8V2VGH(b3 A +ATb) 143/2
: 11 — — aﬂ_,?z - (I) —_— O(;—B)
_LG__ _ _ 8GV2rH?VE(cibitesbatbicitbien)

11 —
\/%“‘2 0(55/2)

_SF . 4G 2mH \/Eé(cgbl—ti’? bg—bzcl —|—E); C.Q)
I 11 — 3/2
(£)"a?

TCMll _ 20GV27H(cgbi—clba—bic1+b]ca)
— 3/2
(k)" a2 ve



Conclusions

 Evaluated the 2" order effective energy-momentum tensor (2EMT) for a scalar field
o 2EMT is gauge dependent

« Obtained 2EMT in 3 gauge conditions (Longitudinal, Spatially-flat, Comoving)
in long- and short-wavelength limit in slow-roll regime of inflation for

1. Scalar

2. Tensor

3. Scalar-Tensor coupled

In pure de Sitter, Tensor mode contribution only

In slow-roll,

Scalar mode correction is stronger for SHORT Wave
The others are stronger for LONG Wave



I. DUST (w=0) 1 1 p= pfjf)
PX—, PX—
a a (2)
P = Pefr
(i) Longitudinal Gauge
1 r19k2
0 = s | g 1Ci = I
e — p R OTp
1 5 k2
T = = [ C1[ = = (Cr. o) +
(ii) Flat Gauge - 44 17;.173/]_8
2 R 45243 :
1 [4k2 -, 300 -
T00 = o [_‘Cl| - _‘Cl‘ =p~4dp (k < : long wave)
1 17k2 - -
Tij = %%{(‘“F 13 ) G — $|Cl| =p~ 5:p (k> : short wave)
(iii) Comoving Gauge 16 + 13k2/3
S PR —— P
1k’
1 [77k% -
oo = SWG{ 9 Gl + =p~ 16p (k< : long wave)
1 16 13k%\ - 64 | ~
5 (= Chl2 = Gy - N
KAYE ‘7[(9 T )| ! 9772‘ ™ = p~ o2p (k> : short wave)



(A) Long-wave limit (\/whkn < 1)

(i) Longitudinal Gauge

II. RADIATION (w = %)

1 39 - . 6 - . )
= — = |Da|* + = |Da|* (kn/V3)" + -
o sm{ i 20 e 20 n/v3)" +
1 19 -~ 5 14 - _
i SWC:‘SU[_WDQ‘ — (kn/V3)" +---

(ii) Flat Gauge

ToO0 = =
(&

|

7

Ti j

(iii) Comoving Gauge

—

100

- 7l
1

T-a'.j == % O?-_J‘

1 [9

1 145
B

/

"
S?TC; ‘ u 'I'.IG n

?8

(

| Daf? (ken/V/3)™ + -

! 1 s 1 1 = 2
— — = )IDaf (— —)D:Qk' 3) 4+ ...
?;G ?JS)I 2| + 7)6 + 27)8 ‘ Zl ( ?}/\f) +

1 1
P’C)Cma POCF
2 1




(B) Short-wave limit (y/wkn > 1)

(i) Longitudinal Gauge

2 12 L 112 (1 /)6
0 = GG [3(\01| + | Dyl )(A..u/\/ﬁ) +
2 i - - G

8nGnB

Dominant terms: 799 = 37;; a

(ii) Flat Gauge
: behaves as radiation !

_2 a1/ 12 S 12\ (10 7 /2) 0
Too—m[-j(‘pll +‘D2‘ )(A”/\/E) +"'
> iy e iy
Tij = m%’ K|Di|2 + |D'2|2) (kn/v3)" 4 -

Dominant terms: same with in Longitudinal Gauge

(iii) Comoving Gauge

2 5 - 2 B 2 ; 0 4 4
Too = SnGrf [7(|D1| + | Ds| )(kw;/-\/g) I 2 1
. X — p = —
2 3 ~ ~ —, 4 p 6 Y
Tij = SWGOU {2?}8 (‘D1 I2 + ‘DZ‘Q) (kr;/\@) a 15

+ %((‘Dl‘z + |Dz|2))(k?;/\/§)”) 4.

Behaves in a different way
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