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A few example of evidence of the AdS/CMT



Character of strong coupling: 

No time to equilibrate with causal contacts. 

==>


I. shear vis./(entropy d.)  =   ~  universal, 

                                                                            cf:  , in  theory.  


II.  Plankian Dissipation. 

η/s =
ℏ

4πkB

η/s ∼ 1/g2 gϕ4

ρ ∼ T
4

Heavy ion collision

i. Loss of Quasi particle=> make hard 
ii. Non-causal correlation=> make easy



I. Graphene

• Relativistic fermion in the Graphene.


• Why strong coupling in graphene?  

Small FS—> less screening Strong coupling.            

clean Graphene=Strong Coulomb

geff =
e2

ℏc
1
vF

1
ϵ
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Wiedermann-Franz Law violation
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ELECTRON TRANSPORT

Observation of the Dirac fluid and the
breakdown of the Wiedemann-Franz
law in graphene
Jesse Crossno,1,2 Jing K. Shi,1 Ke Wang,1 Xiaomeng Liu,1 Achim Harzheim,1

Andrew Lucas,1 Subir Sachdev,1,3 Philip Kim,1,2* Takashi Taniguchi,4 Kenji Watanabe,4

Thomas A. Ohki,5 Kin Chung Fong5*

Interactions between particles in quantum many-body systems can lead to collective behavior
described by hydrodynamics. One such system is the electron-hole plasma in graphene near
the charge-neutrality point, which can form a strongly coupled Dirac fluid.This charge-neutral
plasma of quasi-relativistic fermions is expected to exhibit a substantial enhancement of the
thermal conductivity, thanks to decoupling of charge and heat currents within hydrodynamics.
Employing high-sensitivity Johnson noise thermometry, we report an order of magnitude
increase in the thermal conductivity and the breakdown of the Wiedemann-Franz law in the
thermally populated charge-neutral plasma in graphene.This result is a signature of the Dirac
fluid and constitutes direct evidence of collective motion in a quantum electronic fluid.

U
nderstanding the dynamics of many inter-
acting particles is a formidable task in phys-
ics. For electronic transport inmatter, strong
interactions can lead to a breakdown of the
Fermi liquid (FL) paradigm of coherent

quasi-particles scattering off of impurities. In
such situations, provided that certain conditions
are met, the complex microscopic dynamics can
be coarse-grained to a hydrodynamic description
of momentum, energy, and charge transport on
long length and time scales (1). Hydrodynamics
has been successfully applied to a diverse array of

interacting quantum systems, fromhigh-mobility
electrons in conductors (2) to cold atoms (3) and
quark-gluon plasmas (4). Hydrodynamic effects
are expected to greatly modify transport coef-
ficients compared with their FL counterparts, as
has been argued for strongly interactingmassless
Dirac fermions in graphene at the charge-neutrality
point (CNP) (5–8).
Many-body physics in graphene is interesting

because of electron-hole symmetry and a linear
dispersion relation at the CNP (9, 10). Together
with the vanishing Fermi surface, the ultra-
relativistic spectrum leads to ineffective screening
(11) and the formation of a strongly interacting
quasi-relativistic electron-hole plasma known as
a Dirac fluid (DF) (12). The DF shares many fea-
tures with quantum critical systems (13): most
importantly, the electron-electron scattering time
is fast (14–17) and well suited to a hydrodynamic
description. Because of the quasi-relativistic na-
ture of the DF, this hydrodynamic limit is de-
scribed by equations (18) quite different from

those applicable to its nonrelativistic counter-
parts. A number of unusual properties have been
predicted, including nearly perfect (inviscid) flow
(19) and a diverging thermal conductivity, which
results in the breakdown of theWiedemann-Franz
(WF) law at finite temperature (5, 6).
Away from theCNP, graphenehas a sharpFermi

surface, and the standardFLphenomenologyholds.
By tuning the chemical potential, we are able to
measure thermal and electrical conductivity in
both the DF and the FL in the same sample. In a
FL, the relaxation of heat and charge currents is
closely related, as they are carried by the same
quasi-particles. The WF law (20) states that the
electronic contribution to a metal’s thermal con-
ductivity ke is proportional to its electrical con-
ductivity s and temperature T, such that the
Lorenz ratio L satisfies

L ≡
ke
sT

¼ p2

3
kB
e

! "2

≡ L0 ð1Þ

where e is the electron charge, kB is the Boltz-
mann constant, and L0 is the Sommerfeld value
derived from FL theory. L0 depends only on
fundamental constants, not specific details of the
system such as carrier density or effective mass.
As a robust prediction of FL theory, the WF law
has been verified in numerous metals (20). At
high temperatures, the WF law can be violated
due to inelastic electron-phonon scattering or
bipolar diffusion in semiconductors, even when
electron-electron interactions are negligible (21).
In recent years, several nontrivial violations of
theWF law—all of which are related to the emer-
gence of non-FL behavior—have been reported
in strongly interacting systems such as Luttinger
liquids (22), metallic ferromagnets (23), heavy fer-
mionmetals (24), and underdoped cuprates (25).
Owing to the strong Coulomb interactions be-

tween thermally excited charge carriers, the WF
law is expected to be violated at the CNP in a DF.
An electric field drives electrons and holes in op-
posite directions; collisions between them intro-
duce a frictional dissipation, resulting in a finite
conductivity even in the absence of disorder (26).
In contrast, a temperature gradient causes elec-
trons and holes to move in the same direction,
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Electrons inside a conductor are often described as flowing in response to an electric field. This
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FIG. 3. Disorder in the Dirac fluid. (A) Minimum car-
rier density as a function of temperature for all three sam-
ples. At low temperature each sample is limited by disorder.
At high temperature all samples become limited by thermal
excitations. Dashed lines are a guide to the eye. (B) The
Lorentz ratio of all three samples as a function of bath tem-
perature. The largest WF violation is seen in the cleanest
sample. (C) The gate dependence of the Lorentz ratio is well
fit to hydrodynamic theory of Ref. [5, 6]. Fits of all three
samples are shown at 60 K. All samples return to the Fermi
liquid value (black dashed line) at high density. Inset shows
the fitted enthalpy density as a function of temperature and
the theoretical value in clean graphene (black dashed line).
Schematic inset illustrates the di↵erence between heat and
charge current in the neutral Dirac plasma.

more pronounced peak but also a narrower density de-
pendence, as predicted [5, 6].

More quantitative analysis of L(n) in our experiment
can be done by employing a quasi-relativistic hydrody-
namic theory of the DF incorporating the e↵ects of weak
impurity scattering [5, 6, 39].

L =
LDF

(1 + (n/n0)2)
2 (2)

where

LDF =
HvFlm
T 2�min

and n2
0 =

H�min

e2vFlm
. (3)

Here vF is the Fermi velocity in graphene, �min is the elec-
trical conductivity at the CNP, H is the fluid enthalpy
density, and lm is the momentum relaxation length from

impurities. Two parameters in Eqn. (2) are undeter-
mined for any given sample: lm and H. For simplic-
ity, we assume we are well within the DF limit where
lm and H are approximately independent of n. We fit
Eqn. (2) to the experimentally measured L(n) for all
temperatures and densities in the Dirac fluid regime to
obtain lm and H for each sample. Fig 3C shows three
representative fits to Eqn. (2) taken at 60 K. lm is esti-
mated to be 1.5, 0.6, and 0.034 µm for samples S1, S2,
and S3, respectively. For the system to be well described
by hydrodynamics, lm should be long compared to the
electron-electron scattering length of ⇠0.1 µm expected
for the Dirac fluid at 60 K [18]. This is consistent with
the pronounced signatures of hydrodynamics in S1 and
S2, but not in S3, where only a glimpse of the DF appears
in this more disordered sample. Our analysis also allows
us to estimate the thermodynamic quantity H(T ) for the
DF. The Fig. 3C inset shows the fitted enthalpy density
as a function of temperature compared to that expected
in clean graphene (dashed line) [18], excluding renormal-
ization of the Fermi velocity. In the cleanest sample H

varies from 1.1-2.3 eV/µm2 for Tdis < T < Tel�ph. This
enthalpy density corresponds to ⇠ 20 meV or ⇠ 4kBT
per charge carrier — about a factor of 2 larger than the
model calculation without disorder [18].

To fully incorporate the e↵ects of disorder, a hydrody-
namic theory treating inhomogeneity non-perturbatively
is necessary [40, 41]. The enthalpy densities reported
here are larger than the theoretical estimation obtained
for disorder free graphene, consistent with the picture
that chemical potential fluctuations prevent the sample
from reaching the Dirac point. While we find thermal
conductivity well described by Ref. [5, 6], electrical con-
ductivity increases slower than expected away from the
CNP, a result consistent with hydrodynamic transport in
a viscous fluid with charge puddles [41].

In a hydrodynamic system, the ratio of shear viscos-
ity ⌘ to entropy density s is an indicator of the strength
of the interactions between constituent particles. It is
suggested that the DF can behave as a nearly perfect
fluid [18]: ⌘/s approaches a conjecture by Kovtun-Son-
Starinets: (⌘/s)/(~/kB) & 1/4⇡ for a strongly inter-
acting system [42]. A non-perturbative hydrodynamic
framework can be employed to estimate ⌘, as we discuss
elsewhere [41]. A direct measurement of ⌘ is of great
interest.

We have experimentally discovered the breakdown of
the WF law and provided evidence for the hydrodynamic
behavior of the Dirac fermions in graphene. This pro-
vides an experimentally realizable Dirac fluid and opens
the way for future studies of strongly interacting rela-
tivistic many-body systems. Beyond a diverging thermal
conductivity and an ultra-low viscosity, other peculiar
phenomena are expected to arise in this plasma. The
massless nature of the Dirac fermions is expected to re-
sult in a large kinematic viscosity, despite a small shear
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(albeit with negligible quantum entanglement) insofar as they
do not admit a controllable description via kinetic theory.
Furthermore, it has been shown [27] that strongly interacting
quantum critical fluids have a somewhat different hydrody-
namic description than the canonical Fermi liquids described
above, and this can lead to very different hydrodynamic
properties, including in transport [20,21,27–31], as we will
review in this paper.

Using novel techniques to measure thermal transport
[32–34], the Dirac fluid has finally been observed in
monolayer graphene, and evidence for its hydrodynamic
behavior has emerged [35], as we will detail. However,
existing theories of hydrodynamic transport are not consistent
with the simultaneous density dependence in experimentally
measured thermal and electrical conductivities. In this paper,
we improve upon the hydrodynamic theory of Ref. [27],
describe carefully effects of finite density, and develop a
nonperturbative relativistic hydrodynamic theory of transport
in electron fluids near a quantum critical point. Under
certain assumptions about the equations of state of the
Dirac fluid, our theory is quantitatively consistent with
experimental observations. The techniques we employ are
included in the framework of Ref. [36], which developed a
hydrodynamic description of transport in relativistic fluids
with long-wavelength disorder in the chemical potential [36]
was itself inspired by recent progress employing the AdS/CFT
correspondence to understand quantum critical transport in
strange metals [31,37–44], but as we will discuss, this theory
is also well suited to describe the physics of graphene.

A. Summary of results

The recent experiment [35] reported order-of-magnitude
violations of the Wiedemann-Franz law. The results were
compared with the standard theory of hydrodynamic transport
in quantum critical systems [27], which predicts that

σ (n) = σQ + e2v2
Fn

2τ

H
, (2a)

κ(n) = v2
FHτ

T

σQ

σ (n)
, (2b)

where e is the electron charge, s is the entropy density, n is the
charge density (in units of length−2), H is the enthalpy density,
τ is a momentum relaxation time, and σQ is a quantum critical
effect, whose existence is a new effect in the hydrodynamic
gradient expansion of a relativistic fluid. Note that up to σQ,
σ (n) is simply described by Drude physics. The Lorenz ratio
then takes the general form

L(n) = LDF

(1 + (n/n0)2)2
, (3)

where

LDF = v2
FHτ

T 2σQ

, (4a)

n2
0 = HσQ

e2v2
Fτ

. (4b)

L(n) can be parametrically larger than LWF (as τ → ∞
and n $ n0), and much smaller (n % n0). Both of these
predictions were observed in the recent experiment, and fits of
the measuredL to (3) were quantitatively consistent, until large
enough n where Fermi liquid behavior was restored. However,
the experiment also found that the conductivity did not grow
rapidly away from n = 0 as predicted in (2), despite a large
peak in κ(n) near n = 0, as we show in Fig. 1. Furthermore,
the theory of Ref. [27] does not make clear predictions for the
temperature dependence of τ , which determines κ(T ).

In this paper, we argue that there are two related reasons
for the breakdown of (2). One is that the dominant source of
disorder in graphene—fluctuations in the local charge density,
commonly referred to as charge puddles [45–48]—are not
perturbatively weak, and therefore a nonperturbative treatment
of their effects is necessary [49]. The second is that the
parameter τ , even when it is sharply defined, is intimately
related to both the viscosity and to n, and this n dependence is
neglected when performing the fit to (2) in Fig. 1. We develop a
nonperturbative hydrodynamic theory of transport which relies
on neither of the above assumptions, and gives us an explicit
formula for τ in the limit of weak disorder. The key assumption
for the validity of our theory is that the size of the charge
puddles is comparable to or larger than the electron interaction

hole FL elec. FLDirac fluid
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FIG. 1. A comparison of our hydrodynamic theory of transport with the experimental results of Ref. [35] in clean samples of graphene at
T = 75 K. We study the electrical and thermal conductances at various charge densities n near the charge neutrality point. Experimental data
are shown as circular red data markers, and numerical results of our theory, averaged over 30 disorder realizations, are shown as the solid blue
line. Our theory assumes the equations of state described in (27) with the parameters C0 ≈ 11, C2 ≈ 9, C4 ≈ 200, η0 ≈ 110, σ0 ≈ 1.7, and
(28) with u0 ≈ 0.13. The yellow shaded region shows where Fermi liquid behavior is observed and the Wiedemann-Franz law is restored, and
our hydrodynamic theory is not valid in or near this regime. We also show the predictions of (2) as dashed purple lines, and have chosen the
three-parameter fit to be optimized for κ(n).

075426-2

3

which request the co-linearity of all momentum vectors
~q1, · · · , ~q4. Therefore available phase space is greatly re-
duced. Such kinematical constraints maintains the non-
equilibrium states and as a consequence, the two currents
Je, Jh behave independently for a long time compared
with the Planck time ⇠ ~/kT , which is the time for hy-
drodynamics to work.

The net electric current J and total number current
Jn which become neutral at Dirac point, are defined by
J = Je + Jh, Jn = Je � Jh, respectively and their elec-
tric charge densities and number densities are related
by Q1 = en1 and Q2 = �en2. The total electric con-
ductivity � = @J

@E and  can be expressed in terms of
Q = Q1 + Q2 and Qn = Q1 � Q2 together with the
proportionality constant gn of Qn = gnQ:

� = �0(1 + (Q/Q0)
2),  =

̄

1 + (1 + g2n)(Q/Q0)2
, (16)

where

�0 =
e2

~ 2Z0, ̄ =
4⇡kB
~

sT

k2
, Q2

0 =
~�0

4⇡kB
sk2. (17)

To fix the parameters, we used four measured values of
ref. [11] at 75K, �0 = 0.338/k⌦, ̄ = 7.7nW/K , Q0 =
e ·320/(µm)2, together with the curvature of density plot
of  to fix gn = 3.2. and assumed charge conjugation
symmetry to set W0 = Z0. Using these, the basic pa-
rameters of the theory as well as the entropy density can
be determined: 2Z0 = 1.387, k2 = 454

(µm)2 , s = 2044 kB
(µm)2 .

We replace all r0 dependence by s, the entropy density
by s = 4⇡kBr20. Cosmological constant is not determined
due to the inherent scale symmetry.

Now, why we can set the proportionality of the two

charges as given in eq. (13). To avoid the issues involved
in the transport by puddle, we simply assume that the
system is homogeneous. Then the number densities of
electrons and holes created by thermal excitation is pro-
portional to the net charge density: for the fermi liquid
case, out of total degree of freedom (d.o.f) n ⇠ k2F ⇠ µ2,
excitable d.o.f is ⇠ kT · µ, because the excitable shell
width is kT . But in hydrodynamic regime, kT >> µ,
therefore entire non-degenerate charge distribution re-
gion is excitable. In fact this is a typical situation of
fermion dynamics described by AdS black hole [27, 28].
In summary, in case of the hydrodynamic regime, the
charge carrier density created is proportional to total de-
gree of freedom, Q, which is the volume of the Dirac cone
above the Dirac point.

We remark that due to strong Coulomb interaction,
the created electron hole pairs can form the bound state,
exciton. Such excitons in homogeneous graphene satisfies
the linear relations between the electric charge and the
exciton number. Although exciton in graphene has been
discussed extensively [29, 30], mosts are only for bi-layer
graphene. However, we expect that strong coulomb in-
teraction in Dirac Fluid regime of single layer graphene
also should be able to make bound state.

(a)

(b)

FIG. 1. Theory vs. Data: (a)density plot of �, (b)that
of . Red circles are for data used in [11, 13], dashed lines
are for one current model and real lines are for two current
model. The parameters are fixed such that  plot is well fit.
The white color is the Dirac fluid regime in which our theory
works, and the blue shaded is for the fermi liquid one.

Discussions: In the presence of an extra current that
carries mainly heat, the violation of WFL is not direct
evidence of a Dirac fluid. However, the fact that such
a phenomenon is quantitatively well described by hydro-
dynamics and gauge/gravity duality, indicates that the
system is strongly correlated.
Disorder and the nature of the scalar field: The scalar

field provides momentum dissipation only when both its
gradient and the vacuum expectation value of its dual
operator, hOIi, are nonzero. The latter is the analogue
of charge density in electric field as one can see from the
Ward identity,

r⌫T
µ⌫ = hOIirµ�

0
I + F 0

µ⌫ hJ
⌫
i . (18)

The role of the source field �0
I = kxI is the chemical po-

tential of impurity and that of hOIi is the density of im-
purity, whose presence gives the momentum dissipation.
It is identified as the subleading order term of the fluctu-
ation of the scalar field near the boundary and nonzero
due to the presence of curvature in AdS spacetime. k2

can be understood as the density of the uniform impurity.

3
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rameters of the theory as well as the entropy density can
be determined: 2Z0 = 1.387, k2 = 454

(µm)2 , s = 2044 kB
(µm)2 .

We replace all r0 dependence by s, the entropy density
by s = 4⇡kBr20. Cosmological constant is not determined
due to the inherent scale symmetry.

Now, why we can set the proportionality of the two

charges as given in eq. (13). To avoid the issues involved
in the transport by puddle, we simply assume that the
system is homogeneous. Then the number densities of
electrons and holes created by thermal excitation is pro-
portional to the net charge density: for the fermi liquid
case, out of total degree of freedom (d.o.f) n ⇠ k2F ⇠ µ2,
excitable d.o.f is ⇠ kT · µ, because the excitable shell
width is kT . But in hydrodynamic regime, kT >> µ,
therefore entire non-degenerate charge distribution re-
gion is excitable. In fact this is a typical situation of
fermion dynamics described by AdS black hole [27, 28].
In summary, in case of the hydrodynamic regime, the
charge carrier density created is proportional to total de-
gree of freedom, Q, which is the volume of the Dirac cone
above the Dirac point.

We remark that due to strong Coulomb interaction,
the created electron hole pairs can form the bound state,
exciton. Such excitons in homogeneous graphene satisfies
the linear relations between the electric charge and the
exciton number. Although exciton in graphene has been
discussed extensively [29, 30], mosts are only for bi-layer
graphene. However, we expect that strong coulomb in-
teraction in Dirac Fluid regime of single layer graphene
also should be able to make bound state.

(a)

(b)

FIG. 1. Theory vs. Data: (a)density plot of �, (b)that
of . Red circles are for data used in [11, 13], dashed lines
are for one current model and real lines are for two current
model. The parameters are fixed such that  plot is well fit.
The white color is the Dirac fluid regime in which our theory
works, and the blue shaded is for the fermi liquid one.

Discussions: In the presence of an extra current that
carries mainly heat, the violation of WFL is not direct
evidence of a Dirac fluid. However, the fact that such
a phenomenon is quantitatively well described by hydro-
dynamics and gauge/gravity duality, indicates that the
system is strongly correlated.
Disorder and the nature of the scalar field: The scalar

field provides momentum dissipation only when both its
gradient and the vacuum expectation value of its dual
operator, hOIi, are nonzero. The latter is the analogue
of charge density in electric field as one can see from the
Ward identity,

r⌫T
µ⌫ = hOIirµ�

0
I + F 0

µ⌫ hJ
⌫
i . (18)

The role of the source field �0
I = kxI is the chemical po-

tential of impurity and that of hOIi is the density of im-
purity, whose presence gives the momentum dissipation.
It is identified as the subleading order term of the fluctu-
ation of the scalar field near the boundary and nonzero
due to the presence of curvature in AdS spacetime. k2

can be understood as the density of the uniform impurity.
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Recent experiments have uncovered evidence of the strongly coupled nature of graphene: the
Wiedemann-Franz law is violated by up to a factor of 20 near the charge neutral point. We describe
this strongly coupled plasma by a holographic model in which there are two distinct conserved U(1)
currents. We find that our analytic results for the transport coefficients for the two current model have a
significantly improved match to the density dependence of the experimental data than the models with only
one current. The additive structure in the transport coefficients plays an important role. We also suggest the
origin of the two currents.

DOI: 10.1103/PhysRevLett.118.036601

Introduction.—It has been argued that graphene near
charge neutrality forms a strongly interacting plasma, the
Dirac fluid. It does not have well-defined quasiparticle
excitations, and is amenable to a hydrodynamic description
[1–10]. Evidence for such a Dirac fluid has appeared in
recent experiments [11] on the violation of the Wiedemann-
Franz law (WFL) in extremely clean graphene near the
charge neutral point; the ratio of heat conductivity and
electric conductivity, L ¼ κ=Tσ, was found to be up to
20 times the Fermi liquid value.
The simplest hydrodynamic model [12], with pointlike

and uncorrelated disorder and a single conserved U(1)
current, agrees with the overall experimental trends, but
has difficulty capturing the density dependencies of both
the electrical (σ) and thermal (κ) conductivities [13]. An
alternative hydrodynamic model, the “puddle” model,
with long-wavelength disorder in the chemical potential
and a single conserved U(1) current, led to a better
agreement with observations [13], but still left room for
improvement.
In this Letter, we explore a model with two conserved

U(1) currents. The idea is that introducing a new neutral
current can enhance the transport of the heat relative to
that of the charge. Our model is formulated in holographic
terms [14,15], to utilize the recent progress in the develop-
ment of transport calculation in gauge-gravity duality
[16–27]. The Dirac fluid in our model is described by an
anti–de Sitter (AdS) black hole in 3þ 1 dimensions, the
holographic dual of a 2þ 1-dimensional system at finite
temperature. The momentum dissipation is treated using
scalar fields, which corresponds to weak pointlike dis-
order. We calculate electric, thermoelectric power, and
thermal conductivities analytically. We find that, under the

assumption that the conserved charges Q1, Q2 are propor-
tional to each other, the theoretical results for the density
dependencies of the electric and heat conductivities can
now satisfactorily match the experimental data in the
Dirac fluid regime.
One possible mechanism for the extra current is the

kinematic constraints of energy-momentum conservation
on the Dirac cone, which reduce the phase space of
electron and hole scattering significantly [4], allowing
electrons and holes to form independent currents as long
as the relaxation time for mixing between the currents is
presumed to be much longer than the Planckian relax-
ation time ℏ=kBT, the time required for the hydro-
dynamic regime to work. It should be noted, however,
that the estimates of electron and hole equilibration
times are made in a quasiparticle framework [4], whose
validity in hydrodynamic regime is just assumed here.
We see that the kinematics on the Dirac cone also
provide a reason why the two charge densities can be
proportional.
dc transport with two Uð1Þ fields.—We start from the

action S ¼
R
d4x

ffiffiffiffiffiffi−gp
L with two gauge fields Aμ, Bμ, a

dilaton field ϕ, and the scalar fields χ1, χ2 for momentum
dissipation,

L ¼ R −
1

2
½ð∂ϕÞ2 þ Φ1ðϕÞð∂χ1Þ2 þ Φ2ðϕÞð∂χ2Þ2&

− VðϕÞ − ZðϕÞ
4

F2 −
WðϕÞ
4

G2; ð1Þ

where F ¼ dA,G ¼ dB, F2 ¼ FμνFμν, etc. We also require
positivity of ΦiðϕÞ, ZðϕÞ, and WðϕÞ. The action (1) yields
equations of motion,
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magnetization zero. The longitudinal conductivity in this
limit is

�xx =
(F + G

2)(F �H
2)

F2 +H2G2
. (13)

The MC is defined by �� ⌘ �xx(H)� �xx(0).
Consider the evolution of the system with the doping.

As the surface gap increases, the size of the fermi surface
decreases. See figure 1(a). At x=0.08 gap is large enough
to see transition from WAL to WL for some temperature,
but fermi surface is still large so that particle character
remains. At x=0.1, gap is large enough and fermi sur-
face is small enough to show strong coupling behavior, so
that our theory is well applicable. Figure 1(b) shows the
evolution of MC curve as we raise the doping rate assum-
ing that entire regime can be described holographically.
However the real system is strongly correlated only when
fermi surface is small enough. Therefore we expect that
our theory is valid only in a window of doping rate as well
as that of temperature. This is indeed what happens. In
figure 1(b), the green color indicates the validity island in
parameter space of (�, H), where our theory agrees with
experimental result of ref.[20].

X=0.10	
X=0.08	
X=0.00	

(a) (b)

FIG. 1. Evolution of (a) density of state and (b) MC as we
vary the doping. Again, our theory fit data only in an island
of parameter space (H, �), where � = x.

As we discussed earlier, the problematic part of the
data fitting in weakly interacting picture is the medium
doping regime x ⇠ 0.1 where the transition between the
WAL to WL is smooth. Does our theory fit data in such
region? The answer is given in figure 2, where we took
the data for x = 0.1. Here again, our theory is valid only
in an island of parameter space (H,T ). There are only
4 adjustable parameters: �,�, q�, vF . Others (T,H, µ)
are plot variables. From the data fitting point of view,
the 1.9 K data is di�cult to fit because it has too steep
curvature near zero magnetic field H = 0. If we fit it for
small field region, medium and large field regions are not
fit at all. We believe that at T = 1.9K the fermi surface
is still not small enough and our theory can not fit such
weakly interacting regime by tuning all 4 parameters.

Another important question is whether our result is
universal, namely, independent of details of the matter.
To answer this question at least partially, we worked out
two materials in the validity islands which is shown in

(a) (b)

FIG. 2. (a) Theory v.s data (circle) for x=0.1. T=1.9K is in
fermi liquid regime where our theory does not work. (b) ��

as function ofH and T . Our theory works in the green colored
island of (H,T ) space, where the system is strongly correlated.
We used �

2 = 2747
(µm)2

, vF = 7.5⇥ 104m/s, q� = 7.12.

figure 3(b). Figure 3(a) shows a remarkable similarity
in MC curves for di↵erent TI material. The transition
behavior seems be universal and well described by our
theory.
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FIG. 3. Universality of transition behavior: two di↵erent
materials are described by the same analytic expression with
di↵erent parameter values. (a) MC for Cr doped Bi2Te3 (left)
and for Mn doped Bi2Se3 (right). The data are from ref. [20]
and [19] respectively. (b) strong correlation islands for the
two. Bi2Se3 has bigger island due to the bigger bulk gap.

In weakly interacting picture, the non-trivial behav-
ior of magneto-conductivity in crossover regime is under-
stood by the competition between anti-localization in-
duced by spin-orbit coupling and the localization by sur-
face gap. In holographic picture, the enhancement in
conductivity can be understood as magneto-electric ef-
fect or Witten e↵ect. The interaction term dictates that
external magnetic field generates extra charge carriers
�q ⇠ ✓H to increase the conductivity. The result of the
competition is the sign change in the curvature of MC
curve near H = 0, where

�� ⇠ �
2(1� 4✓2/9)

r
2
0�

2
H

2 +O(H4). (14)

and ✓ = q���
2
/r

2
0. It also explains why crossover from

WAL to WL appears only in relatively low but not very
low temperature region, because r0 ⇠ T for high tem-
perature and ✓ becomes small so that 1 � 2✓/3 cannot
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magnetization zero. The longitudinal conductivity in this
limit is

�xx =
(F + G

2)(F �H
2)

F2 +H2G2
. (13)

The MC is defined by �� ⌘ �xx(H)� �xx(0).
Consider the evolution of the system with the doping.

As the surface gap increases, the size of the fermi surface
decreases. See figure 1(a). At x=0.08 gap is large enough
to see transition from WAL to WL for some temperature,
but fermi surface is still large so that particle character
remains. At x=0.1, gap is large enough and fermi sur-
face is small enough to show strong coupling behavior, so
that our theory is well applicable. Figure 1(b) shows the
evolution of MC curve as we raise the doping rate assum-
ing that entire regime can be described holographically.
However the real system is strongly correlated only when
fermi surface is small enough. Therefore we expect that
our theory is valid only in a window of doping rate as well
as that of temperature. This is indeed what happens. In
figure 1(b), the green color indicates the validity island in
parameter space of (�, H), where our theory agrees with
experimental result of ref.[20].
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X=0.00	
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FIG. 1. Evolution of (a) density of state and (b) MC as we
vary the doping. Again, our theory fit data only in an island
of parameter space (H, �), where � = x.

As we discussed earlier, the problematic part of the
data fitting in weakly interacting picture is the medium
doping regime x ⇠ 0.1 where the transition between the
WAL to WL is smooth. Does our theory fit data in such
region? The answer is given in figure 2, where we took
the data for x = 0.1. Here again, our theory is valid only
in an island of parameter space (H,T ). There are only
4 adjustable parameters: �,�, q�, vF . Others (T,H, µ)
are plot variables. From the data fitting point of view,
the 1.9 K data is di�cult to fit because it has too steep
curvature near zero magnetic field H = 0. If we fit it for
small field region, medium and large field regions are not
fit at all. We believe that at T = 1.9K the fermi surface
is still not small enough and our theory can not fit such
weakly interacting regime by tuning all 4 parameters.

Another important question is whether our result is
universal, namely, independent of details of the matter.
To answer this question at least partially, we worked out
two materials in the validity islands which is shown in

(a) (b)

FIG. 2. (a) Theory v.s data (circle) for x=0.1. T=1.9K is in
fermi liquid regime where our theory does not work. (b) ��

as function ofH and T . Our theory works in the green colored
island of (H,T ) space, where the system is strongly correlated.
We used �

2 = 2747
(µm)2

, vF = 7.5⇥ 104m/s, q� = 7.12.

figure 3(b). Figure 3(a) shows a remarkable similarity
in MC curves for di↵erent TI material. The transition
behavior seems be universal and well described by our
theory.

○○○○○○
○○○

○○○
○○
○○○

○○○○○
○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○
○○○○○○○○

○○○○○
○○○
○○○○○○○○○

○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

T=2.5K

T=3.1K

T=6K

0.0 0.1 0.2 0.3 0.4

-0.6

-0.4

-0.2

0.0

0.2

H(T)

Δσ

Cr0.1Bi1.9Te3

○○○○○○
○○
○○○
○○○
○○○○○

○○
○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

○○○○○○○○○○○○○○○○○
○○○○○○○○○○○○○

○○○○○○○○○○○○○○○○○○○○○○○○○○○
○○○○○○○○○○○○○○○○

○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

○○○○○○○○○○○○○
○○○○○○○○○○○○○○○○○○○○○

○○○○○○○○○
○○
○○○
○○○○○

T=3

T=4

T=5

T=7

0.0 0.2 0.4 0.6 0.8

-0.8

-0.6

-0.4

-0.2

0.0

0.2

H(T)

Δσ

Mn0.08Bi1.92Se3

(a) (b)

FIG. 3. Universality of transition behavior: two di↵erent
materials are described by the same analytic expression with
di↵erent parameter values. (a) MC for Cr doped Bi2Te3 (left)
and for Mn doped Bi2Se3 (right). The data are from ref. [20]
and [19] respectively. (b) strong correlation islands for the
two. Bi2Se3 has bigger island due to the bigger bulk gap.

In weakly interacting picture, the non-trivial behav-
ior of magneto-conductivity in crossover regime is under-
stood by the competition between anti-localization in-
duced by spin-orbit coupling and the localization by sur-
face gap. In holographic picture, the enhancement in
conductivity can be understood as magneto-electric ef-
fect or Witten e↵ect. The interaction term dictates that
external magnetic field generates extra charge carriers
�q ⇠ ✓H to increase the conductivity. The result of the
competition is the sign change in the curvature of MC
curve near H = 0, where

�� ⇠ �
2(1� 4✓2/9)

r
2
0�

2
H

2 +O(H4). (14)

and ✓ = q���
2
/r

2
0. It also explains why crossover from

WAL to WL appears only in relatively low but not very
low temperature region, because r0 ⇠ T for high tem-
perature and ✓ becomes small so that 1 � 2✓/3 cannot

2

Such an interaction term was first introduced in [24] by
us to discuss the SOC. The strong SOC provides the
band inversion that induces massless chiral fermions at
the boundary, which in turn induces the chiral anomaly
as a nontrivial divergence of the chiral current. In fact,
our interaction term is unique in that it is the leading or-
der term that can take care of anomaly and its coupling
to impurity in a manner with time reversal symmetry
broken.

The solution of equation of motion is given by

A = a(r)dt+
1

2
H(xdy � ydx),

�
(1)
I

= ↵

✓
x

y

◆
, �

(2)
I

= �

✓
x

y

◆
,

ds
2 = �U(r)dt2 +

dr
2

U(r)
+ r

2(dx2 + dy
2), (2)

with U(r) = r
2
�

↵
2 + �

2

2
�

m0

r
+

q
2 +H

2

4r2

+
�
4
H

2
q
2
�

20r6
�

�
2
Hqq�

6r4
,

a(r) = µ�
q

r
+

�
2
Hq�

3r3
, (3)

where µ is the chemical potential, q is charge carrier den-
sity. q and m0 is determined by the regularity condition
at the black hole horizon, At(r0) = U(r0) = 0.

q = µr0 +
1

3
✓H with ✓ =

�
2
q�

r
2
0

(4)

m0 = r
3
0

✓
1 +

r
2
0µ

2 +H
2

4r40
�

↵
2 + �

2

2r20

◆
+

✓
2
H

2

45r0
. (5)

Usually the chemical potential is proportional to the
charge density. However, in our model, there is extra
term ⇠ ✓H, which represents the Witten e↵ect, the mag-
netic field generation by electric charge and vice versa. It
comes from the last term of the action whose microscopic
origin is the spin-orbit interaction[25, 26].

The temperature of the physical system is identified by
the Hawking temperature of the black hole given by

T =
12r40 �

⇥
H

2 + 2r20(↵
2 + �

2) + (q �H✓)2
⇤

16⇡r30
(6)

and the entropy and energy densities are given by s =
4⇡r20, ✏ = 2m0 respectively. Since the boundary on-shell
action is related with pressure by Sonshell = �P, we
get " + P = s T + µ q. Then, the magnetization can be
obtained from M = �

@✏

@H
.

DC transport coe�cients can be calculated by turn-
ing on small fluctuations around background (3) [27];

�Gti = �tU(r)⇣i + �gti(r), �Gri = r
2
�gri

�Ai = t(�Ei + ⇣ia(r)) + �ai(r), (7)

where i = x, y. Notice that equations of motion for fluc-
tuation are time-independent, although there is explicit
time dependence in above ansatz. Here Ei corresponds
to the external electric field and ⇣i = �@iT/T . We define
bulk currents by

J
i =

p
�gF

ir
, Q

i = U(r)2@r

✓
�gti(r)

U(r)

◆
� at(r)J

i
. (8)

which become the electric and the heat current J i, Qi =
hT

ti
i�µJ

i respectively at the boundary(r ! 1). Using
the equations of motion of the fluctuation fields together
with the horizon regularity condition, we can get electric
and heat current at the boundary in terms of the external
sources;

J
i =

(F + G
2)(F �H

2)

F2 +H2G2
Ei

+


✓ +

HG(2F + G
2
�H

2)

F2 +H2G2

�
✏ijEj

+
sTG(F �H

2)

F2 +H2G2
⇣i +

sTH(F + G
2)

F2 +H2G2
✏ij⇣j

Q
i =

sTG(F �H
2)

F2 +H2G2
Ei +

sTH(F + G
2)

F2 +H2G2
✏ijEj

+
s
2
T

2
F

F2 +H2G2
⇣i +

s
2
T

2
HG

F2 +H2G2
✏ij⇣j , (9)

where ⇣i = �(riT )/T as before and

F = r
2
0(↵

2 + �
2) + (1 + ✓

2)H2
� q ✓H

G = q � ✓H. (10)

Now, the transport coe�cients can be read o↵ from

✓
J
i

Q
i

◆
=

✓
�ij ↵ijT

↵̄ijT ̄ijT

◆✓
Ej

⇣j

◆
. (11)

In q� ! 0 limit, Eq. (9) are reduced to those of dy-
onic black hole [28–31]. There are two important symme-
tries of the DC conductivities: one is the anti-symmetry
of the o↵-diagonal components, i.e, Xij = �Xji for all
X = �,↵, ̄; and the other is ↵ij=↵̄ij , which is Onsager’s
relation. If we further take H ! 0 limit,

�xx ! 1 +
q
2

r
2
0(↵

2 + �2)
. (12)

Notice that if we define �2 = ↵
2+�

2, � = �
2

↵2+�2 , then �
2

plays the role of the total impurity density used in [24],
and �

2 and ↵
2 can be interpreted as the magnetic and

non-magnetic impurity density respectively. Therefore �

corresponds to the magnetic doping parameter, which is
usually denoted by x in the literature.

Magneto-conductance:
To compare our results with the data for the non-ferro

magnetic material, we take µ = 0 to set the ferromagnetic

2Δ	
X=0.00	
X=0.08	
X=0.12	

EF	

Figure 1. Evolution of density of state. As we increase the doping and thereby the surface gap
of the TI, the fermi surface gets smaller.

including thermal and thermo-electric transports of surface states of topological insulators

in the regime of strong correlation. We will give 3D plots of each of them. Since not much

data are available for heat transport or thermo-electric transports of Dirac material in such

regime, our study can be regarded as predictions of holographic theory for generic Dirac

materials in the vicinity of charge neutral point 2.

2 Gravity dual of the surface of TI with magnetic doping

Although our target is general Dirac material not just for Topological Insulator (TI), we

want to setup holographic formalism to describe the surface of it, which is one of the

most well studied material with Dirac cone. Phenomenologically, we will be interested in

magneto-transport of TI surface as a consequence of surface gap which is generated by the

magnetic doping.

2.1 Holographic Formulation of the surface state

We setup the holographic model by a sequence of reasonings.

1. The key feature of Topological bulk band is the presence of a surface normalizable

zero-mode. It happens when the bulk band is inverted and one known mechanism

for band inversion is large spin-orbit interaction. So considering boundary is crucial

to discuss TI.

2. On the other hand, in Holographic theory, having both bulk and boundary of a

physical system is very di�cult, if not impossible, since the bulk of the physical system

is already at the boundary of AdS space. In this situation, we have to ’carefully’ delete

either bulk or boundary for holographic description, depending on one’s goal. Our

2Our treatment can be applied for the case with surface gap as well as the case without gap as far as
the system can be considered as a conductor.
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Strong Correlation E↵ects on Surfaces of Topological Insulators via Holography

Yunseok Seo, Geunho Song and Sang-Jin Sin
Department of Physics, Hanyang University, Seoul 04763, Korea.

(Dated: March 21, 2017)

We investigate e↵ects of strong correlation on the surface state of topological insulator (TI). We
argue that electrons in the regime of crossover from weak anti-localization to weak localization, are
strongly correlated and calculate magneto-transport coe�cients of TI using gauge gravity principle.
Then, we examine, magneto-conductivity (MC) formula and find excellent agreement with the data
of chrome doped Bi2Te3 in the crossover regime. We also find that cusp-like peak in MC at low
doping is absent, which is natural since quasi-particles disappear due to the strong correlation.

PACS numbers: 11.25.Tq, 71.10.-d, 72.15.Rn

Introduction: Understanding strongly correlated
electron systems has been a theoretical challenge for sev-
eral decades. Typically, such systems lose quasi-particles
and show mysteriously rapid thermalization [1–4], which
provide the hydrodynamic description [5, 6] of them near
quantum critical point (QCP). Recently, the principle of
gauge-gravity duality [7–9] attracted much interest as a
possibility of the paradigm for strongly interacting sys-
tems, where the system near QCP is mapped to a black
hole. More recently, large violation of Widermann-Frantz
law was observed in graphene near charge neutral point,
indicating that it is a strongly interacting system [10] in
a window of temperature, and the gauge gravity prin-
ciple applied to it exhibited remarkable agreement with
the experimental data [11].

The fundamental reason for the appearance of the
strong interaction in graphene is the smallness of the
fermi sea: in the presence of the Dirac cone, when fermi
surface is near the tip of the cone, electron hole pair cre-
ation from such a small fermi sea is insu�cient to screen
the Coulomb interaction. Because this is so simple and
universal, one can expects that for any Dirac material,
there should be a regime of parameters where electrons
are strongly correlated. Dirac cone also provides the rea-
son why it is a quantum critical system with Lorentz
invariance. The most well known Dirac material other
than the graphene is the surface of a topological insula-
tor (TI) [12, 13]. The latter has an unpaired Dirac cone
and strong spin-orbit coupling, and as a consequence, it
has a variety of interesting physics[14–16] including weak
anti-localization (WAL) [17].

Magnetic doping in TI can open a gap in the surface
state by breaking the time reversal symmetry [18–20],
and it is responsible for the transition from WAL to weak
localization(WL). For extreme low doping, the sharp
horn of the magneto-conductivity curve near zero mag-
netic field can be described by Hikami-Larkin-Nagaoka
(HLN) function [21]. However, for intermediate doping
where the tendency of WAL and weak localization (WL)
compete, a satisfactory theory is still wanted [18, 20, 22]
although there is a phenomenological description [23]
Even in the case the fermi surface is large at low dop-
ing so that the system is a fermi liquid, increasing the
surface gap pushes up the dispersion curve, which makes

the fermi sea small. Then, the logic for strong cou-
pling in graphene works for transition region in surface of
TI. Therefore electron system near the transition region
should be strongly correlated.
In this paper, we investigate magneto-conductivity

(MC) for the surface of a topological insulator with cor-
related electrons using gauge gravity principle. We will
give analytic formulae of all the magneto-transports on
the surface of TI with strong correlation as a function
of magnetic field, temperature and impurity density and
compare the result with Bi2Te3 data of [20]. Most inter-
estingly, in the doping regime with crossover from WAL
to WL, our theory agrees with experimental data nicely
in a window of temperature justifying our suggestion that
electrons in the experimented material are strongly cor-
related in this regime. Our results also show that the
cusp-like peak in MC curve at fixed temperature, which
is the hall-mark of WAL in the weakly interacting sys-
tem, is absent, which can be argued to be a consequence
of strong correlation.
Idea of the model: Our system is the surface of topo-

logical insulator which is a 2+1 dimensional system with
odd number of Dirac cones. Our question is what hap-
pens if such system has strong correlation as well and
the recipe for strong electron-electron interaction is to
use gauge gravity principle or holography. For TI, spe-
cial care is necessary to encode strong spin-orbit coupling
(SOC). Our holographic model is defined on a manifold
M which is asymptotically AdS4. With these setup, our
model is defined by the action,

22
S =

Z

M
d
4
x
p
�g

2

4R+
6

L2
�

1

4
F

2
�

X

I,a=1,2

1

2
(@�(a)

I
)2

3

5

�
q�

16

Z

M

X

I=1,2

(@�(2)
I

)2F ^ F (1)

where q� is the coupling and 
2 = 8⇡G and L is the

AdS radius. From now on, we set 22 = L = 1. The
action contains two pairs of bosons, one for the magnetic
impurities and the other for the non-magnetic ones. To
encode the e↵ect of SOC in the presence of the magnetic
doping, we introduced the last term which is a coupling
between the impurity density and the instanton density.
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II. Topological Stability of FL

• In metal,  ,  : strong 
interaction not weak at all.  


• Why such strongly interacting system behave like 
a free electron system? 


• Here we want to understand it as a topological  
stability just as the edge mode of TI. 

Vee ∼ EF geff ∼ Vee/EK > 1
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Jackiw-Rebbi and Topology

• Jackiw-Rebbi: in the presence of bosonic 
soliton,  
there is a Fermionic zero mode localized at 
the boundary 
                               

• TI : fermion zero mode localized at the 
boundary. 


• sign change of m is equivalent  to impose  
a boundary condition m(0)=0 and 

(γμDμ − ϕ)ψ = 0

10
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(a) Jackiw-Rebbi mode

M0 -M0

+z-z AdS

∂AdS = our space time

Mirror
AdS

Zero mode

(b) JR mode in AdS

Figure 2. (a: top): Jackiw-Rebbi fermion zero mode in the soliton background. (a: bottom)
Realization of the soliton ϕ by sign changing mass. (b) M0 corresponds to the m in flat space. The
boundary of AdS is the bulk of the physical space.

withKµ = (ω, kx, ky). Here the vielbeins in Γµ = eµaΓa were taken care of and all Γ matrices
in eq. (3.1) denote the constant ones Γa. Note that in the diagonal metric, the non-zero
vielbein components are just square roots of the diagonal metric components. We construct
the fermion zero mode in AdS by the separation of variables: ψ0±(z, k) = φ±(z)χ0±(k),
where φ± is a scalar and the spinor χ0±(k) is defined by Γzχ0±(k) = ±χ0±(k). They satisfy

[
∓∂z +

m+ gΦ
z

]
φ± = 0, KµΓµχ0±(k) = 0, (3.2)

respectively. The solution is given by

φ0±(z, x) = z±m exp(±g
∫ z

0
dz′ϕ(z′))χ0±, (3.3)

where ϕ = Φ/z for z > 0. The standard (alternative) quantization means we project
out ψ0− (ψ0+) [9, 18]. We choose the standard quantization and negative m because the
spectral function A ∼ w2m and we want the spectral function to go zero when ω → ∞.
Then for g = −1, the wave function are localized at z = 0 as well as normalizable. Notice
that z±m factor does not make an issue of the normalizability because |m| < 1/2 by the
unitarity bound [18]. We see that the existence of the zero mode depends on whether the
normalizable one survives the projection we choose.

At this point, we remind the reader that the essence of the Jackiw-Rebbi (JR) solution
is the presence of the domain wall or a boundary where the mass changes its sign. The
AdS has a natural boundary although we did not install it. To make the parallelism with
JR solution more explicit, one may introduce the mirror AdS in the regime z < 0. See
figure 2(b). The sufficient condition for the normalizability of the zero mode in −∞ < z <

∞, is ϕ(−z) = −ϕ(z) which is clearly satisfied by

ϕ = M0 sign(z) +M1z. (3.4)

– 5 –



A holographic model
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The emergence of Strange metal and Topological Liquid
near Quantum Critical Point in a solvable model

Eunseok Oh, Taewon Yuk, Sang-Jin Sin⇤
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We discuss quantum phase transition by an exactly solvable model in the dual gravity setup. By
considering the e↵ect of the scalar condensation on the fermion spectrum near the quantum critical
point(QCP), we find that there is a topologically protected fermion zero mode associated with the
metal to insulator transition. Unlike the topological insulator, our zero mode is for the bulk of
the material, not the edge. We also show that the strange metal phase with T-linear resistivity
emerges at high enough temperature as far as a horizon exists. The phase boundaries are calculated
according to the density of states, giving insights on structures of the phase diagram near the QCP.

Introduction: The quantum critical point (QCP) is
believed to be a door to understanding strongly corre-
lated systems[1]. There, the particles are lost by the
strong correlation but the gravity dual description [2–4]
can work by the striking similarities between the QCP
and the black hole: both get the universality and both
can be assigned with the spectral functions and transport
coe�cients [5, 6]. However, too much information is lost
at the QCP and information o↵ the QCP is essential to
identify a physical system from the observed data.

Such motivation led our recent study on the e↵ect of
the symmetry breaking on the fermion spectral function
in [7]. We found features like Fermi arc of semi-metals,
flat band [8] and nodal lines [9] as well as the gap and
pseudo gap [10, 11]. This was rather surprising since the
topology is associated with band structure which usually
become fuzzy if strong correlation is introduced. This
is also a reminiscent to the appearance of the Fermi liq-
uid even in some of most strongly correlated system like
heavy fermions. Understanding such unusual stability of
the spectrum would provide a new insight to the study
of the quantum matters with strong correlation.

In this letter, we will show that if the fermion cou-
ples with a scalar and if the scalar get condensation, the
fermion can get a topologically protected zero mode, and
it can be used to provide an analytic result for the proto-
type quantum transition like that of metal to insulator.

The fermion zero mode with scalar in AdS: Let
the bulk fermion  be the dual field to the boundary
fermion � and �I be the dual bulk field of the operator
�̄�I�. We can encode the e↵ect of the symmetry break-
ing on the spectrum of the fermions by considering the
coupling  ̄� · � where � becomes a classical field un-
der the symmetry breaking. Our model is given by the
action given by the sum S = S� + S + Sbdy, where

S� =

Z
dd+1x

p
�g

�
Dµ�

2
I �m2

��
2� , (1)

S =

Z
dd+1p�gx i ̄ (�µDµ � (m+ g�)) , (2)

⇤ sjsin@hanyang.ac.kr

and Sbdy = i
R
@M

ddx
p
�h ̄ , in the fixed metric and

gauge field background gµ⌫ , Aµ. In this letter, we use the
most canonical and simplest AdS black hole metric,

ds2 = �f(z)
z2

dt2 +
1

z2f(z)
dz2 +

1
z2

d�2X

i=1

dx2
i , (3)

where f(r) = 1�(z/zH)d�1 for AdSd+1 and zH is related
to the temperature by zH = (d� 1)/4⇡T .
The fermion equation of motion is given by

(�µDµ �m� g�) = 0, (4)

where g = ±1 and Dµ = @µ + 1
4!µab�ab. According to

the choice of sign of Sbdy, half of the bulk spinor degrees
of freedom are projected out so that for ± sign, only  ±
survive [12, 13]. We use following Gamma matrices rep-
resentation [14], �r = �3⌦12, �µ = ⌧1⌦�µ, with �µ =
{i�2,�1,�3} for µ = 0, 1, 2.
For m2

� = �2 the solution for the scalar at the zero
temperature is given by � = M0z + M1z2. At the
zero temperature, both M0 and M1 can be independent
boundary conditions (BC), while for finite temperature,
one of them is a BC and the other is determined by the
BC. This is due to the presence of the in-falling condition
at the horizon. In this case, M1 is identified as the con-
densation corresponding to the spontaneous symmetry
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is also a reminiscent to the appearance of the Fermi liq-
uid even in some of most strongly correlated system like
heavy fermions. Understanding such unusual stability of
the spectrum would provide a new insight to the study
of the quantum matters with strong correlation.
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ples with a scalar and if the scalar get condensation, the
fermion can get a topologically protected zero mode, and
it can be used to provide an analytic result for the proto-
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From these results, we see that for both � = M0z and
� = M1z2, a gapless phase as well as the gaped phase
emerges from the same QCP by invoking the scalar order
of di↵erent sign. See Fig. 1(a) and (c).
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This is a surprising aspect of the holographic theory
because such phenomena never happens in flat space or in
weakly interacting system where the scalar order always
introduces a gap, not a zero mode. Equally surprising is
that the fermion zero mode in AdS has not been reported
although it exists in such standard set up. We are forced
to ask, if an ordered state is gapless, how the order can
be protected? We now want to understand its origin.

The topological insulator in AdS: The closest
phenomena is the Jackiw-Rebbi (JR) fermion zero mode
in the soliton background [15]. It is a solution of the
Dirac equation (�µ@µ � ') = 0, where ' changes sign
across the domain wall. For such ', the fermion has a
normalizable zero mode,  0(x) = exp (�

R
dx'), which is

localized at the domain wall. Its stability is guaranteed
by the boundary condition of ' which makes it topolog-
ical. See Figure 2(a)top. There were flurries of activity
last decade, under the name of the topological insula-
tor after this solution is realized as the surface mode of
condensed matter systems [16, 17]. In flat space, the soli-
ton ' can be realized by the sign changing fermion mass
across the boundary of the material, ' = m · sign(x),
which in turn can be realized by the band inversion. See
Fig. 2(a)bottom.

The gravity dual description has asymptotically Anti-
de Sitter (AdS) space whose boundary is identified with
the physical space in which materials are sitting. We will
show that our zero mode solution is nothing but the AdS
version of the Jackiw-Rebbi solution[15].

The argument can be greatly simplified for the pure
AdS limit where the Dirac equation becomes


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with Kµ = (!, kx, ky). We construct the fermion zero
mode in AdS by the separation of variables:  0±(z, k) =
�±(z)�0±(k), where �± is a scalar and the spinor �0±(k)
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where ' = �/z for z > 0. The standard (alternative)
quantization means we project out  0� ( 0+) [13, 18].
We choose the alternative one for convenience. By choos-
ing m < 0 and g = �1, the wave function of alternative
quantization are localized at z = 0 as well as normaliz-
able. The existence of the zero mode depends on whether
the normalizable one survives the projection we choose.
One should also notice that z±m factor does not make
an issue of the normalizability because |m| < 1/2 by the
unitarity bound[18].
At this point, we remind the reader that the essence

of the Jackiw-Rebbi (JR) solution is the presence of the
domain wall or boundary where the mass changes its sign.
The AdS has a natural boundary although we did not
install it. To make the parallelism with JR solution more
explicit, one may introduce the mirror AdS in the regime
z < 0. See Figure 2(b). The su�cient condition for the
normalizability of the zero mode in �1 < z < 1, is
'(�z) = �'(z) which is clearly satisfied by

' = M0 sign(z) +M1z. (8)

Each term can exist separately and their corresponding
fermion zero modes are
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respectively. Obviously these are localized at the bound-
ary for m < 0. The reader can read more explicit con-
struction of the full solution in the supplementary ma-
terial E. It should be reminded that the boundary of
the AdS is the physical space where materials are sit-
ting, therefore our zero mode describes a bulk phenom-
ena, while the zero mode in a usual topological insulator
(TI) describes a surface phenomena of the matter.
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phase generated by the zero mode is dissipation free due
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localized at the domain wall. Its stability is guaranteed
by the boundary condition of ' which makes it topolog-
ical. See Figure 2(a)top. There were flurries of activity
last decade, under the name of the topological insula-
tor after this solution is realized as the surface mode of
condensed matter systems [16, 17]. In flat space, the soli-
ton ' can be realized by the sign changing fermion mass
across the boundary of the material, ' = m · sign(x),
which in turn can be realized by the band inversion. See
Fig. 2(a)bottom.
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de Sitter (AdS) space whose boundary is identified with
the physical space in which materials are sitting. We will
show that our zero mode solution is nothing but the AdS
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by the boundary condition of ' which makes it topolog-
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tor after this solution is realized as the surface mode of
condensed matter systems [16, 17]. In flat space, the soli-
ton ' can be realized by the sign changing fermion mass
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which in turn can be realized by the band inversion. See
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Because AdS bdy=our real space,    
we suggest  this edge mode  as the Fermi liquid.
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near Quantum Critical Point in a solvable model
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We discuss quantum phase transition by an exactly solvable model in the dual gravity setup. By
considering the e↵ect of the scalar condensation on the fermion spectrum near the quantum critical
point(QCP), we find that there is a topologically protected fermion zero mode associated with the
metal to insulator transition. We also show that the strange metal phase with T-linear resistivity
emerges at high enough temperature as far as the gravity has a horizon. The phase boundaries are
calculated according to the density of states, giving insights on structures of the phase diagram near
the QCP.

Introduction: The quantum critical point (QCP) is
believed to be a door to understanding strongly corre-
lated systems[1]. There, the particle characters are lost
due to the interaction but the gravity dual description
[2–4] may work due to the striking similarities between
the QCP and the black hole: both get the universality
by the apparent information loss, so that many di↵erent
systems look the same. Both can be assigned with the
spectral functions and transport coe�cients so that it is
likely that the we can identify the two if they are the
same[5, 6]. However, too many informations are lost at
the QCP so that information about the QCP itself is not
enough to identify a physical system and the properties
o↵ the QCP is essential.

Since the deriving force in the phase transition near
the QCP typically is a symmetry breaking, we recently
studied its e↵ect on the fermion spectral function [7] nu-
merically. As a result, we found key features of quantum
matters including the Fermi arc, flat band and nodal lines
as well as the gap and pseudo gap. This is rather sur-
prising since the topology is associated with clear band
structure which usually become fuzzy in the strongly in-
teracting system. So it raises unavoidable question: why
this is related to the phenomena of appearance of the
Fermi liquid in some of most strongly correlated system
like heavy fermions. Answering theses question would
provide a new angle to the study of the quantum mat-
ters with strong correlation.

In this paper we will show that there can be a gap
or a zero mode with topological stability depending on
the sign of the scalar field. See Figure 1(a) and (c). In
fact, the appearance of the gapless mode in spite of the
chiral symmetry breaking order is a surprise because it
can never happen in the flat space field theory. It is
also curious question to ask if an ordered state is gapless,
how the order can be protected? We will see that it is
the topological property and its presence is related to the
parity invariance defined in [7].

We will first demonstrate the presence of the zero mode
by solving the Dirac equation analytically. We will then

⇤ sjsin@hanyang.ac.kr

(a)g� > 0, Gap (b)g� = 0, QCP (c)g� < 0, Gapless

FIG. 1. Spectral Functions (a) for gapped phase, (b) for the
QCP, (c) for the topological phase.

show that the fermion zero mode has the same mathe-
matical structure with that of the topological insulator
(TI). It is the anti-de Sitter space (AdS) version of the
Jackiw-Rebbi solution[8]. This also implies that the gap-
less phase is a dissipation free, hence we call it as the
topological liquid (TL). Such topological character of the
zero mode makes the TL di↵erent from the critical point
in the spectrum: in Figure 1(c) there is clear separation
between the gapped and the zero mode, which is char-
acteristically di↵erent from the critical point of Figure
1(b) which shows a gapless fuzzy distribution of density
of states.
The di↵erence between the usual TI and and our sys-

tem is that the zero mode in a usual TI describes a sur-
face phenomena of the matter while it describes the bulk
phenomena of the the physical matter here.
Because both gap and gapless phases are created out

of a quantum critical point by a single order parame-
ter with di↵erent sign, we interpret that it describes a
phase transition at QCP from a (semi-) metal to insu-
lator or its magnetic analogue. Indeed, when we turn
on the temperature T and calculate the spectral function
as a function of the T , we found that the gapless phase
has half width � ⇠ T ⇠ 1/⌧ which can be translated as
the linear resistivity in T , signaling the presence of the
strange metal. We will see that the so called Fermi liq-
uid must exist in our theory as intermediate zone of the
topological phase and the strange matter phase. We also
find that the gapped phase also evolves to the strange
metal as temperature goes high. It turns out that the

Fermion zero mode Localized at the boundary



1. Metal-Insulator Transition by the sign change of the coupling.

2. Fermion zero mode in the presence of the scalar  order. 

3. Pole type Green fct —> -function spectrum:  characteristic! δ

14

This is impossible in the flat spacetime. 
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(TI). It is the anti-de Sitter space (AdS) version of the
Jackiw-Rebbi solution[8]. This also implies that the gap-
less phase is a dissipation free, hence we call it as the
topological liquid (TL). Such topological character of the
zero mode makes the TL di↵erent from the critical point
in the spectrum: in Figure 1(c) there is clear separation
between the gapped and the zero mode, which is char-
acteristically di↵erent from the critical point of Figure
1(b) which shows a gapless fuzzy distribution of density
of states.
The di↵erence between the usual TI and and our sys-

tem is that the zero mode in a usual TI describes a sur-
face phenomena of the matter while it describes the bulk
phenomena of the the physical matter here.
Because both gap and gapless phases are created out

of a quantum critical point by a single order parame-
ter with di↵erent sign, we interpret that it describes a
phase transition at QCP from a (semi-) metal to insu-
lator or its magnetic analogue. Indeed, when we turn
on the temperature T and calculate the spectral function
as a function of the T , we found that the gapless phase
has half width � ⇠ T ⇠ 1/⌧ which can be translated as
the linear resistivity in T , signaling the presence of the
strange metal. We will see that the so called Fermi liq-
uid must exist in our theory as intermediate zone of the
topological phase and the strange matter phase. We also
find that the gapped phase also evolves to the strange
metal as temperature goes high. It turns out that the

2

presence of the zero modes is related to the fact that the
gravity dual use the asymptotically anti de Sitter space
which must have a boundary, and the appearance of the
strange metal is associated with the presence of the black
hole horizon.

An interesting aspect of our model is that the scalar
is associated with the chiral symmetry breaking in the
holographic space which does not break any obvious sym-
metry in the original space, which is a reminiscent of the
situation in the spin liquid. It can provide a possibil-
ity that some of the orders which traditionally has not
been associated with symmetry-breaking order may be
associated with such order in higher dimensional holo-
graphic space. Our theory is applicable to the class of
materials with transitions from insulator to topological
(semi-)metal [9–12]. Finally, we suggest that the stable
particle provided by the zero mode can make the Fermi
liquid appear even in very strongly correlated system.

The fermion zero mode with scalar in AdS: Let
the bulk fermion  be the dual field to the boundary
fermion � and �I be the dual bulk field of the operator
�̄�I�. We can encode the e↵ect of the symmetry break-
ing on the spectrum of the fermions by consider the cou-
pling  ̄� · � where � becomes a classical field under
the symmetry breaking. The fermion equation of motion
is given by (�µDµ �m� g�) = 0 with g = ±1. The
covariant derivative Dµ is given by Dµ = @µ + 1

4!µab�ab.
In this paper we use the simplest AdS black hole metric
whose explicit form is given in the supplementary mate-
rial A. In the zero temperature, f = 1. For m2

� = �2 the
solution for the scalar is given by � = M0z + Mz2. In
Poincare coordinate at zero temperature, both M0 and
M can be independent boundary conditions, while for fi-
nite temperature with blackhole background, one of them
is a boundary condition and the other is function of the
other. Only when M0 = 0, the value of M is identi-
fied as the traditional condensation. The fact that � can
include the non-zero source term M0 which correspond
to the external driving force is the important di↵erence
of the ’order parameter field’ in the holographic treat-
ment. Physically M0 can be related to the mass or dop-
ing parameter. One can check that the zero temperature
solution remains good approximation even for finite tem-
perature. This is because the large z region where true
solution deviates much from the probe solution is cut o↵
by the presence of the horizon.

We can prove the existence of the zero modes by solv-
ing above Dirac equation explicitly. In the supplemen-
tary material A, the readers can find the analytic form of
the Green functions at zero temperature whose pole give
spectrum. For � = M0z, by analyzing the Green func-
tions carefully we can see that the zero mode pole of Gg=1

R

is cancelled, while that of Gg=�1
R

survives. The massive

particle spectra is given by !2�k2 = M2
0

⇣
1� m

2

(n+m+1)2

⌘

for both g = ±1 with n = 0, 1, 2 · · · .
Similarly, for � = Mz2, the spectrum is given by !2 �

k2 = 4M(n +m + 1/2) for g = 1 and !2 � k2 = 4Mn
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FIG. 2. (a:top): Jackiw-Rebbi fermion zero mode in the soli-
ton background. (a:bottom) Realization of the soliton ' by
sign changing mass. (b) M0 corresponds to the m. The
boundary of AdS is the bulk of the physical space.

for g = �1. Notice that the first spectrum is gapful for
any n, but the second one has a zero mode at n = 0.
From these results, we see that for both � = M0z and

� = Mz2 cases, two completely di↵erent phases, one
gaped and the other gapless, can emerge from the same
quantum critical point at g = 0 by invoking the scalar
order depending the sign of the order parameter. This is
a surprising aspect of AdS space because such phenom-
ena never happen in flat space or in weakly interacting
system where the scalar order introduces a gap, but not
a zero mode. We want to understand its origin and im-
plications.
The topological insulator in AdS: The closest

phenomena is the Jackiw-Rebbi (JR) fermion zero mode
in the soliton background [8]. It is a solution of the Dirac
equation (�µDµ � ') = 0, where ' changes sign across
the domain wall. In such case the fermion has a normal-
izable zero mode,  0(x) = exp (�

R
dx') localized at the

domain wall. Its stability is guaranteed by the boundary
condition of ' which makes ' a topological soliton. See
Figure 2(a)top. Much activities were performed under
the name of the topological insulator after this solution
is realized as the surface mode of condensed matter sys-
tems [13, 14]. The configuration of ' can be realized by
the sign changing fermion mass across the boundary of
the material, ' = m · sign(x). See Figure 2(a)bottom.

Although we did not introduce any boundary of the
physical system here, the gravity dual description use
asymptotically Anti-de Sitter (AdS) space which has a
boundary, that is identified with the physical space where
the material is sitting.

Below, we will show that our zero mode solution can
be considered as the JR mode in the AdS, which has a
boundary at z = 0 and its bulk is the region of z > 0.
The argument can be greatly simplified for the pure AdS
limit where the Dirac equation becomes


�z@z � iKµ�

µ +
m+ g�

z

�
� = 0, (1)

with Kµ = (�!, kx, ky). Now we consider �0(k) with
k = (!,k) satisfying Kµ�µ�0(k) = 0, which is nothing
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a zero mode. We want to understand its origin and im-
plications.
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equation (�µDµ � ') = 0, where ' changes sign across
the domain wall. In such case the fermion has a normal-
izable zero mode,  0(x) = exp (�

R
dx') localized at the

domain wall. Its stability is guaranteed by the boundary
condition of ' which makes ' a topological soliton. See
Figure 2(a)top. Much activities were performed under
the name of the topological insulator after this solution
is realized as the surface mode of condensed matter sys-
tems [13, 14]. The configuration of ' can be realized by
the sign changing fermion mass across the boundary of
the material, ' = m · sign(x). See Figure 2(a)bottom.

Although we did not introduce any boundary of the
physical system here, the gravity dual description use
asymptotically Anti-de Sitter (AdS) space which has a
boundary, that is identified with the physical space where
the material is sitting.

Below, we will show that our zero mode solution can
be considered as the JR mode in the AdS, which has a
boundary at z = 0 and its bulk is the region of z > 0.
The argument can be greatly simplified for the pure AdS
limit where the Dirac equation becomes
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Exact solution, though not simple is available.
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The emergence of Strange metal and Topological Liquid
near Quantum Critical Point in a solvable model

Eunseok Oh, Taewon Yuk, Sang-Jin Sin⇤

Department of Physics, Hanyang University, Seoul 04763, Korea.

(Dated: June 12, 2021)

We discuss quantum phase transition by an exactly solvable model in the dual gravity setup. By
considering the e↵ect of the scalar condensation on the fermion spectrum near the quantum critical
point(QCP), we find that there is a topologically protected fermion zero mode associated with the
metal to insulator transition. Unlike the topological insulator, our zero mode is for the bulk of
the material, not the edge. We also show that the strange metal phase with T-linear resistivity
emerges at high enough temperature as far as a horizon exists. The phase boundaries are calculated
according to the density of states, giving insights on structures of the phase diagram near the QCP.

Introduction: The quantum critical point (QCP) is
believed to be a door to understanding strongly corre-
lated systems[1]. There, the particles are lost by the
strong correlation but the gravity dual description [2–4]
can work by the striking similarities between the QCP
and the black hole: both get the universality and both
can be assigned with the spectral functions and transport
coe�cients [5, 6]. However, too much information is lost
at the QCP and information o↵ the QCP is essential to
identify a physical system from the observed data.

Such motivation led our recent study on the e↵ect of
the symmetry breaking on the fermion spectral function
in [7]. We found features like Fermi arc of semi-metals,
flat band [8] and nodal lines [9] as well as the gap and
pseudo gap [10, 11]. This was rather surprising since the
topology is associated with band structure which usually
become fuzzy if strong correlation is introduced. This
is also a reminiscent to the appearance of the Fermi liq-
uid even in some of most strongly correlated system like
heavy fermions. Understanding such unusual stability of
the spectrum would provide a new insight to the study
of the quantum matters with strong correlation.

In this letter, we will show that if the fermion cou-
ples with a scalar and if the scalar get condensation, the
fermion can get a topologically protected zero mode, and
it can be used to provide an analytic result for the proto-
type quantum transition like that of metal to insulator.

The fermion zero mode with scalar in AdS: Let
the bulk fermion  be the dual field to the boundary
fermion � and �I be the dual bulk field of the operator
�̄�I�. We can encode the e↵ect of the symmetry break-
ing on the spectrum of the fermions by considering the
coupling  ̄� · � where � becomes a classical field un-
der the symmetry breaking. Our model is given by the
action given by the sum S = S� + S + Sbdy, where

S� =

Z
dd+1x

p
�g

�
Dµ�

2
I �m2

��
2� , (1)

S =

Z
dd+1p�gx i ̄ (�µDµ � (m+ g�)) , (2)

⇤ sjsin@hanyang.ac.kr

and Sbdy = i
R
@M

ddx
p
�h ̄ , in the fixed metric and

gauge field background gµ⌫ , Aµ. In this letter, we use the
most canonical and simplest AdS black hole metric,

ds2 = �f(z)
z2

dt2 +
1

z2f(z)
dz2 +

1
z2

d�2X

i=1

dx2
i , (3)

where f(r) = 1�(z/zH)d�1 for AdSd+1 and zH is related
to the temperature by zH = (d� 1)/4⇡T .
The fermion equation of motion is given by

(�µDµ �m� g�) = 0, (4)

where g = ±1 and Dµ = @µ + 1
4!µab�ab. According to

the choice of sign of Sbdy, half of the bulk spinor degrees
of freedom are projected out so that for ± sign, only  ±
survive [12, 13]. We use following Gamma matrices rep-
resentation [14], �r = �3⌦12, �µ = ⌧1⌦�µ, with �µ =
{i�2,�1,�3} for µ = 0, 1, 2.
For m2

� = �2 the solution for the scalar at the zero
temperature is given by � = M0z + M1z2. At the
zero temperature, both M0 and M1 can be independent
boundary conditions (BC), while for finite temperature,
one of them is a BC and the other is determined by the
BC. This is due to the presence of the in-falling condition
at the horizon. In this case, M1 is identified as the con-
densation corresponding to the spontaneous symmetry
breaking only if M0 = 0. In general, � includes the non-
zero source term M0, which corresponds to the external
driving force like doping parameter or pressure.
We can prove the existence of the zero modes by solv-

ing above Dirac equation explicitly. The readers can find
the analytic form of the Green functions at zero temper-
ature whose poles give the full information of the spec-
trum, in the supplementary material A. For � = M0z,
the explicit Green functions tells us that the zero mode
pole of Gg=1

R
is cancelled, while that of Gg=�1

R
survives.

The massive spectrum is given by

!2 � k2 = M2
0

�
1�m2/(n+m+ 1)2

�
, n = 0, 1, 2 · · · ,

for both g = ±1. Similarly, for � = M1z2, the spectrum
is given by !2 � k2 = 4M1(n+m+ 1/2) for g = 1, but
!2�k2 = 4M1n for g = �1. Here again the n = 0 mode
for g = 1 is gapful but that for g = �1 a zero mode.



III. Random Kondo 

16



Main theme of talk : Random Kondo physics
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3. Experimental results 

In 1934a resistance minimum was observed in gold as a function of temperature (de Haas, de Boer 
and van den Berg 1934), indicating that there must be some additional scattering mechanism giving an 
anomalous contribution to the resistivity--- one which increases in strength as the temperature is lowered. 
Other examples of metals showing a resistance minimum were later observed, and its origin was a 
longstanding puzzle for about 30 years. In the early 1960s it was recognized that the resistance minima 
are associated with magnetic impurities in the metallic host --- a magnetic impurity being one which has 
a local magnetic moment due to the spin of unpaired electrons in its atomic-like d or f shell. A carefully 
studied example showing the correlation between the resistance minima and the number of magnetic 
impurities is that of iron impurities in gold (van den Berg, 1964). In his book entitled Thermoelectricity, 
An Introduction to the Principles (first published in 1961 from John & Wiley), MacDonald (D.K.C.) 
showed various kinds of experimental results of electrical resistivity and thermoelectric power for noble 
metals (Au, Cu) diluted with magnetic impurities such as Mn and Fe. The electrical resistivity of Cu 
diluted with Mn or Fe clearly shows a local minimum at low temperatures. The temperature dependence 
of the thermoelectric power at low T is extremely sensitive to the amount of the magnetic impurities; Au 
diluted with Mn. 
(a) Electrical resistivity 

5.6 Piers Coleman

• The scattering o↵ the Kondo singlet is resonantly confined to a narrow region of order
TK , called the Kondo or Abriksov-Suhl resonance.

Fig. 4: Temperature dependence of resistivity associated with scattering from an impurity
spin from [7, 8]. The resistivity saturates at the unitarity limit at low temperatures, due to the
formation of the Kondo resonance. Adapted from [7].

1.3 The Kondo lattice

In heavy fermion material, containing a lattice of local moments, the Kondo e↵ect develops
coherence. In a single impurity, a Kondo singlet scatters electrons without conserving momen-
tum, giving rise to a huge build-up of resistivity at low temperatures. However, in a lattice, with
translational symmetry, this same elastic scattering now conserves momentum, and this leads to
coherent scattering o↵ the Kondo singlets. In the simplest heavy fermion metals, this leads to a
dramatic reduction in the resistivity at temperatures below the Kondo temperature.
As a simple example, consider CeCu6 a classic heavy fermion metal. Naively, CeCu6 is just
a copper alloy, in which 14% of the copper atoms are replaced by cerium, yet this modest
replacement radically alters the metal. In this material, it actually proves possible to follow the
development of coherence from the dilute single ion Kondo limit, to the dense Kondo lattice, by
forming the alloy La1�xCexCu6. Lanthanum is iso-electronic to cerium, but has an empty f-shell,
so the limit x! 0 corresponds to the dilute Kondo limit, and in this limit the resistivity follows
the classic Kondo curve. However, as the concentration of cerium increases, the resistivity
curve starts to develop a coherence maximum, an in the concentrated limit drops to zero with a
characteristic T 2 dependence of a Landau Fermi liquid (see Fig. 6).
CeCu6 displays the following classic features of a heavy fermion metal:

• A Curie-Weiss susceptibility � ⇠ (T + ✓)�1 at high temperatures.

• A paramagnetic spin susceptibility � ⇠ cons at low temperatures.

RG

ρ(T ) = ρ0 + aT2 + bT5 + cm ln
μ
T

,
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Heavy Fermions and the Kondo Lattice 5.3

diagram” [3] in Fig 1. The d-orbital metals at the bottom left of this diagram are highly itiner-
ant and exhibit conventional superconductivity. By contrast, in rare earth and actinide metals
towards the top right-hand corner, the f-shell electrons are localized, forming magnets or anti-
ferromagnets. It is the materials that lie in the cross-over between these two regions that are
particularly interesting, for these materials are “on the brink of magnetism”. It is in this cross-
over region that many strongly correlated materials reside: it is here for instance, that we find
cerium and uranium, which are key atoms for a wide range of 4f and 5f heavy electron materials.

1.2 Local moments and the Kondo e↵ect

Heavy electron materials contain a lattice of localized electrons immersed in a sea of mobile
conduction electrons. To understand their physics, we need to first step back and discuss in-
dividual localized moments, and the mechanism by which they interact with the surrounding
conduction sea.
The key feature of a localized moment, is that the Coulomb interaction has eliminated the high
frequency charge fluctuations, leaving behind a low energy manifold of degenerate spin states.
In rare earth and actinide ions, the orbital and spin angular momentum combine into a single
entity with angular momentum ~j = ~l + ~s. For example, a Ce3+ ion contains a single unpaired
4f-electron in the state 4 f 1, with l = 3 and s = 1/2. Spin-orbit coupling gives rise to low-
lying multiplet with j = 3 � 1

2 =
5
2 , consisting of 2 j + 1 = 6 degenerate orbitals |4 f 1 : Jmi,

(mJ 2 [�5
2 ,

5
2 ]) with an associated magnetic moment M = 2.64µB. In a crystal, the 2 j + 1 fold

degeneracy of such a magnetic ion is split, and provided there are an odd number of electrons
in the ion, Kramer’s theorem guarantees that the lowest lying state has at least, a two fold
degeneracy. (Fig. 2 a and b.)
One of the classic signatures of localized moments, is a high temperature Curie Weiss suscepti-
bility, given by

� ⇡ ni
M2

3(T + ✓)
M2 = g2µ2

B j( j + 1), (2)

where, ni is the concentration of magnetic moments while M is the magnetic moment with total
angular momentum quantum number j and gyro-magnetic ratio (“g-factor”) g. ✓ is the “Curie
Weiss” temperature, a phenomenological scale which takes account of interactions between
spins.
The presence of such local moments inside a metal profoundly alters its properties. The physics
of an isolated magnetic ion is described by the Kondo model

H =
X

k�

✏kc†k�ck� +

�Hz                }|                {
J †(0)~� (0) · ~S f . (3)

where c†k� creates a conduction electron of energy ✏k, momentum k and  †(0) = N�1/2
s
P

k c†k�
creates a conduction at the origin, whereNs is the number of sites in the lattice. The conduction
sea interacts with local moment via an antiferromagnetic contact interaction of strength J. The
antiferromagnetic sign (J > 0) of this interaction is an example of “super-exchange”, first

g
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g

Fig. 2: Flow of the coupling constants gz and g?, which is given by a set of hyperbolic curve

as show in Eq. (39). For transverse coupling |g?| > gz, the Kondo coupling always flows to

the strong-coupling fixed-point gz, g? ! 1. For a ferromagnetic gz < 0, g? renormalized to

g? = 0 where the RG-flow stops.

low-energy sector, PLHKPL, yields the three perturbative RG equations

dgx

d lnD = �2gygz (38a)

dgy

d lnD = �2gxgz (38b)

dgz

d lnD = �2gxgy (38c)

for the parameter flow of the coupling constants. Fixed points of those flow equations are
defined by dgi/d lnD = 0 for all i = x, y, z. These equations are called poor man’s scaling in
the literature.
In the transversal Kondo model defined by two independent parameters gz and g? = gx = gy

these equations reduce to

dg?
d lnD = �2g?g

z ;
dgz

d lnD = �2g2? , (39)

from which we obtain by integration [gz]2 � g2? = const. Therefore, the flow of the parameters
gz and g? are located on a hyperbolic curve in the parameter space (gz, g?) which is depicted
in figure 2. Since the RG-flow in Eq. (39) alway stops when g? vanishes, (gz, 0) defines a line
of fixed points for [gz]2 � g2? > 0 and gz < 0. If the transverse coupling is larger than the
ferromagnetic coupling gz, gz < 0, the transversal coupling g? remains finite for gz = 0 and
induces a sign change of gz. The couplings flow to the strong-coupling fixed-point (g?, gz) !
(1,1). These flow equations have one stable fixed point (gz, g?) = (1,1) and one line of
fixed points (gz, 0). The latter are stable for a ferromagnetic gz < 0 and unstable for gz > 0. For
a fully isotropic Kondo coupling, g = gz = g?, we only need to integrate the single differential
equation

dg

d lnD = �(g) = �2g2 . (40)

11.12 Frithjof B. Anders

The function �(g) is called the �-function in the literature and determines how the coupling
constants flow while reducing the band width: a negative �-function is a signature of weak
interactions at high-energies and a growing interaction strength while reducing the band width.
With the initial values of the model D0, g0, we integrate this differential equation to

g(D0) =
g0

1 + 2g0 ln(D0/D0)
. (41)

This solution obviously breaks down at a low energy scale TK = D at which the denominator
diverges:

TK = D0e
�1/2g0 = D0e

�1/⇢0J . (42)

However, the poor-man scaling approach is only valid for small coupling constants g, since
higher order processes will modify the �-function. Nevertheless, we can use the new energy
scale to express the running coupling constant g(D0) as function of TK

g(D0) =
1

ln(D0/TK)
(43)

which removes all reference to the original parameters. The coupling constant became an uni-
versal function of the ratio between cutoff and the new characteristic low energy scale TK .
How can we understand the divergence of the effective coupling constant? If we let g ! 1, we
can ignore the kinetic energy of the conduction electrons for a moment and focus on the local
Kondo interaction (35):

HK =
1

2

µ=x,y,zX

↵,�

c†0↵c0�g
µ�µ

↵�
⌧µ , (44)

where c0� =
R 1

�1 dxcx�. Since HK conserves spin and charge, a singlet and a triplet state is
formed for nc = 1, while the empty and doubly occupied conduction electron state does not
couple to the local spin. The singlet has the energy of �3/2g, the three triplet states lie at the
energy g/2 and the other two at E = 0. In the anti-ferromagnetic case g > 0, the ground
state is a singlet, which is energetically decoupled from the rest of the conduction electrons for
g ! 1. The ground state in this strong-coupling limit will be a free electron gas with one
electron removed and absorbed into this bound state. Hence, the ground state is orthogonal to
the ground state of the local moment fixed point we started with. That is the reason why these
ground states cannot be connected via perturbation theory. Since the scattering turns out to be
irrelevant in the vicinity of this so-called strong-coupling fixed-point, it is a stable fixed point
under the RG transformation.
Although the presented perturbative RG fails to solve the Kondo problem, it already proves
that the original Kondo Hamiltonian is unstable in second order of g and predicts the correct
crossover scale TK . However, the divergence of the coupling constant happens already at a finite
cutoff D = TK which must be an artifact of the approximation used since the model cannot
have any phase transition at finite temperature. The correct solution can only be obtained by the
numerical renormalization group [14, 15] or the Bethe ansatz [16].
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2. Multi Kondo  : ???  :  coupling strong, impurity random,


                                      Perhaps, Holography !
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Soonjae Moon

Found a coherence 
in a disordered semiconductor.
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S2. Comparison of the tunnelling DOS spectra of Si:B near the MIT region and 

degenerately doped Si:P metal 

  

Figure S1. a, Energy vs. density of states (DOS) in Si doped with different doping densities 

(N). NC is the critical doping concentration for the metal insulator transition (MIT). b, 

Tunnelling DOS spectroscopy in Si:B near the MIT region (doping concentration N ranges 

between 3.45 and 4.47×1018/cm3) [J. G. Massey & M. Lee, Phys. Rev. Lett. 77, 3399 (1996).] 

and in our degenerately-doped Si:P metal (N > 2 × 1019/cm3). The tunnelling DOS spectra were 

measured at B = 0. The shape of the DOS spectra in the Si:P metal differs from that of the 

spectra in Si:B, suggesting that the fundamental physics for the intriguing DOS in the Si:P 

metal is completely different. The measured DOS spectra in the MIT region are nonmagnetic, 

whereas the DOS spectra in the Si:P metal are magnetic.

 

Doped Si,   the material of our civilization !
About 10 years ago, my exp. colleages discovered a puzzle. 



Observation of the pseudo gap 
and its Character

• The gap’s shoulder looks like that of SC gap, but no evidence for SC !


• The gap disappear in high B, T

21
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Figure 2| Single-particle DOS spectra and the bulk resistance of a Si:P metal. a, 

Temperature-dependent differential resistance Rd of a bulk Si:P metal at B = 0 and 1200 Gauss, 

together with a fit according to the T 
2-dependent Fermi liquid behaviour (red dotted line). b, 

Cross-sectional high-resolution transmission electron microscopy image of a Ag-SiO2-Si:P 

tunnel junction device. c, Schematic of single-particle DOS measurements. d, The tunnelling 

conductance G(V, B = 0) with decreasing temperature. Above ~ 160 mK, a |V|1/2-type Altshuler-

Aronov ZBA is observed in the DOS of Si:P near EF. Upon cooling, a U-shaped pseudogap and 

DOS peaks are detected. e, Intensity map of the temperature-dependent G(V, B = 0). The inset 

shows the three-dimensional enlarged view of the temperature-dependent G (V, B = 0) curves 

in the low T region.  
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Figure 3| Magnetic field-driven phase transition. a, The tunnelling conductance G(V, T = 

18 mK) with increasing magnetic field. The inset shows an enlarged view of the G(V) curves 

measured at B = 1306 and 2721 Gauss. The broken dotted lines are fitted to the curves using 

|V| and |V|1/2 relations. b. Intensity map of the B-dependent G(V) at T = 18 mK. The inset shows 

the three-dimensional enlarged view of the B-dependent G(V) curves in the low B region. 

  



Hint from the previous study 

•  It Has long been Known :  
Si:P has magnetic moments, although none of Si or P is magnetic 
material. (P.W. Anderson, Patrick Lee, Bhatt)


• Then, Kondo physics, many impurity one!

• At first sight, Presence of gap -> Order -> RKKY domination ? 

• However, 

i) below 100mK,  
      
 
 
 
ii) random impurity would lead to spin glass without gap. 

gKondo > gRKKY

22



Many Kondo physics
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Figures and Captions 

 
Figure 1| Schematics of different singlet states in metals with magnetic impurities.      

a, Unoverlapping Kondo singlet state where Kondo clouds are randomly distributed without 

interaction; this is practically the single-ion Kondo problem. b, Overlapping Kondo singlet 

state, i.e., Kondo condensation, where randomly distributed Kondo clouds overlap, interacting 

with each other and forming a correlated electron ground state. c, Kondo lattice where an 

electronic band of conduction electrons and a lattice of localised moments interact, forming a 

hybrid electronic structure. d, Random singlet state where two adjacent impurities interact via 

the RKKY interaction. The configuration of singlets in metals with magnetic moments is 

determined by many factors, such as the impurity density, randomness and complex 

single Kondo 

  Kondo Lattice
heavy fermion/ 
Kondo insulator 

?

RKKY 
weak coupling

below 100mK,  
 gKondo > gRKKY



• If no periodicity—> No momentum !  
No band. 
The whole picture of Kondo-lattice break down.  
 
random singlet picture —> No gap!  

• However, …… 
A gap is found in random impurity 

24

Difficulty of our system as Kondo lattice

 
 

본 연구제안서의 저작권 등 일체의 지적재산권은 연구 제안자에게 있으며 관련 법령에 따라 보호의 대상이 되는 영업비밀,  
산업기술 등을 포함하고 있을 수 있습니다. 본 문서에 포함된 정보의 전부 또는 일부를 무단으로 제 3 자에게 공개, 배포, 

복사 또는 사용하는 것은 엄격히 금지됩니다. 

삼성미래기술육성사업 제출용 

별첨: 보조 설명을 위한 자료 및 선행 연구                                                                                        

 

 
 

[그림 1] (A) 금속에 형성된 Cooper pairs (CP)와 Kondo cloud (KC) 모식도. CP 와 KC 모두 net 

spin=0 인 보존 입자와 같다. (B) 고립된 콘도 구름. (C) 밀도가 높은 콘도 구름들의 응축에 따른 콘도 

응축상. 콘도 구름의 크기는 도핑 된 자성 불순물과 주변 전자 농도에 의해 결정될 것으로 예측되며, 

단일 콘도 구름은 최대 수 m 까지 확장될 수 있음이 이론과 실험에서 증명됐다. 따라서, 스핀자성 불순물-

스핀전자들 상호작용은 콘도 응축상의 임계 온도 및 임계 자기장을 결정하며 양자 상전이의 quantum 

criticality 특성을 결정할 것으로 예측된다.  

 

 
[그림 2] 반도체에 형성된 콘도 응축상의 온도 및 자기장에 따른 전기 전도도 특성 (선행 연구: Nature 

Physics revision 심사 중). (A) 측정 set-up 및 (B,C) 측정된 저항(Rd)–온도(T )/자기장(B ) 특성 곡선.  

 

 
[그림 3] (선행연구) (A) 반도체에 형성된 콘도 응축상의 tunneling density of states (DOS) 스펙트럼

(Inset: 소자). (B) 측정된 tunneling DOS 2-차원 mapping. 콘도 응축상이 형성되는 임계 온도는 대략 

150 mk 이다. (C) 양자 상전이 phase diagram 및 각 phase 에서 측정된 DOS 스펙트럼. 



Difficulty of our system as Kondo lattice II

• Kondo lattice has characteristic asymmetry in G(V)
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Figure 2| Single-particle DOS spectra and the bulk resistance of a Si:P metal. a, 

Temperature-dependent differential resistance Rd of a bulk Si:P metal at B = 0 and 1200 Gauss, 

together with a fit according to the T 
2-dependent Fermi liquid behaviour (red dotted line). b, 

Cross-sectional high-resolution transmission electron microscopy image of a Ag-SiO2-Si:P 

tunnel junction device. c, Schematic of single-particle DOS measurements. d, The tunnelling 

conductance G(V, B = 0) with decreasing temperature. Above ~ 160 mK, a |V|1/2-type Altshuler-

Aronov ZBA is observed in the DOS of Si:P near EF. Upon cooling, a U-shaped pseudogap and 

DOS peaks are detected. e, Intensity map of the temperature-dependent G(V, B = 0). The inset 

shows the three-dimensional enlarged view of the temperature-dependent G (V, B = 0) curves 

in the low T region.  

  



Our proposal: dense Random multi-Kondo
Overlapping Kondo cloud => Kondo condensation : 
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Figures and Captions 

 
Figure 1| Schematics of different singlet states in metals with magnetic impurities.      

a, Unoverlapping Kondo singlet state where Kondo clouds are randomly distributed without 

interaction; this is practically the single-ion Kondo problem. b, Overlapping Kondo singlet 

state, i.e., Kondo condensation, where randomly distributed Kondo clouds overlap, interacting 

with each other and forming a correlated electron ground state. c, Kondo lattice where an 

electronic band of conduction electrons and a lattice of localised moments interact, forming a 

hybrid electronic structure. d, Random singlet state where two adjacent impurities interact via 

the RKKY interaction. The configuration of singlets in metals with magnetic moments is 

determined by many factors, such as the impurity density, randomness and complex 

A key: size of Kondo cloud is ~ , large! 1μ



  Def. Of Kondo condensation  
cf  Superconductivity 
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[그림 2] 반도체에 형성된 콘도 응축상의 온도 및 자기장에 따른 전기 전도도 특성 (선행 연구: Nature 

Physics revision 심사 중). (A) 측정 set-up 및 (B,C) 측정된 저항(Rd)–온도(T )/자기장(B ) 특성 곡선.  

 

 
[그림 3] (선행연구) (A) 반도체에 형성된 콘도 응축상의 tunneling density of states (DOS) 스펙트럼

(Inset: 소자). (B) 측정된 tunneling DOS 2-차원 mapping. 콘도 응축상이 형성되는 임계 온도는 대략 

150 mk 이다. (C) 양자 상전이 phase diagram 및 각 phase 에서 측정된 DOS 스펙트럼. 

• Cooper pair=cc   :  superconductivity


• Kondo pair  =   :  Kondo condensation

< cc > ≠ 0 →

f †c < f †c > ≠ 0 →

The Kondo Effect 11.17

3 Kondo effect in lattice systems

3.1 Heavy Fermion materials

Heavy Fermions [24] are Ce and U based metallic compounds which show a strongly enhanced
�-coefficient of the specific heat. Typically an enhancement over simple Cu of a factor of
300� 6000 is found. Since � / m⇤ in a simple effective Fermi-liquid theory, the name Heavy
Fermions was coined for this material class. It has been noted that the additional magnetic
contribution to the specific heat scales with the number of magnetic ions upon substitution with
non-magnetic elements such as La [24]. Apparently the major contribution in such strongly
correlated materials stems from the electrons in the localized 4f or 5f -shells. Early on, local
approximations were proposed [25, 26] in which each Ce or U site is treated as an indepen-
dent Kondo scatterer interacting with an averaged conduction band. Coherence is recovered by
summing up all single particle scattering events on a periodic lattice [24].
The most simplified description starts from a singly occupied 4f -shell of Ce. Employing Hund’s
rules, spin-orbit coupling yields a J = 5/2 ground state multiplet which is quenched by the
lattice point group symmetry either to a quartet and doublet in cubic crystal, or three Kramers
doublets in a tetragonal environment. Taking into account only a single Kramers doublet on
each 4f -shell and hybridizing the orbital with one effective conduction band defines the periodic
extension of the Anderson model (PAM)

H =
X

i�

"f
i
f †
i�
fi� + Uni"ni# +

X

~k�

"~k�c
†
~k�
c
~k�

+
X

i,~k,�

Vk

⇣
ei
~k ~Rif †

i�
c
~k�

+ e�i~k ~Ric†
~k�
fi�

⌘
, (50)

where fi� annihilates an f -electron at lattice site i with spin �. Although this model can already
explain some basic properties of HF materials [24], a more realistic description requires the
full J = 5/2 ground state multiplet structure, since experimentally the influence of crystal-field
effects are clearly seen in the specific heat or transport measurements [24].
As mentioned above, experimental evidence has indicated that the magnetic contribution to the
specific heat scales with number of magnetic Lanthanide ions, hinting towards locally generated
strong correlations. It was proposed that the single-particle dispersion can be calculated using
a local t-matrix which accounts for all local correlations, while different lattice [25] sites are
linked only by a free propagation of electrons. A physically intuitive picture emerges: at the
chemical potential, the electrons are mainly trapped in local Kondo-resonances and propagate
only rather rarely from site to site. On a larger length scale, a very slow coherent motion is
generated which is equivalent to a quasi-particle with a large effective mass.

3.2 Dynamical mean field theory (DMFT)

The combination of local-density approximation (LDA) and DMFT for realistic description
of material properties of a large variety of strongly correlated electron systems has been the
topic of the last year’s school [27] entitled The LDA+DMFT approach to strongly correlated

materials.

• Yamamoto     et. al.  
“Observation of the Kondo screening cloud” 
Nature 2020  

Kondo cloud

Kondo 
condensation



Why ads/cft help for randomness + strong coupling?
Why it works? Universality

• Key point: Near QCP of a strongly correlated system, ordered and 
disordered systems are not much different by the universality. 

28

How to calculate KC in the  presence of randomness?
Holography!



Our Holographic Model and its result

29
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states that apart from the conserved total electrical charge, a BH does not have many 

characteristics. Such an analogy between a QCP and a BH is the guiding principle of the 

holographic approach for strongly correlated systems in condensed matter physicsS10,S11: if a 

QCP is characterized by the parameters z and θ, which are associated with the dispersion 

relation ω ~ k z and the entropy density s ~ T(d−θ)/z, then there exists a metric with the same 

scaling symmetry: 

!"! =	%"# &−%!$((%)!+! + %&!
&!'(&)+ %

!(!-! + !.!)/,   (C. 1) 

with (t, r, x) → (λzt, λ-1r, λx) and the method developed for the exact Anti-de Sitter/Conformal 

Field Theory (AdS/CFT)S12-S14 is assumed to hold for this case. Here we consider the z = 1 

case for simplicity.  

 

S8.2. Spectral function and density of state in holographic theory 

The action for the fermion and the real scalar in d+1 dimensional spacetime is given byS15 
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where h = −ggrr and ψ± are the spin-up and spin-down components of the bulk spinors, 

respectively. The overall sign ± is chosen such that when we fix the value of ψ+ at the 

boundary, δSbd cancels the terms including δψ− that arises from the total derivative of δSD. A 

similar approach is true when we fix ψ−. The former defines the standard quantisation, and 

the latter performs the alternative quantization. The gravitational solution is Reisner-

Nordstrom BH in an asymptotic AdS4 spacetime, which may be considered a deformation of 

the metric for the case of z = 1 and θ = 0 by a possible presence of the electrical charge. 
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For the RN-AdS4 BH, the horizon r0 is defined as 
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Here Φ is a real scalar field that does not couple with a gauge field Aµ. For Φ(0) = 0, Φ(,) has 
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where T* is the critical temperature. We considered T to be the temperature of the laboratory, 

and the condensation of Φ(1) should be zero if T > T*. 
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and D. Then, the retarded Green’s function in the standard quantisation condition is given by 

ef = diag &D ?'
*'
, −D ?!

*!
/ ≡ diag:lm+@ , lm"@= = −diag & ,

A+,
, ,
A-,
/ ,					8 > 0. (C.15) 

Since GR for the m < 0 case can also be obtained by the substitution GR → −1/GR ,lm@, 

Green’s function for the alternative quantisation for m > 0 is the same as that for −m in the 

standard quantization: 

lm±@(C, ];8) = − ,
A±
,(B,D;>)

= l∓
@(C, ];−8).  (C.16) 

The spectral function is defined as the imaginary part of Green’s function. There are two of 

them ℑ[l+@] and ℑ[l"@] and we can define the spectral function for each of them: 

F±(C, ]) = ℑrl±@(C, ])s.     (C.17) 

S8.3. Conversion 

To compare the experimental data, we needed to use dimensionful parameters, while 

our formula was written in terms of dimensionless variables in the natural unit where ℏ =

]5 = uG = 1. The prescription to restore the units is 

O → D.H
ℏJ/

w = HK

LMNJOP
Q

!.4×,30P>
     (C.18) 

a → M
ℏ
aw! = 5K

HMTN/
Q!

(!U.VP>)!
   (C.19) 

T3 →
-"

(ℏJ/)!
w! = WJ"!

2J/
!

Q!

(P>)!
-

(MX)!
   (C.20) 

where L is an arbitrary length scale that cancels everywhere in the formula and v0 = (the 

speed of light)/300. Let us finish with a concluding remark: The P atoms that possess local 

moments are just a fraction of the total number of phosphorous atoms. Therefore, we should 

think of our system as consisting of two fluids: one system includes the electrons involved in 

the RKKY interaction with the localised moments and the other is the electron system that 

does not interact with the localised moments. The BH has a temperature that is the 

Φ ∼ f †c
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Introduction Our holographic model Conclusion

Our holographic model
Consider two fermionic probe fields  (1) and  (2) with Stot = Sbackground +Sbulk +Sint +Sbdy,
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Introduction Our holographic model Conclusion

Our holographic model
Setting q = m = µ = 0 and  (t , x , y , u) = (�h)1/4e�i!t+i~k·~x�(u), we obtain the Green
function and the spectral density function parametrized by (!, kx , ky ) as follows:

(a) V = 0.00. (b) V = 0.25. (c) V = 0.50. (d) V = 0.75.

Figure 2: Hybridization of parabolic and flat bands. Brightness represents the value of the
spectral function with T = 0.01. V represents how strong the inter-flavor interaction is.
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Conclusion

• We introduce Kondo condensation a dense random Kondo system 
where Kondo cloud overlaps. 


• It forms  a new state of quantum matter 


• It can be treated by the holography, a mean field theory for 
strongly coupled system.   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Thank you
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Essence of the Kondo Lattice physics: 
Electron trapped  and propagate  rarely from site to site. 
On a larger length scale, a very slow coherent motion  
     =   a quasi-particle with a large effective mass.



•   mean field theory 

   

5.16 Piers Coleman

Fig. 9: (a) Dispersion for the Kondo lattice mean field theory. (b) Renormalized density of
states, showing “hybridization gap” (�g).

Later, we will see that the f-electron operators are composite objects, formed as bound-states
between spins and conduction electrons.
The mean-field Hamiltonian can be diagonalized in the form

HMFT =
X

k�

⇣
a†k�, b†k�

⌘ 0BBBB@
Ek+ 0
0 Ek�

1
CCCCA
0
BBBB@
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bk�
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V̄V
J
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!
. (36)

Here a†k� = ukc†k� + vk f †k� and b†k� = �vkc†k� + uk f †k� are linear combinations of c†k� and
f †k�, playing the role of “quasiparticle operators” with corresponding energy eigenvalues
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and eigenvectors taking the BCS form
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The hybridized dispersion described by these energies is shown in Fig. 9.
Note that:

• The Kondo e↵ect injects an f-band into the conduction sea, hybridizing with the conduc-
tion band to create two bands separated by a direct “hybridization gap” of size 2V and a
much smaller indirect gap. If we put ✏k = ±D, we see that the upper and lower edges of
the gap are given by

E± =
⌥D + �

2
±

s
✓⌥D � �

2

◆2

+ V2 ⇡ � ± V2

D
, (D >> �) (40)

34

Kondo lattice (mean field theory)

Heavy Fermions and the Kondo Lattice 5.15

Z =

Z
D[|V |, �]

Z
D[ †, ] exp


�

S [|V |�,  †, ]z                       }|                       {Z �

0
( †@⌧ + H[|V |, �])
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c† j� f j� + f † j�c j�

⌘
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J

#
, (31)

Read Newns path integral: “radial gauge”.

Subsequently, when we use the radial gauge, we will drop the modulii sign. The interesting
feature about this Hamiltonian, is that with the real hybridization, the conduction and f-electrons
now transform under a single global U(1) gauge transformation, i.e the f-electrons have become
charged.

3.2 Mean-Field Theory

The interior fermion integral in the path integral (31) defines an e↵ective action S E[V, �] by the
relation

ZE = exp [�NS E[V, �]] ⌘
Z
D[ †, ] exp

h
�S [V, �,  †, ]

i
, (32)

The extensive growth of the e↵ective action with N means that at large N, the integration in (29)
is dominated by its stationary points, allowing us to dispense with the integrals over V and �.

Z =
Z
D[�,V] exp [�NS E[V, �]] ⇡ exp [�NS E[V, �]]

������Saddle Point
(33)

In practice, we seek uniform, static solutions, Vj(⌧) = V, � j(⌧) = �. In this case the saddle
point partition function ZE = Tre��HMFT is simply the partition function of the static mean-field
Hamiltonian

HMFT =
X
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=
X

k�

 †k� h(k)  k� + NNs

 |V |2
J
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!
.

Here, f †k� = 1pNs

P
j f † j�eik·R j is the Fourier transform of the f�electron field and we have

introduced the two component notation

 k� =

0
BBBB@
ck�

fk�

1
CCCCA ,  †k� =

⇣
c†k�, f †,k�

⌘
, h(k) =

0
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1
CCCCA . (35)

We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasi-
particles, moving through a self-consistently determined array of resonant scattering centers.

5.16 Piers Coleman

Fig. 9: (a) Dispersion for the Kondo lattice mean field theory. (b) Renormalized density of
states, showing “hybridization gap” (�g).
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TK ∼ V2/D : 1 − Kondo Temp .

FS in gap-> K insulator, 
otherwise
Heavy Fermion w/ larger FS


