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12.1 What i s cosmology? - The universe in the large
Cosmology is the study of the universe as a whole: its history, evolution, composition, dynamics.

The primary aim - the large-scale structure of the universe from the Big Bang,
providing the clues to the small-scale structure : galaxies, stars, planets, people.

Fundamental questions of physics related to Cosmology:
what are the laws of physics at the very highest possible energies,
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Q: how did the Big Bang happen, what came before the Big Bang,
We know only from t~10"%3s after Big Bang
how did the building blocks of matter (electrons, protons, neutrons, atoms) get made?
Particle Physics, Nucleosynthesis, (Supernova)
Ultimately, the origin of every system and structure in the natural world,
Inflation, Dark Energy, Dark Matter, ACDM model

Gravity theory to the universe on large scales : Newtonian vs Eistein General Relativity
M/R= Ryorm/R <K 1 : Newtonian theory is an adequate approximation
M/R = 1 : General Relativity
(Note : [GM/c?]=[length], ex) Rym, =2GMg = 2.953 km
Note1) M/R= 1

i) if R becomes small faster than M
Ex) compact or collapsed objects: neutron stars and black holes

22-2 PhnomPenh H|O| X| 1



ii) if the system’s mass M increases faster than its radius R
Ex) cosmology

Note 2) Let space is filled with matter of roughly the same density p everywhere,

Let
G -1 G_ -27 =
2P = o ( 5=0.742x10"""m/kg =
then

2
M/R ~ pR3/R ~ (;) GR becomes important if R 2 7,
P
Ex) Water (~Sun)
p = 1g/cm3=10%kg/m* =0.742x107%*/m*  1,~10*m ~10%km
Mean density of the universe
p = 10"2°kg/m® =0.742x10"3/m? 1,~10*°m ~10**km~3x10°pc

(1= % = 4?npR3/R~6 Gpc < size of the observable universe. Need GR for cosmology!)

2
Ex) Sun M—O-~—l;m ~10'6~<R—O> No need for GR
Ro 10°km Tp

M 101t m 101t m _
—gal O . —2 - ~10"% No need for GR

RGal 15 kpc 1.5x10%x10" R

(This applies to the galaxy as a whole: small regions, including the very center, may be dominated by black holes or other

relativistic objects.)
Mg 10°Mgq  10°Mga
Rcl Mpc 10 RGal

Galaxy

Cluster ~10"%* No need for GR

For larger scales than galaxy clusters, we enter the domain of cosmology & need GR.

In the cosmological picture, galaxies and even clusters are very small-scale structures,
mere atoms in the larger universe.

Cosmological Principle : On this large scale, the universe is observed to be

1) homogeneous, to have

roughly the same density of galaxies, and roughly the same types of galaxies, everywhere.
2) lIsotropic

The Friedmann-Robertson-Walker metric from the GR
no boundaries, no edges

Newtonian gravity could not consistently make such models,
V2 = 4nGp
is ambiguous if there is no outer edge on which to set a boundary condition for the equation.

So only with Einstein could cosmology work.

the converse question: if we live in a universe whose overall structure is GR,
- how is it that we can study our local region of the universe without reference to cosmology?
- How can we apply general relativity to the study of neutron stars and black holes as if they were embedded in an empty
asymptotically flat spacetime, when actually they exist in a highly relativistic cosmology?
- How can astronomers study individual stars, geologists individual planets, biologists individual cells — all without reference
to GR?

The answer, of course, is that
- in GR spacetime is locally flat:
* as long as your experiment is confined to the local region, the large-scale geometry is not needed.
- This separation of local and global is not possible in Newtonian gravity,
* where even the local gravitational field within a large uniform-density system depends on the boundary conditions far

away, on the shape of the distant “edge” of the universe.

So GR not only explains cosmology, it explains why can study other sciences without GR!
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The cosmological arena
o In recent years, with the increasing power of ground- & space-based observatories, cosmology has become a precision

science, with some of the most fundamental questions.

o Cosmological Principle (when averaged over large distance scales, say, 1Gpc)

(¢]

(Homogeniety) universe is homogeneous, expanding at the same rate everywhere.
(Isotropy) The universe is isotropic: it looks the same, on average, in every direction we look.

CMB (Cosmic Microwave Background)
The universe is filled with a black-body thermal radiation, with a temperature of 2.725K.

However, small temperature fluctuations of 3 x 10~ K should exist :
due to the Large Scale Structures

The Cosmic Microwave Background as seen from the Planck satellite.
Credit: ESA https://www.esa.int/ESA_Multimedia/Images/2013/03/Planck_CMB

=X : <https://en.wikipedia.org/wiki/Cosmic_microwave background#/media/File:Planck satellite cmb.jpg>

Expanding Universe

The expansion means that the universe has a finite age, or

at least that it has expanded in a finite time from a state of very high density.

The thermal radiation was initially much hotter than today, and has cooled as it expanded.

The expansion resolves the oldest of all cosmological conundrums, Olbers’ Paradox.

The sky is dark at night because we do not receive light from all stars in our infinite homogeneous universe, but only from
stars that are close enough for light to have traveled to us during the age of the universe.

Recent accelerated expansion.

Evolution of the Universe

Q: how the universe evolved to its present state and what it was like much earlier.

how the first stars formed, why they group into galaxies, why galaxies form clusters:

where did the density irregularities come from that have led to the enormously varied structure of the universe on scales
smaller than 200 Mpc?

how the elements formed, what the universe was like when it was too dense and too hot to have normal nuclei, and what
the very hot early universe can tell us about the laws of physics at energies higher than we can explore with particle
accelerators.

Does the observed homogeneity and isotropy of the universe have a physical explanation?
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AcCelerat@d BHpansion of the Uiniverse

Relic radiation (CMB)

Lambda-CDM, accelerated expansion of the universe. The time-line in this schematic diagram extends from

the Big Bang/inflation era 13.7 Byr ago to the present cosmological time.

Z=X: <https://en.wikipedia.org/wiki/Lambda-CDM_model>

- The homogeneity problem can be solved by inflation

During which the extremely early universe expanded exponentially rapidly,

this would as a bonus help to explain the density fluctuations that led to the observed galaxies and clusters.

Dark Matter : it appears that most of the matter in the universe is in an unknown form,

the dark energy: Even more strangely, the universe seems to be pervaded by a relativistic energy density that carries
negative pressure and which is driving the expansion faster and faster (accelerated expansion);

Modern cosmology answers are becoming more precise and more definite at a rapid pace.
A —CDM Model ( Lambda - Cold Dark MatterModel)
~—— ——

Cosmological Constant  Nonrelativistic
Dark Energy

12.2 Cosmological kinematics : observing the expanding universe
Homogeneity and isotropy of the universe : the remarkable observed large-scale uniformity.

o We see, on scales much larger than 200 Mpc, not only a uniform average density but uniformity in
other properties: types of galaxies, their clustering densities, their chemical composition and stellar
composition.

o when we look very far away we are also looking back in time, and see a younger universe.

o But the evolution we see is again the same in all directions, even when we look at parts of the early
universe that are very far from one another.

o We therefore conclude that, on the large scale, the universe is homogeneous.

o What is more, on scales much larger than 10 Mpc the universe seems to be isotropic about every
point: we see no consistently defined special direction.

= A universe could be homogeneous but anisotropic, if, for instance, it had a large-scale magnetic
field which pointed in one direction everywhere and whose magnitude was the same everywhere.

* On the other hand, an inhomogeneous universe could not be isotropic about every point, since
most — if not all — places in the universe would see a sky that is ‘lumpy’ in one direction and not in
another.

A third feature of the observable universe is the uniformity of its expansion:
o galaxies, on average, seem to be receding from us at a speed which is proportional to their distance
from us. This recessional velocity is called the Hubble flow.
o This kind of expansion is easily visualized in the ‘balloon’ model (see Fig. 12.1).
Any point will see all other points receding at a rate proportional to their distance.
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- B}
Figure 12.1 As the figure is magnified, all relative distances
increase at a rate proportional to their magnitudes.

o This proportionality preserves the homogeneity of the distribution of dots with time.

O Our location in the universe is not special, even though we appear to see everything else receding
away from us. We are no more at the ‘center’ of the cosmological expansion than any other point is.

o The Hubble flow is compatible with the Copernican Principle, the idea that the universe does not
revolve around (or expand away from) our particular location.

o The universe would be homogeneous and anisotropic if every point saw a recessional velocity larger
in, say, the x direction than in the y direction. The ellipsoid balloon would have to expand faster
along its longest axis than along the others to keep its shape .

o Our universe does not have any measurable velocity anisotropy.

Hubble parameter, Hubble time
o the relation btwn recessional velocity & distance with a single constant of proportionality H:

v=Hd (12.1)

H : Hubble’s parameter.

Its present value is called Hubble’s constant, H,,.
Hy=100h km s'lMpc_1=h(9.7777526yr)_1

= h(3.08566 x 10%7s)”"

Ho — hx(0.9257x1026m) "

Cc
1Mpc=3.1x%x10%2m, h =~ 0.7
Hubble time ty
ty = Hy ' = h™1x3.08566 x 1017s
= h™1 X 9.777752Gyr ~ 13.968Gyr

The age of the universe will not exactly be this, since in the past the expansion speed varied, but this
gives the order of magnitude.

We may object that the above discussion ignores the relativity of simultaneity.
If the universe is changing in time — expanding —

o then it may be possible to find some definition of time such that hypersurfaces of constant time are
homogeneous and isotropic,

© but this would not be true for other choices of a time coordinate.

o Moreover, Eq. (12.1) cannot be exact since, for d > 1.3 x 1026 m = 4200 Mpc, the velocity exceeds
the velocity of light!

This objection is right on both counts.

- Our discussion was a local one (applicable for recessional velocities <<1)

- and took the point of view of a particular observer, ourselves.

O Fortunately, the cosmological expansion is slow, so that over distances of 1000 Mpc, large enough to
study the average properties of the homogeneous universe, the velocities are essentially
nonrelativistic.

o Moreover, the average random velocities of galaxies relative to their near neighbors is typically less
than 100 km s—1, which is certainly nonrelativistic, and is much smaller than the systematic
expansion speed over cosmological distances.

o Therefore, the correct relativistic description of the expanding universe is that, in our
neighborhood, there exists a preferred choice of time, whose hypersurfaces are homogeneous and
isotropic, and with respect to which Eq. (12.1) is valid in the local inertial frame of any observer
who is at rest with respect to these hypersurfaces at any location.

o The existence of a preferred cosmological reference frame may at first seem startling: did we not
introduce special relativity as a way to get away from special reference frames?

o There is no contradiction: the laws of physics themselves are invariant under a change of observer.
But there is only one universe, and its physical make-up defines a convenient reference frame.
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o would it be silly for us to develop the theory of cosmology in a frame that does not take advantage of
the simplicity afforded by the large-scale homogeneity.

o From now on we will, therefore, work in the cosmological reference frame, with its preferred
definition of time.

Models of the universe: the cosmological principle

o two different inaccessible regions of the universe.

- The first inaccessible region is the region which is so distant that no information (traveling on a null
geodesic) could reach us from it no matter how early this information began traveling. This region is
everything that is outside our past light-cone. Such a region usually exists if the universe has a finite
age, as ours does (see Fig. 12.2). This ‘unknown’ region is unimportant in one respect: what happens
there has no effect on the interior of our past light cone, so how we incorporate it into our model
universe has no effect on the way the model describes our observable history. On the other hand,
our past light cone is a kind of horizon, which is called the particle horizon: as time passes, more and
more of the previously unknown region enters the interior of our past light cone and becomes
observable. So the unknown regions across the particle horizon can have a real influence on our
future.

- In this sense, cosmology is a retrospective science: it reliably helps us understand only our past.

- It must be acknowledged, however, that if information began coming in tomorrow that yesterday’s
‘unknown’ region was in fact very different from the observed universe, say

Our location
, = now

_— Particle horizon

Unknown  / \
Unknown

Unobserved

Figure 12.2 Schematic spacetime diagram showing the past history of the Universe, back to t = 0. The
‘unknown’ regions have not had time to send us information; the ‘unobserved’ regions are
obscured by intervening matter.

highly inhomogeneous, then we would be posed difficult physical and philosophical questions
regarding the apparently special nature of our history until this moment.

- we usually assume that the unknown regions are very like what we observe, and in particular are
homogeneous and isotropic. Consider, in Fig. 12.2, two hypothetical observers within our own past
light cone, but at such an early time in the evolution of the universe that their own past light-cones
are disjoint. Then they are outside each other’s particle horizon. But we can see that the physical
conditions near each of them are very similar: we can confirm that if they apply the principle that
regions outside their particle horizons are similar to regions inside, then they would be right!

- This modern version of the Copernican Principle is called the Cosmological Principle, or more
informally the Assumption of Mediocrity, the ordinary-ness of our own location in the universe.

- Itis, mathematically, an extremely powerful (i.e. restrictive) assumption. We shall adopt it, but we
should bear in mind that predictions about the future depend strongly on the assumption of
mediocrity.

o The second inaccessible region is that part of the interior of our past light cone which our
instruments cannot get information about. This includes galaxies so distant that they are too dim to
be seen; processes that give off radiation — like gravitational waves — which we have just been able to
detect; and events that are masked from view, such as those which emitted electromagnetic
radiation before the epoch of decoupling (see below) when the universe ceased to be an ionized
plasma and became transparent to electromagnetic waves. The limit of decoupling is sometimes
called our optical horizon since no light reaches us from beyond it (from earlier times). But
gravitational waves do propagate freely before this, so eventually we will begin to make observations
across this ‘horizon’: the optical horizon is not a fundamental limit in the way the particle horizon is.

Cosmological metrics
o The metric tensor that represents a cosmological model must incorporate the observed homogeneity
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and isotropy. We shall therefore adopt the following idealizations about the universe:

(i) spacetime can be sliced into hypersurfaces of constant time which are perfectly homogeneous and
isotropic; and

(ii) the mean rest frame of the galaxies agrees with this definition of simultaneity.

Let us adopt comoving coordinates:

each galaxy is idealized as having no random velocity, and we give each galaxy a fixed set of
coordinates {x%,i=1, 2, 3}.

We choose our time coordinate t to be proper time for each galaxy. The expansion of the universe —
the change of proper distance between galaxies — is represented by time-dependent metric
coefficients.

Thus, if at one moment, t, the hypersurface of constant time has the line element

di?(ty) = hyj(to)dxidx/ (12.2)
then the expansion of the hypersurface can be represented by
di2(ty) = f(t1, t0) hij(to)dxtdx) = hy;(t; )dxidx’ (12.3)

This form guarantees that all the h;js increase at the same rate; otherwise the expansion would be
anisotropic (see Exer. 4, § 12.6).
In general, then, Eqg. (12.2) can be written
dI%(t) = R?(h;jdx'dx’ |, (12.4)
where
R is an overall scale factor which equals one at t,
h;j is a constant metric equal to that of the hypersurface at t0.

First we extend the constant-time hypersurface line element to a line element for the full spacetime.
In general, it would be
ds?(t) = —dt? + godtdx’ + R*(t)h;jdx'dx’ , (12.5)
where goo = —1, because t is proper time along a line dx’ = 0.
However, if the definition of simultaneity given by t = const. is to agree with that given by the local
Lorentz frame attached to a galaxy (idealization (ii) above), then
@y must be orthogonal to @;in our comoving coordinates.
This means that
Joi = € * € must vanish,
and we get
ds?(t) = —dt? + R?()h;;dx'dx’ , (12.6)

What form can h;; take?
Since it is isotropic, it must be spherically symmetric about the origin of the coordinates, which can of
course be chosen to be located at any point we like.
a spherically symmetric metric always has the line element (last part of Eq. (10.5))

di?(t) = e Mdr? + r2d0? . (12.7)
This form of the metric implies only isotropy about one point.
We want a stronger condition, namely that the metric is homogeneous.
A necessary condition for this is certainly that the Ricci scalar curvature of the three-dimensional
metric, Rii, must have the same value at every point: every scalar must be independent of position at
a fixed time. We will show below, remarkably, that this is sufficient as well, but for now we just treat
it as the next constraint we place on the metric in Eq. (12.7). We can calculate Rii asin §6.9.
Alternatively, we can use Egs. (10.15)—(10.17) of our discussion of spherically symmetric spacetimes
in Ch. 10, realizing that G;; for the line element, Eq. (12.7), above is obtainable from G;; for the line
element, Eq. (10.7), of a spherical star by setting ® to zero. We get

Gy = —rlZeZA(l —e7h),

Gog = —Te?AN, (12.8)

G¢¢, = sinz 0 G@g.
we simply require that the trace G of the threedimensional Einstein tensor be a constant. (In fact, this
trace is just —1/2 of the Ricci scalar.)
The trace is

G =Gi9Y

1
— ——2€2A(1 _ €_2A)€_2A _ 2T€_2AA’1"_2
T
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1 1
=-=+ r—ze—ZA(1 —2rN)
=—2[1- (e 24)]. (129
=—5[1- (e (129)
Demanding homogeneity means setting G to some constant k:
1
K=—— [1 = (re=20Y]
This is easily integrated to give

1
Grr = et = 1 . 4
1+ § KT'Z - ?
where A is a constant of integration. As in the case of spherical stars, we must demand local flatness
at r =0 (compare with § 10.5): g,.-(r = 0) = 1. This implies A = 0. Defining the more conventional

curvature constant k = —x/3 gives
1
Grr = 1-rr2

dr?
dl? = =t r2dQ2. (12.12)
We have not yet proved that this space is isotropic about every point; all we have shown is that Eq.
(12.12) is the unique space which satisfies the necessary condition that this curvature scalar be
homogeneous.
Thus, if a space that is isotropic and homogeneous exists at all, it must have the metric, Eq. (12.12),
for at least some k.
In fact, the converse is true: the metric of Eq. (12.12) is homogeneous and isotropic for any value of
k. We will demonstrate this explicitly for positive, negative, and zero k separately in the next
paragraph. General proofs not depending on the sign of k can be found in, for example, Weinberg
(1972) or Schutz (1980b).

We conclude that the full cosmological spacetime has the metric

dr?
ds?(t) = —dt? + R?(t) |———= +r2d0?|. (12.13)
1— kr2
This is called the Robertson—Walker metric.
dt t dt’
T=r0 O T hre
This can be rewritten (as will be shown below) as
204\ _ p2 a2 a2
ds?(6) = RA(0) [~de? + {12 + r2a?|
or
sin? y Siq() =r=siny
ds?(t) = —dt? + R2(t) |dy? +3{ x? ;dQ? So(n=r=y
sinh? y S_1(x) =r =sinhy
= —dt? + R?2(O)[dx? + Sk* (x)dQ?]
or

ds?(t) = R%(t) [-dt? + dx? + S;*(x)dQ?]

Note) we can, without loss of generality, scale the coordinate r in such a way as to make k take one
of the three values +1, 0,—1.
To see this, consider for definiteness k = —3. Then re-define # =/3r and R =1/v/3R, and the line

element becomes
ds?(t) = —dt? + R?(t) [1_”2 + fzdﬂz]. (12.14)

What we cannot do with this rescaling is change the sign of k. Therefore there are only three spatial
hypersurfaces we need consider: k= (—1, 0, 1).

dr?

Three types of space
1) k=0 R3flat 3-dim Euclidean space

Then, at any moment t, the line element of the hypersurface (setting dt = 0) is
dl?(ty) = R?(to)[dr? + r2dQ?] = d(r")?+(r")?dQ?, (12.15)
with 7" = R(to)r.
This is clearly the metric of flat Euclidean space. This is the flat Robertson—Walker universe. That it is
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homogeneous and isotropic is obvious.
2) k=+1w S 3-dim sphere
Let us define a new coordinate x(r) such that

dr?
dy? = — (12.16)
and x = 0 where r = 0. This integrates to
r=siny, (12.17)
so that the line element for the space t =t is
dl%(to) = R?(to)[dx? + sin? y (d6? + sin? 0 dp?)]. (12.18)
this is the metric of a three-sphere of radius R(to).
the balloon analogy of cosmological expansion is for $2.
It is clearly homogeneous and isotropic: no matter where we stand on the three-sphere, it looks the
same in all directions. the fourth spatial dimension — the radial direction to the center of the three-
sphere — has no physical meaning: all our measurements are confined to our three-space.
3) k=—1 w» H3 3-dim hyperbolic space
An analogous coordinate transformation gives the line element
di?(to) = R?(to) (dx? + sinh? y dQ?). (12.19)
This is called the hyperbolic, or open, Robertson—Walker model.
As the proper radial coordinate x increases away from the origin, the circumferences of spheres
increase as sinh x, more rapidly with proper radius than in flat space.
this hypersurface is not realizable as a 3-dim hypersurface in a 4 or higher-dim Euclidean space.
The space is called ‘open’ because, unlike for k = +1, circumferences of spheres increase
monotonically with x: there is no natural end to the space.
In fact, this geometry is the geometry embedded in Minkowski spacetime. Specifically, of events that
all have the same timelike interval from the origin. Since this hypersurface has the same interval
from the origin in any Lorentz frame, this hypersurface is indeed homogeneous and isotropic.

Distance :
Cosmological redshift as a distance measure
o The distance of an object at a cosmological distance in an expanding universe is a little ambiguous,
due to the long time it takes light to travel from the object to us.
O Its separation from our location when it emitted the light that we receive today may have been much
less than its separation at present, i.e. on the present hypersurface of constant time.

1) Comoving proper distance (dt = 0) from the origin to the object at comoving coord r.
T dr
dcomoving = fo \/_1—77_2
sin~1r
= r
sinh™1r

Physical distance
dphs = a(t) dcomoving

The redshift z
o Instead, a different measurement of separation is in commonly use:
the redshift z of the spectrum of the light emitted by the object, let us say a galaxy.

o To compute the redshift in our cosmological models, let us assume that the galaxy has a
fixed coordinate position on some hypersurface
at the cosmological time t at which it emits the light
we eventually receive at time t;.
O Recall our discussion of conserved quantities in § 7.4:
if the metric is independent of a coordinate, then the associated covariant component
of momentum is constant along a geodesic.
In the cosmological case, the homogeneity of the hypersurfaces ensures that the covariant
components of the spatial momentum of the photon emitted by our galaxy are constant along its
trajectory.
Suppose that we place ourselves at the origin of the cosmological coordinate system, so that light
travels along a radial line 6 = const., ¢ = const. to us. In each of the cosmologies the line-element
restricted to the trajectory has the form
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0 = —dt? + R%(t)dy?. (12.20)
It follows that the relevant conserved quantity for the photon is p,,.
o Now, the cosmological time coordinate t is proper time, so the energy as measured by a local
observer at rest in the cosmology anywhere along the trajectory is —p°.
We argue in Exer. 9, § 12.6, that conservation of p, implies that pY is inversely proportional to R(t).

Redshift
Suppose wave crest emitted at time t, and observed at t, then,
First wave crest :
to dt _ rx _
Cfte R(t) _fo d)( =X
Next wave crest

Ao
tot— dt X
C C—=["dy=
fteﬂ_; R o X =1
Hence,
fte+'—1cg ar _ to+22 dt
te R(t) to R(t)

Ao _ Ao
R(t)  R(to)

o It follows that the wavelength as measured locally (in proper distance units) is proportional to R(t),
and hence that the redshift z of a photon emitted at time t and observed by us at time ¢, is given by
l+z=R(t)/R(te).  (12.21)
O Note) z is a measure of t,, 0<z< ™
o Often interpret z using relativistic Doppler shift formula
c+v
T+z= —
o this is just the cosmological part of any overall redshift: if the source or observer is moving relative to
the cosmological rest frame, then a further factor of 1 + z,tion Multiplied into the RHS of Eq.
(12.24).

Define the Hubble expansion parameter H(t) as :
— R®

H(t) = ro  1222)
Ex) If R(t) = At%, then H(t) = %
Note) At the present time t, the proper distance of the galaxy at the comoving coordinate x from
the origin (in the constant-time hypersurface) is :
= Claim : the Hubble parameter H(t) is the instantaneous relative rate of expansion :
Proof) Differentiate (12.23), v=d, = R(to))( = R(to)@ = (5) dy = Hyd, hence,
R R/,

v =(§) dy = Hydy (12.24)
0
where Hj) is the present value of the Hubble parameter. By comparison with Eq. (12.1), we see that

this is just the present value of the Hubble parameter (g).

= We show in Exer. 10, § 12.6 that this velocity is just v = z, provided the galaxy is not far away.
In our cosmological neighborhood, therefore, the cosmological redshift is a true Doppler shift.
Moreover, the redshift is proportional to proper distance in our neighborhood, with the Hubble
constant as the constant of proportionality.

= Redshift dependance of various distance measures.

Integrating Eq. (12.22) H(t) = %%, the scale factor of the Universe R(t) is given by

R(t) = Ry exp [fttOH(t')dt']. (12.25)
Ex)IfH(t) = % then,
t ty
ft H(t)dtl =R, exp [ft ?dt

0 0

alnL t *
R(t) = Ryexp =Rge to=R, <—>
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(Take RO = Atoa)
= At®
Ex) If H(t) = Hy = const, then, R(t) = Ryexp Hy(t —ty)

The Taylor expansion
R(t) in terms of (t — t;)

1R 2
R(t) = R, [1 + Ho(t —to) +EE§ (t—t) + ]

= RO [1 + Ho(t - to) _%quOZ(t - to)z + ]
=R, [1 + Ho(t —to) + % (Ho® + Ho)(t — to)2 + ] (12.26)

Or,
1
a® =a(to) + a(to) (¢=to) +5 d(to) (t—to)" +--
1 o =—qoHo?
=(—1;a0=H0 qofo
1 2 2
a(t) = 1 + Ho(t = to) = quHo (t = to) + -
NOte) HO = gg - HOZ
0

RoR R H .
—qo= =2 = —25 = (1 + =%). deceleration parameter (12.27)
R RoHp Hy
Note) H, can be converted to q, and vice-versa.
Note) qo = —0.5 acceleration

a

a to

EX) If R(t) = At then H(t) =%, Hy = =%, go = - 1- -2 | = —(1 =)

’ &)
the universe is accelerating, so the minus sign in the definition and the name ‘deceleration
parameter’ reflecting the assumption that gravity would be slowing down the expansion has gone
out of fashion.

z(t), R(t) vs (t —tg)
Combining Eq. (12.25) with Eq. (12.21) we get

14+ 2z(t) = % = exp [— ftto H(t')dt’] = exp [ftto H(t')dt']. (12.28)

_a — a — tO a —_ aA+r—Qa
Ex) If H(t) = <. then, R(t) = At®, 1+2(t) = () = to%
The Taylor expansion (Let f(t) = exp [ftto H(t’)dt’])

Then f(to) = 1, £(£) = exp | [ H(t)dt'| (~H(®)), F(£) = exp[[* H(tdt'| (H? () — A(£))

We get,
_ 1 _ 1 2 . 2
This is not directly useful yet, since we have no independent information about the time t at which a

galaxy emitted its light.

Look-back time ty — t(z) in terms of the redshift z
Invert the series Eq. (12.29) to give an expansion for the look-back time to an event with redshift z:

to—t(z) = Hy™t [z —%( - %j)zz + ] (12.30)

H(z) in terms of z
From the simple expansion
H(t) = Hy + Ho(t — to) + -
substitute in the first term of the previous equation and get an expansion for H as a function of z:

H(z):HO< —HH—OOZZ+---). (12.31)

Note) Eqg. (12.28) can also be inverted to give the exact and very simple relation
H(t) = -2 (12.32)

1+z

(Newtonian description)
We imagine a spherical region uniformly filled with galaxies, starting at some time with radially
outward velocities that are proportional to the distance from the center of the sphere.
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o If we are not near the edge then we can show that the expansion is homogeneous and isotropic
about every point.

o The galaxies just fly away from one another, and the Hubble constant is the scale for the initial
velocity: it is the radial velocity per unit distance away from the origin.

o The problem with this Newtonian model is not that it cannot describe the local state of the universe,
it is that, with gravitational forces that propagate instantaneously, the dynamics of any bit of the
universe depends on the structure of this cloud of galaxies arbitrarily far away.

o Only in a relativistic theory of gravity can we make sense of the dynamical evolution of the universe.

o When light is redshifted, it loses energy. Where does this energy go?

The fully relativistic answer is that it just goes away: since the metric depends on time, there is no
conservation law for energy along a geodesic.

Interestingly, in the Newtonian picture of the universe just described, the redshift is just caused by
the different velocities of the diverging galaxies relative to one another. As the photon moves
outward in the expanding cloud, it finds itself passing galaxies that are moving faster and faster
relative to the center. It is not surprising that they measure the energy of the photon to be smaller
and smaller as it moves outwards.

o Comoving distance y in terms of the look-back time (t, — t) or the redshift z

Rox(t) = Ro fX( Ddy = ftoadt a(t) =1+ Ho(t —to) _‘%Ho 2(t—to)" +-
cf [1—Ho(to—¢t) + - ]dt
c(t—to)[1+ Ho(t — t) + -]

(Using Eq.12-30 to — t(z) = Hy ! [z - —< -0 2)22 o+ ])

1
=cH,™* [z - E(l +qo)z% + ]

Particle Horizon - The Size of the Observable Universe

In co-moving coordinates, the greatest distance 7;,,, that we can see is the distance that light has
travelled since the Big Bang. Light path : ds2(t) = R2(t) [—dt? + dx? + S} > (x)dQ?] = 0=—d1? +
dy?

Then,

— T _ t Tmax(t) _dr  _ rXmax(t) _
T = Cfo dt’ = ftBB R(D) _fo \/Tk;_z - fo d)( _Xmax(t)

The particle horizon dy (t), the maximum size of the observable universe is then given by
The corresponding physical distance

dy(®) = aOxma(®) = a(®) [ s = ca®) [} 5

Note that this size # c(t — tzp)=the naive distance that Ilght has travelled since the Big Bang.
If the integral does not converge at tgg, in which case the maximum distance 7;,,,(t) would be infinite.
Nothing outside the particle horizon can influence us today.

particle horizon

S

= a(t)ct

Tpe

Observable Universe
e\
Ex) a(t) = (—0) O<n<1)

t at’ ( ) tdt (to)" ot 1
0 ath o) Jopm = t 1-na(t)
1

dy(t) = ca(t) ft TnCt

BB a(t’) 1

The (cosmological) Event Horizon

The particle horizon tells us that there are parts of the universe that we cannot presently see.
Can, as time progresses, all of spacetime comes into view? In fact, this need not be the case.
Examples
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1) the collapsing universe in the future
there is a second time tgz. > t, where a(tgc) = 0. This is referred to as the Big Crunch.
The limit on how far we can communicate before the universe comes to an end is given by

tgc dtr _ rTmax(t) dr _ (Xmax(®) _
cl, D =/, N Js dx = Xmax(t)

2) Even if the universe continues to expand and the FRWmetric holds for t — oo, then there could still
be a maximum distance that we can influence.
The relevant equation is now

co dtr _ Tmax (t) ;‘T_ _ Xmax () _
¢ ft a(tr _fO Viekrz fo ax = Xmax(t)

The maximum co-moving distance 1.4 (t) is finite provided that the left-hand side converges.
Ex) a(t)~eft ast — oo. This seems to be the most likely fate of our universe.

2
Note) Let a(t)~t™~t3+w)

Then, w w<-1 400 1 1/3 0 -1/3 =2/3 -1
a(t)~nt"1, n n<0 0 1/31/2 2/3 1 2 o
ia(t)~n(n —1)t"2 a(t) N 2

a(t) =N e N +7
a)  + - +
And,

joo dtl )
— ~tl—n
¢ a(t)

As Schroedinger described, it is quite possible that two friends could move apart from each other, only
to find that they've travelled too far and can never return.

Tend T

cosmological

evenl horizon

In this context, the distance 1;,,4(t) is called the (co-moving) cosmological event horizon.
We cannot influece to the events beyond the event horizon.

the analogy with the black hole.

Regions beyond the cosmological horizon are beyond our reach; if we choose to sit still, we will never
see them and never communicate with them.

Important distinctions- In contrast to the event horizon of a black hole, the concept of cosmological
event horizon depends on the choice of observer.

Cosmography: measures of distance in the universe
o Cosmography refers to the description of the expansion of the universe and its history.
o In cosmography we do not yet apply the Einstein equations, we simply use distance measures and
the evolution of the Hubble parameter.
By analogy with Eq. (12.1), we would like to replace t in Eq. (12.29) with distance.
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O But what measure of distance is suitable over vast cosmological separations?
- comoving coordinate distance : it would be unmeasurable.
1) Comoving proper distance (dt = 0) from the origin to the object at comoving coord r.
d T dr
comoving 0 \/ITkﬁ
sin™?!
= r
sinh™1r

r

- The physical (proper) distance
dphs = a(t) dcomom’ng
is not good either

* The proper distance between the events of emission and reception of the light is zero, since light
travels on null lines.

* The proper distance between the emitting galaxy and us at the present time is also
unmeasurable: in principle, the galaxy may not even exist now, perhaps because of a collision
with another galaxy.

o Distances to nearby galaxies are almost always inferred from luminosity measurements.
- Consider an object at rest, and near enough. The relation for flux F, luminosity L & the distance d is
L=4nd?F  or F=r, A=4nd? (12.33)

- If Lis known, then a measurement of F leads to the distance d= (L/4nF)/2,

- Astronomers have used brightness measurements to build up a carefully calibrated cosmological
distance ladder to measure the scale of the universe.

- For each step on this ladder they identify what is called a standard candle, which is a class of objects
whose absolute luminosity L is known (say from a theory of their nature or from reliably calibrated
distances to nearby examples of this object).

- The distance ladder starts at the nearest stars, the distances to which can be measured by parallax
(independently of luminosity), and continues all the way to very distant high-redshift galaxies.

|. Define the luminosity distance d|, to any object, no matter how distant, by inverting Eq. (12.33):

_ L 1/2 _ 2 _ L _ L_ L
d = (——) . (Note A=4nd,* = - or F = Z_W) atrest (12.34)

4TF
- In FWR metric

dr?
ds?(t) = —dt? + R%(t) Il_—ﬁ +712d0%[ = —dt? + R2(D)[dx? + S;*(x)d0?]

the proper area of the sphere
A= R2()r2(t) §f dQ? = 4mR%(t)r2(t) = 4nR2(t)S)? = 4md,*
ordy = R(t)r(t) = R(t)S,(t)
- if the intrinsic luminosity L is known or can be inferred, then a measurement of its brightness F
determines the luminosity distance.
- The luminosity distance is the proper distance of the object in a Euclidean space if it were at rest.

o The luminosity distance d;, in an expanding cosmology (+ the proper distance to the object)

d, = (L)l/2 = Ryr(1+2)

4ATTF

(Derivation)
* Consider an object emitting with luminosity L at a time ..
= Suppose only photons of frequency v, at time t,.

(This frequency drops out in the end, so our result is perfectly general.)
= We place the object at the origin of the coordinate system, and suppose that we sit at coordinate

position r in this system, as given in Eq. (12.13).
- # of photons the object emits in a small time interval 6t, (in a spherically symmetric manner).

N = L§t./hv, . (12.35)

- In other words, the luminosity L (or the emitted energy /time =E./&t. ) in terms of the # of photons

N

_ E. _ Nhv, _
=5 = (Ee = Nhv,)

- the proper area of the sphere when the photons reach our coordinate distance
A = Ry*r? §p dO? = 4nR,*r?. (12.36)
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- Now, the photons have been redshifted by the amount (1 + z) = Ry/R(t.) to frequency vq:
hvg = hvo/(1 + 2). (12.37)

- Moreover, they arrive spread out over a time 6ty, which is also stretched by the redshift:
8ty = 6t.(1+12).(12.38)

- The total energy Ej received during 6t (4 angle) Eg = Nhvy = Nhv,. /(1 + z)=

Ey _ E/(+2) _ L

Sty bte(1+2)  (1+2)?

- The energy flux at the observation time t; is thus Nhvy/(Adty), from which it follows that

FoPo__ 1L L

Ee
1+z

Or, the Power received by whole area A P, =

A~ A(1+2)?  4TRr2(1+2)2
L

wo dy = (m)l/2 = Ror (1+2)= R(t.)r(1 + 2)?

Or

Nhve

F =E0/(A6t0) = NhVO/(A6t0)= T /(Aﬁte(l + Z))
L L

) A(1+2)? = 4TRy%12(1+2)% (12.39)
The luminosity distance from Eq. (12.34) & (12.39)

d = (L)l/z = Ror(1+ 2z) = R(t.)r(1+2)%. (12.40) QED

4TF

o the comoving coordinate 1 as a function of the redshift z
the photon trajectory (use Eq. (12.13) : ds? = 0 (a photon world line) and dQ? = 0 (photon traveling
on a radial line).

leads to the differential equation

dr dt dz
e = RO - Rem@y (1241

where the last step follows from differentiating Eq. (12.21) 1+ z = R(¢,)/R(¢).
for small r and z the curvature parameter k will come into the solution only at second order.
Ignoring k and working only to first order beyond the Euclidean relations, we get

d = Ryr(1+2) = (;—z) [1 + (1 + %HH—O‘;) z] + o

- (;_ZO) [1+2(1 - go)z] + . (12.42) (k=0)
If we can measure the luminosity distances d, and redshifts z of a number of objects, then we can in
principle measure Hy & H,.
Measurements of this kind led to the discovery of the accelerating expansion of the universe (below).

[I. the angular diameter distance.
in a Euclidean space the angular size 8 of an object at a distance d can be inferred if we know the
proper diameter D of the object transverse to the line of sight,
0 =D/d.
This leads to the definition of
the angular diameter distance d4 :
d, =D/6. (12.43)
The dependence of d4 on redshift z is
dy=Rcr=(1+2)"%d,
=Ryr(1+2)71, (12.44)
where R, is the scale factor of the universe when the photon was emitted. The analogous expression
to Eq. (12.42) is
d, = Ror/(1 +2) = (i) [1 + (—1 +1H—°2) z] 4. (1245)
H 2 Hy
= There are situations where we have an estimate of the comoving diameter D of an emitter.
the temperature irregularities in maps of the cosmic microwave background radiation have a length
scale that is determined by the physics of the early universe.
Observing the objects with very high redshifts.
* Some galaxies and quasars are known at redshifts greater than z = 6.
* The CMB originated at redshift z~ 1100, and is our best tool for understanding the Big Bang.
= Even so, the universe was already some 300 000 years old at that redshift. Gravitational wave
detectors may detect random radiation from the Big Bang itself, originating when the universe
was only a fraction of a second old.
in the extension of the nonrelativistic formula v = Hd into relativistic language, we were forced to re-
think the meaning of all the terms in the equations and to go back to the quantities we can directly
measure. :
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The universe is accelerating!

- the expansion of the universe is not slowing down, but rather speeding up.

- This was done by essentially making a plot of the luminosity distance against redshift, but where
luminosities are given in magnitudes. This is called the magnitude-redshift diagram, and we derive its
low-z expansion in Exer. 13, § 12.6.

- Two teams of astronomers, called the High-Z Supernova Search Team (Riess et al., 1998) and the
Supernova Cosmology Project (Perlmutter et al., 1999), respectively, used supernova explosions of
Type la as standard candles out to redshifts of order 1. The data from the High-Z Team are shown in
Fig. 12.3. See Filippenko (2008) for a full discussion.

- The top diagram shows the flux (magnitude) measurement for each of the supernovae
in the sample, along with error bars. The trend seems to curve upwards, meaning that at
high redshifts the supernovae are dimmer than expected. This would happen if the universe
were speeding up, because the supernovae would simply be further away than expected.

- Three possible fits are shown, and the best one has a large positive cosmological constant,

which we shall see below is the simplest way, within Einstein’s equations, that we can

accommodate acceleration.

The lower diagram shows the same data but plotting only the residuals from the fit to a flat universe.

This shows more clearly how the data favor the curve for the accelerating universe.

These studies were the first strong evidence for acceleration, but by now there are several

lines of investigation that lead to the same conclusion.

Gravity is universally attractive. If the energy density of the universe exerts attractive gravity, the

expansion should be slowing down. Instead it speeds up.

44
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Figure 12.3 The trend of luminosity versus redshift for Type la supernovae is fit best with an accelerating
universe. The lower part of this curve determines HO, the upper part demonstrates acceleration. (High-Z
Supernova Search Team: Riess, et al, 1998.)

- What can be the cause of this repulsion? — Dark Energy!
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12.3 Cosmological dynamics : understanding the expanding universe
We will study Einstein’s equations, with relatively simple perfect-fluid physics and with the
cosmological constant that seems to be implied by the expansion.

Dynamics of Robertson—Walker universes: Big Bang and dark energy
o (Metric)
= A homogeneous & isotropic universe is described by the Robertson—-Walker metrics given by Eq. (12.13).

ds?(t) = —dt? + R?(¢t)

2
%r—z + rzdﬂz] . (12.13)| R(t): the scale factor

= Depending on just one function, R(t), which will be determined by the Einstein’s equations.

o ( the stress-energy tensor)
= We idealize the universe as filled with a homogeneous perfect fluid.
= The fluid must be at rest in the preferred cosmological frame, for otherwise its velocity would allow us to distinguish one spatial direction
from another: the universe would not be isotropic.
= Therefore, the stress-energy tensor will take the form of Eq. (4.36) in the cosmological rest frame.
p00O0

T = (pc2 + p)U“Uﬁ +pn® atrest U, =(1, 6) gives Toaﬁ = 8 g 2 8
0Ooop
= Because of homogeneity, all fluid properties depend only on time:

p =p(t), p = p(t), etc.

the equation of motion for matter
wo_
T™".,=0
which follows from the Bianchi identities of Einstein’s field equations.

Because of isotropy, only the time component u = 0 is nonzero, giving (see Exer. 14, § 12.6)
d 3) — d (p3
Note) the LHS = the rate of change of its total energy in a volume,

the RHS = the work it does as it expands (—p d V).
Eq. of state

p = wpc?
Or,
pc? +3H(pc? +p) =0(w p+3(1+w)p=0)
Equation of state
p=wp
w: -1 -1/3 0 +3
phantom cos const  curvature nonrel  relativistic

Two simple cases, a matter-dominated cosmology and a radiation dominated cosmology.
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In a matter-dominated era,

The main energy density of the cosmological fluid is in cold nonrelativistic matter particles,
which have random velocities that are small and which therefore behave like dust: p = 0.
So we have

Matter-dom : % (pR®) =0.% p~R73(12.47)
In a radiation-dominated era,

the principal energy density of the cosmological fluid is in radiation or hot, highly relativistic particles, which have an e quation of state p =
1/3 p (Exer. 22, § 4.10). Then we get

- d 1 d
Radiation-dom : — (pR?) = —2p—(R?), (12.48)
or
Radiation-dom :% (pR*) =0.w p~R™*  (12.49)
In general,

B k 3
SR = —wp L (RY) > Lt (1 +w) 5 =0 > pRIAH) = const
w p~R_3(1+W)
Or,

p+3(1+w)Hp =0 §+ (1+w)§=0 ws pR3ATW) = const

w: -1 -1/3 0 +3
_2
a(t)~t3aw t# ot t! t2/3 t1/2
p~R—3(1+W) R+# R—O R—Z R—3 R4
phantom cos const curvature nonrel relativistic
Dark Energy Matter  Radiation

8mG

The Einstein equations G, + Agy, = C—ZT,“,/C2

Isotropy will guarantee that

G =0forallj,
and also that

ij X g]k
¢ only two components are independent,

Gerand (say) Gy
¢ But the Bianchi identity will provide a relationship between them, which we have already used in deriving the matter equationin the
previous paragraph. (The same happened for the spherical star.)
Therefore we only need compute one component of the Einstein tensor (see Exer. 16, § 12.6):
Gy = 3(R/R)? + 3k/R%.  (12.50)

Therefore, besides Egs. (12.47) or (12.49), we have only one further equation,
the Einstein equation with cosmological constant A

8nG
Gtt + Agtt = 7Ttt/cz. (1251)
The cosmological constant can be given the notation
T /2 = — Ay gaB (12,52
A 8nG T

the energy density and pressure of the cosmological constant ‘fluid” are

_ A — 2
PA =gz Pa=—pac”. (12.53)

the dark energy p, ,

is expected to be positive, A = 0. while its associated dark pressure p, has the opposite sign.
an energy that is not associated with any known matter field.

¢ As the universe expands, the dark energy density (and dark pressure) remain constant.

In these terms the tt-component of the Einstein equations can be written
1

. 1 4
SR? = =2k + R (Pmart + pa),| (12.54)

where ppmate for the energy density of the matter (including radiation).

Note) the observed acceleration of our universe.

It appears (see below) that k = 0, or at least that the k-term is negligible.

the term R?pp.c decreases as R increases, while the term R?p, increases rather strongly.

At present, p > Pmatt, and the result is that R increases as R increases.

This trend must continue now forever, provided the acceleration is truly propelled by a cosmological constant, and not by some physical
field that will go away later.

How, physically, can a positive dark energy density drive the universe into accelerated expansion? Is not positive energy gravitationally
attractive, so would it not act to slow down the expansion?
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¢ To answer this it is helpful to look at the spatial part of Einstein’s equations.
o it follows from the two basic equations Eq. (12.46) and the time-derivative of Eq. (12.54).
the combination of these two equations implies the following

simple ‘equation of motion’ for the scale factor:

R_ _4m
7= 3 (p+3p), (12.55)

where p & p are the total energy density & pressure, including both the normal matter & the dark energy.
¢ The acceleration is produced, not by the energy density alone, but by p + 3p.
We have met this combination before, in Exer. 20, § 8.6, where we showed that the source of the faraway Newtonian field is p + 3p(the
active gravitational mass), not just p.
In the cosmological context, the same combination generates the cosmic acceleration.
¢ the negative pressure associated with the cosmological constant can make this sum negative, driving the universe faster and faster.
e Einstein’s gravity with a cosmological constant has a kind of in-built anti-gravity!

¢ Notice that a negative pressure is not by any means unphysical.

¢ Negative stress is called tension, and in a stretched rubber band, for example, the component of the stress tensor along theband is
negative.

¢ Interestingly, our analogy using a balloon to represent the expanding universe also introduces a negative pressure, the tension in the
stretched rubber.
What is remarkable about the dark energy is that its tension is so large, and it is isotropic.
See Exer. 18, § 12.6 for a further discussion of the tension in this ‘fluid’.

The dynamics of R
For Eq. (12.54),
41

ZR? = =2k + R (pm + pp), (12.54)
the LHS looks like a ‘kinetic energy’ and the RHS contains a constant (—k/2) that plays the role of the ‘total energy’ and a potential term
proportional to R%(pp, + pa).

The dynamics of R will be constrained by this energy equation.

Or,

1 kc?  4nG AnG

EHz(t) =-op +T(Pm +pp) = _3_(pm + P+ pa)

) ke A 8nG kc? 8nG 8nG

HO= -G+ 543 =t (Pnton) == (ont ot rn)
where

H=R/R the Hubble parameter

—_3k _ 3 kG —Ac=
Px = 8mRZ 3,-[5( RZ) Pr= 8nG

¢ In the far distant future : (Let py = 0)
o (k=-1)
if pp >0, A-dominating era; if pp =0, k-dominant era
pa + px >0 an expanding hyperbolic universe will never stop expanding.
o (k =0) For the flat universe
o if pp >0, an expanding universe will also never stop ;
o if pp =0, then matter dominating era!
it could asymptotically slow down to a zero expansion rate as R approaches infinity, since the matter density will decrease at least as
fastas R=3.
o (k=1)
An expanding closed universe
o If pp =0, matter-dominat era (expansion)
reach a maximum expansion radius and then re-collapse, eventually reaches another singularity, called the Big Crunch!
o Butif pp >0, then the ultimate fate of an expanding closed universe depends on the balance of p,, and p,.
¢ a Big Bang(the scale factor R =0 ) at a finite time in the past?
o Eq. (12.54) shows that, as R gets smaller, the matter term gets more and more important compared to the curvature term—k/2.
o Therefore, R # 0 at any time in the past since our universe is expanding now.
o The existence of a Big Bang, i.e. whether we reach R = 0 at a finite time in the past,
o depends only on the behavior of the matter;
o the curvature term is not important,
o and all three kinds of universes have qualitatively similar histories.

¢ aradiation-dominated universe with A = 0 for simplicity.
We write p = BR™* for some constant B. Neglecting k in Eq. (12.54) gives

:
R? = ZmBR2,
or
1/2
S (gnB) R™1. (12.56)

This has the solution
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1
R? = (ZmB) (¢t - T), (12.57)
where T is a constant of integration.
So, indeed, R = 0 was achieved at a finite time in the past,
and we adjust our zero of time sothat R=0att=0,i.e.,, T=0, hence,
an expansion rate where
R(t) oct1/2,

for a matter-dominated cosmology with p, =0,
we find (see Exer. 19,§ 12.6)
R(t) o £2/3

If pp > 0, there is no qualitative change in the conclusion,
since the term involving p, simply increases the value of R at any value of R, and this brings the time where R = 0 closer to the present
epoch.
If pm>0and if A 2 0, then Einstein’s equations make the Big Bang inevitable:
the universe began with R = 0 at a finite time in the past.
the cosmological singularity: the curvature tensor is singular, tidal forces become infinitely large, and Einstein’s equations do not allow
us to continue the solution to earlier times. Within the Einstein framework we cannot ask questions about what came before the Big
Bang: time simply began there.
How certain, then, is our conclusion that the universe began with a Big Bang?
First, we must ask if isotropy and homogeneity were crucial; the answer is no.
The ‘singularity theorems’ of Penrose and Hawking (see Hawking and Ellis 1973) have shown that our universe certainly had a singularity
in its past, regardless of how asymmetric it may have been. But the theorems predict only the existence of the singularity: the nature of
the singularity is unknown, except that it has the property that at least one particle in the present universe must have orignated in it.
Nevertheless, the evidence is strong indeed that we all originated in it.
The singularity theorems of necessity assume (1) something about the nature of Tuv, and (2) that Einstein’s equations (without
cosmological constant) are valid at all R.
The assumption about the positivity of the energy density of matter can be challenged if we allow quantum effects. Fluctuations can
create negative energy for short times.
In principle, therefore, our conclusions are not reliable if we are within one

Planck time tp;= GMp/c? ~107*3s of the Big Bang!
(Recall the definition of the Planck mass in Eq. (11.111).)
This is the domain of quantum gravity, governing the universe before the Big Bang.
Philosophically satisfying as this might be, it has little practical relevance to the universe
we see today. We might not be able to start our universe model evolving from t = 0, but
we can certainly start it from, say, t = 100tp; within the Einstein framework.
The primary uncertainties about understanding the physical cosmology that we see around us are, as we will discuss below, tobe found
in the physics of the early universe, not in the time
immediately around the Big Bang.

So far we have restricted our attention to the case of a positive cosmological constant.

Cosmologies with negative cosmological constant left to the exercises.

Einstein introduced the cosmological constant in order to allow his equations to have a

static solution, R = 0.

He did not know about the Hubble flow at the time, and he followed the standard assumption of his day that the universe was satic.
Even in the framework of Newtonian gravity, this would have presented problems.

We have to do more than just set R = 0 in Eq. (12.54); we have to guarantee that the

solution is an equilibrium one, that the dynamics won’t change R, i.e. that the universe is

at a minimum or maximum of the ‘potential’ we discussed earlier.

We show in Exer. 20,§ 12.6 that the static solution requires

1
Pa = 3 Po-

For Einstein’s static solution, the dark energy density has to be exactly half of the matter

energy density. We shall see below that in our universe the measured value of the dark

energy density is about twice that of the matter energy density, so we are near to but not

exactly at Einstein’s static solution.

In general,
3(14+w)

H2(t) = %pw~R—3(1+w) ws RoR=(#3W)/2 s APRAHIWY/2 Lt ws R 2 ~t
2

ws R~t30+w)

Critical density and the parameters of our universe

If we divide Eq. (12.54) by%nRz, we obtain :

3H? 3k

%= —%R—2+pm+p/\ =px + Pm + Pa (12‘58)
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or,
H? = 22 (pyaee + P+ pa)  (12.58-2)

Define the critical density (at present)
Pc = PHy = £5H02 = pl(\]/latt =+ pl(c) + p?\' (12.59)

and
Q) = pi(t) /pc

Then, (by dividing both side with Ho? = 2= (e + pf + p3) = - pc

1
H?(t) = Hp* . (Pmare(®) + px(t) + pa(D))

=Ho* () + Qm (8) + Q4 (1))
= Hy? (Q%qa74(6) + Qa3 (6) + Qa=2(t) + Qa3 (t)) w = —1 for ACDM
where the Hubble parameter H = R/R.
This equation becomes
PH = Px T Pm T+ Pa
where energy densities are defined as
A

pu =3H?/8nG, and py = —3k/8nGR*  py =_—.

e The Hubble energy density py is a threshold, the critical energy density p. for the universe:

3
pe = pu = 5= Ho®. (12.59)

o If pm + pa <P, then p>0 i.e., k<O, and the universe has hyperbolic hypersurfaces.
e Conversely, if py, + pa > pe, then, k>0, and the universe will be the closed model.
e we can divide the earlier energy-density equation, evaluated at the present time, by
pc to get
1=0 + Q + Q4. (12.60)
where Q; = pi/p. -
¢ The data from supernovae, the cosmic microwave background, and studies of the evolution of galaxy clusters (below) all suggest that our
universe at present has
0, =07, Q,=0.3, Q=0 atpresent. (12.61)
we live in a flat universe, dominated by a positive cosmological constant.
e What size do these numbers have? H, has the value
Hy=100h km s~ *Mpc™! with h = 0.71. (12.62)
Using this, the critical energy density is
pc = 1.87847(23) x 10726 h2kgm ™3 = 9.5 x 10™27kgm 3.
The density of baryonic matter (normal matter made of protons, neutrons, and electrons, including stars and galaxies,etc.) has (0}, = 0.04.
e The remaining is the dark matter {14, which is non-baryonic, does not emit light, and can be studied only indirectly, through its
gravitational effects.
Qn=Qp+Q4, Qp=0.04, Q4=0.26.(12.63)
e The variety of possible cosmological evolutions and the data are captured in the diagram
in Fig. 12.4. Questions: where in physics does this dark energy come from? at present there
is simply no good theory for it.

3

No big bang

Spergel et al. (2003)

Supernovae

Qy

CMB

Clusters

Figure 12.4 In the Q,, v. 4 plane one sees the variety of possible cosmological models, their histories and futures. The constraints
from studies of supernovae (Knop et al. 2003), the cosmic microwave background radiation (Spergel et al. 2003), and galaxy
clustering (Allen et al. 2002) are consistent with one another and all overlap in a small region of parameter space centered on (0, =
0.7 and Q,;, = 0.3. This means that (). = 0 to within the errors. Figure courtesy the Supernova Cosmology Project.

¢ From the point of view of general relativity, one of the most intriguing ways of studying
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the dark energy is with the LISA gravitational wave detector. As mentioned in § 9.5, LISA

observed coalescences of black holes at high redshifts and measure their distances. To do cosmography, we have to combine these
luminosity distance measures with redshifts. A gravitational-wave measurement would be a very desirable complement to other studies
of the dark energy, because it needs no calibration: it would be independent of the

assumptions of the cosmic distance ladder. It would therefore be an important check on the

systematic errors of other methods.

Z: 3,400 0.6 0
t=0  1sec 3min. 50,000 yr 370,000 yrs ~800Myrs 10% yrs  1.38x10%° yrs
T=00 1010k 10° K 8,700K 3,000K ~60K ~30K 3.8K 2.73K
2= o 3,400 1,100 20 10 0.66 0
v-decpl BBN Prad = PMatt Recombination 1st galaxies re-ionization pyae = pa
«— Radiation Dominated — | — Matter Dominated — | «— A Dominate
opaque  — |« transparent; CMB — |
quarks, baryons(p,n) Nucleus
leptons leptons(e,v) (p,n,He,) atoms(H, He)
gauge bosons ev v
) '2 ¥

6-parameter Lambda-CDM model
The first Friedmann equation gives the expansion rate in terms of the matter+radiation density p, the curvature k, and

the cosmological constant A,

kc?  8nG Ac?  8rnG

H*(t) = _W-I-Tpm t—3= T(PMatt + px + Pa)
where
_ 3ke? 3 _ Ac?
=i = ) P T

A critical density peit is the present-day density, which gives zero curvature k = 0, assuming the cosmological constant A is
zero, regardless of its actual value.

Substituting these conditions to the Friedmann equation gives

3Hy%c? energy
Perit = 3¢ ( Pt + PR+ PR) (——— SZG 1= o ]

=1.87847(23) x 10726h%kgm~3 = 0.95 x 10~ 26kgm™3
=mass of # 5.678 H-atom m~3
Cf) Mass of the Hydrogen atom my=1.673 x 10™%7kg

e If the cosmological constant were actually zero,

the critical density would also mark the dividing line between eventual recollapse of the universe to a Big Crunch, or

unlimited expansion.

e For the Lambda-CDM model with a positive cosmological constant (as observed),

the universe is predicted to expand forever regardless of whether the total density is slightly above or below the critical

density;

¢ though other outcomes are possible in extended models where the dark energy is not constant but actually time-

dependent.

the Friedmann equation can be conveniently rewritten in terms of the various density parameters as

’ 1
H2(@) = (%= Ho® - (wan() +pi(t) + (1)
=Ho? (M) + A (£) + Qn (1))
H(a) = Hy \/Qrada“‘(t) + 0% (= 0%, + 0D)a3@) + Qa~2(t) + Qpa=3UW (1)

where w is the equation of state parameter of dark energy, and assuming negligible neutrino mass (significant neutrino

mass requires a more complex equation).
The various Q° parameters add up to 1 by construction.
This is integrated to give a(t) and also observable distance-redshift relations for any chosen values of the cosmological

parameters, which can then be compared with observations such as supernovae and baryon acoustic oscillations.

In the minimal 6-parameter A-CDM model, it is assumed that curvature Q2 = 0 and w = —1, so this simplifies to

H(a) = Hy JQrada‘4(t) + 0% (=02, + 0)a3() + 08

Observations show that the radiation density is very small today, Q2 4;~10"%;
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https://en.wikipedia.org/wiki/Dark_energy
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if this term is neglected the above

H(a) = H, \Fl&a%(o Y

has an analytic solutionl3l

1/3
Oy .
a@® =|—=5| sinh?3(t/ty)
Qp
where

2
th = ——;

3H, /Qg

this is fairly accurate for a > 0.01 or ¢t > 10 million years.

Solving for a(t) = 1 gives the present age of the universe ¢, in terms of the other parameters.

the transition from decelerating to accelerating expansion (the second derivative occurred when

1/3

QY /
a=\|>—=5
208

which evaluates to a~0.6 or z~0.66 for the best-fit parameters estimated from the Planck spacecraft.

ZN: <https://en.wikipedia.org/wiki/Lambda-CDM model>

2
Note) Let a(t)~t"~t30+w)

Then, w w<-=1 40 1 1/3 0 -1/3 =2/3 -1
a(t)~nt™ 1, n n<o 0 1/31/2 2/3 1 2
da(t)~n(n — 1)t"2 a(t) N e 7
a(t) -\ “ +\ “A 42
a(t) + “s = “- 4+
And,
fw_dt ~tl-n
¢ a(t) ,
Note) Let a(t)~t"~t3G+w)
Then, woo—e -1-2-1/3 0 1/3 1 o
3(1+w) —oo 01 2 3 4 6 o
a(®)~nt"1, n -0 —oo/+w 1 2/3 1/2 1/3 0
iat)~n(n — 1)t"2 p()~a=30+W) g+ const a? a? a* a® a®
a(t) N e 2
a(t) =N Em N o+
a(t) - > — i+
Standard Model of Particle Physics
Interactions : gauge boson Mass  Gauge Group Quantum Field Theory
Strong, gluon g 0 SU(3) ("color"charge) Quantum Chromodynamics(QCD)
electromagnetic, photon y 0 U(1) ("charge") Quantum Electrodynamics(QED)
weak W+, W=, my = 80.39 GeV/c? SU(2)("weak"charge) (cf: Electroweka theory)
VA mz = 91.19 GeV/c?
gravitational graviton g,,,, 0 General Linear Group  (Quantum General Relativity?)

Note : # gauge bosons for SU(N) =N? — 1

Matter

Quarks(qy, g, 1 = (D, ¢, f)(D =u,d;c,f =1,23) D:doublet, c:color, f:family

+Leptons (I;,;,I = (D, f)(D =v,e; f =1,2,3)
Spin 1/2 Fermions,

3-family,

doublets (under weak interaction)

Antimatter : same mass & spin, opposite charge

Gauge bosons+Higgs boson
Spin 1 gauge boson, (spin 0 Higgs boson)
(gA nglA = 1,...,8 = 32 -1

v=v, Z =12 (real) W% =W (complex)
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Mass lepton

m, = 0.511 MeV/c?
m, = 105 MeV/c?
m, = 1.78 GeV/c?

Mass-quarks

my,q~ few MeV/c?
mg = 96 MeV/c?
m, = 1.28 GeV/c?

my, = 4.2 GeV/c?
m; = 173 GeV/c?

my = 125 GeV/c?


https://en.wikipedia.org/wiki/Lambda-CDM_model#cite_note-13
https://en.wikipedia.org/wiki/Planck_(spacecraft)
https://en.wikipedia.org/wiki/Lambda-CDM_model

H = H real)

The Standard Model elementary particles can be summarized as follows:

Elementary
particles
Elementary Elementary
fermions bosons
Half-integer spin Integer spin
Obey the Fermi- Bose-Einstein
Dirac statistics statistics
Quarks and Leptons & antileptons Gauge bosons Scalar
antiquarks Spin = 1/2 Spin =1 bosons
Spin = 1/2 No color charge Force carriers Spin =0
color charge Electroweak interactions
strong, E&W (No strong interaction)
3 generations Three generations Four kinds Unique
1.Up (u), 1. Electron (e—), 11 1. Photon(y)
Down (d) Electr neutrino(ve) (el-mag inter) Higgs
2.Charm (c), 2.Muon (u-), 2. W&8Z(Wt, 7) boson
Strange (s) Muon neutrino(v) (weak inter) (HO)
3.Top (1), 3.Tau (1-), 3.#8 gluons (g)
Bottom (b) Tau neutrino(vt) (strong inter)
Notes. [t] An anti-electron (e+) is conventionally called a “positron”.
£ K. <https://en.wikipedia.org/wiki/Standard Model>
Standard Model of Elementary Particles
© - three generations of matter three generations of antimatter Interactions / force carrlers
. f{elementary fermions) - (elementary antifermions) “{elementary bosons)
| Il L1} I Il n
Y , s et g,
1% Rl 3 [l | 1-."_'.'.:“ o = 12597 _',':'_'.’.-:
- @ ® @ w
- charm | L antiup ‘ anticharm L antitop gluon higgs
N, o i_ \ V, L o o » "
. . : : ¥ 5 e E—
{ =L teval e Thbars | =3 bl LI Teal
. O
i ‘antibottom photon ny
P A 5 / lo)s
sy o ‘é’
12200 3 =--11--Fa.-7-.3 L 8 o=
1 Qg
1 ‘ L E vy ‘ 5S¢ ¢
| electron muon | | positron || antimuon antitau 7% hoson | L
L . FAN . J ! § & W y 2 N 7\ ) 0>
[72] . - > - -
Z 27 Zuerd (LR -r(’ I 27 zierd i [T KA <. I-Io'\--"_- i 14 fav AR ¥ 3
@ ] v SNy 5 y U i T Ry . 1
" @ @ ® 99 .
[l | electron muan : tau  electron || muon ta " -
1 neutrino || neutrino | neutrino | antineutrino | | antineutrino | | antineutrino W+ Basan J W™ bason

Interaction

.
L it}

In this Feynman diagram, an electron (e ) and a positron (e*) annihilate, producing a photon (y, represented by the blue sine

wave) that becomes a quark—antiquark pair (quark q, antiquark qO), after which the antiquark radiates a gluon (g, represented
by the green helix)

ZX: <https://en.wikipedia.org/wiki/Feynman_diagram>
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https://en.wikipedia.org/wiki/Integer
https://en.wikipedia.org/wiki/Bose%E2%80%93Einstein_statistics
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https://en.wikipedia.org/wiki/Quark
https://en.wikipedia.org/wiki/Color_charge
https://en.wikipedia.org/wiki/Strong_interaction
https://en.wikipedia.org/wiki/Lepton
https://en.wikipedia.org/wiki/Electroweak
https://en.wikipedia.org/wiki/Gauge_boson
https://en.wikipedia.org/wiki/Force_carrier
https://en.wikipedia.org/wiki/Scalar_boson
https://en.wikipedia.org/wiki/Scalar_boson
https://en.wikipedia.org/wiki/Quark#Table_of_properties
https://en.wikipedia.org/wiki/Up_quark
https://en.wikipedia.org/wiki/Down_quark
https://en.wikipedia.org/wiki/Charm_quark
https://en.wikipedia.org/wiki/Strange_quark
https://en.wikipedia.org/wiki/Top_quark
https://en.wikipedia.org/wiki/Bottom_quark
https://en.wikipedia.org/wiki/Electron
https://en.wikipedia.org/wiki/Standard_Model#dagger1
https://en.wikipedia.org/wiki/Electron_neutrino
https://en.wikipedia.org/wiki/Muon
https://en.wikipedia.org/wiki/Muon_neutrino
https://en.wikipedia.org/wiki/Tau_(particle)
https://en.wikipedia.org/wiki/Tau_neutrino
https://en.wikipedia.org/wiki/Photon
https://en.wikipedia.org/wiki/Electromagnetic_interaction
https://en.wikipedia.org/wiki/W_and_Z_bosons
https://en.wikipedia.org/wiki/Weak_interaction
https://en.wikipedia.org/wiki/Gluon
https://en.wikipedia.org/wiki/Strong_interaction
https://en.wikipedia.org/wiki/Higgs_boson
https://en.wikipedia.org/wiki/Higgs_boson
https://en.wikipedia.org/wiki/Positron
https://en.wikipedia.org/wiki/Standard_Model
https://en.wikipedia.org/wiki/Electron
https://en.wikipedia.org/wiki/Positron
https://en.wikipedia.org/wiki/Annihilation
https://en.wikipedia.org/wiki/Photon
https://en.wikipedia.org/wiki/Quark
https://en.wikipedia.org/wiki/Antiquark
https://en.wikipedia.org/wiki/Gluon
https://en.wikipedia.org/wiki/Feynman_diagram

STRONG VERTICES

>w

WEAK VERTICES

Vel v, iv, d/s/b
ELECTROMAGNETIC VERTEX  ELECTROWEAK VERTICES

X+

Interactions in the Standard Model.

All Feynman diagrams in the model are built from combinations of these vertices.

g is any quark, g is a gluon, X is any charged particle, y is a photon, f is any fermion,

m is any particle with mass (with the possible exception of the neutrinos),

mB is any boson with mass.

In diagrams with multiple particle labels separated by / one particle label is chosen.

In diagrams with particle labels separated by | the labels must be chosen in the same order.

For example, in the four boson electroweak case the valid diagrams are WWWW, WWZZ, WWyy, WWZy. The conjugate of each

listed vertex (reversing the direction of arrows) is also allowed.
=X : <https://en.wikipedia.org/wiki/Standard Model>

Stability of leptons :only the lightest leptons (e, v;) are stable
Ve Vu Ve
ik (_) et neutrino : oscillation (stable)
e u T

u-—e +iv.+vy, mean life time S 10 ®sec

Overview : Thermal History of the Universe
Overview : Thermal History of the Universe

What When (t) When (z) When (T)  When (E)
Neutrino Decoupling 1 second 6x10° 1010k 1 MeV
Nucleosynthesis (BBN) 3 minutes 4x108 10° K 0.1MeV
Matter-Radiation Equality 50,000 years 3,400 8,700 K ~0.8eV
Recombination ~370,000 years 1,100 3,000 K ~0.3eV
Matter-A Equality 1010 years 0.4 3.8K ~3.2x10"*eV
Today 1.4x10%° years 0 2.73K ~2.3x107*
t=0 1sec 3min. 50,000 yr 370,000 yrs ~800Myrs 10 yrs  1.4x10%° yrs
T=c0 1010k 10° K 8,700K 3,000K ~60K ~30K 3.8K 2.73K
7= 3,400 1,100 20 10 0.4 0
Energy 200MeV  1MeV 0.1MeV ~0.8eV ~0.3eV ~3.2x107%eV  ~2.3x10~*
QCD Tr v-decpl - Prad = PMatt Recombination 1st galaxies re-ionization pyate = pPa
«— Radiation Dominated — | «— Matter Dominated — | «— A Dominated
opaque — | « transparent; CMB — |
quarks, baryons(p,n) Nucleus
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Time t vs Temperature T in radiation dominated era

2
t __ 24 (1MeV ) 1/2 1
(1 second) - @:( KaT ) Note : a~t and a -

Ex) kyT ~ 1 MeV at t=1sec

Energy density (Einstein Eq. H?(a) = (;)2= Zpi(pMatt(t) + pi(t) + pa(t))
C

1) Nonrelativistic, classical

Number density

3/2
n = g eBu-med (el
21 h?
HNunrel
Energy density

3
pNom‘el,cl(t) = Tl(mCZ + EkBT)

2) Relativistic
Number density

g((3) 1 Boson
TZh3c3 (ks ) % Fermion

Energy density
1 Boson

__9gr
Prad = 3005093 (ksT) {g Fermion
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In the cosmology,
2
Praa(t) = 9.(t) 5555 (kaT(D)*,

9+(t) =Y.Boson Ji + gZFermion Ji # of relativisitc degree of freedom
“”’;\_M_ﬁ“ T [K
" 214 .‘-|.\. .\_—mﬁ\;
170 Iey K
[eV “Agmm]
k MeV
Note : # polarization for spin s =2s+1, in general,
ex)spinl,m# 0, #pol=3
spinl,m =0, #pol=2
spin1/2,m # 0, # pol =2
left-handed v # pol =1
Ex) E = 100 GeV
Boson : (#pol g;)x #i gix #i Fermion
W,Z gi=3 #i=#(*,0=3 3x3=9 quark q;, q; Jq,X #1x(q,9)
y gy =2 2x1=2 q, =2
g1 Yg, =2 #I=8=32-1 2x8=16 #I = (D,c, f) =2x3x3=18 2x18x2=72
Higgs gy =1 1x1=1 leptons : gi x #ix(@,1)
total 28 Je; = 2 #er=3 2 x 3 x2=12
gvle #vp =3 1x3 x2=6

total 90
g. = 28 +x90=106.75

1) QCD Phase Transition (at T~200 MeV)
Quark Confinement-Deconfinement Phase Transition cf) Ice-water, water-vapor phase transition

Phase Deconfinement Confinement
t tgg=0 t~1075s Confinement

E, T kgT,E =oo (g. ~80) E,T~200MeV  (g.=10)

Particles  Quanrk-Gluon plasma Hadrons(Baryons, Mesons)
qi, qi, gluons, Baryons (qqq) p,n, A AE X etc.
Antibaryon (qqq) p etc.
Mesons (qq) m,p,n, etc.

Particles
Relativistic quarks, antiquark
leptons v;,7; et, v, v; et
9,7 Y,
Nonrelativisitc (ut,t%), (W, Z,H) p,n,

*Stability : Only the lightest baryon (proton) is stable.
Ex) Heavy Baryons(A, A, E, 2 etc.)— p,n (+v's) : life time S 10~ %sec
n—p+e +7, mean life time =~ 10 min.

Ex) E >~ 1 MeV
Relativistic species (No hadrons, neither y, 7)

Boson :

14 gy =2 _
Fermions : (+antiparticles) gux #Ix(L, 1)
Ve, Vi Vo Vi Gv; =1, #vp=3 1x 3 x2=6

e~ et ge=2, e:1 2 x2=4

. ; IFermions=10
9+ = JBoson +§X9Ferm =2 +§X10 = 10.75
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2) The e”e*- annihilation (around kzT =~ 2mc? ~ 1MeV or t = 1sec)

t tgg =0 1sec
kpT =0 Tyefore 1MeV Tfier
#e™ = #e't small #e~ = #p = n #y = 10~ °#y

=~ #ty~(kpT)’ fe* =0
Particles
Relativistic ~ v;, v;,e”, et v, Vi, e”

Y, Y,

Nonrelativisitc p,n, pn,

Note 1) The CP-symmetry violation
Slight eccess of the "particles"e™ to the "antiparticles” e* before annihilation

Y —14p=1+10"°

#et
2) Temperature increase due to the annihilation

11 1/3
Tafter = (T) Thefore

Ex) E S 1MeV
Relativistic species (No hadrons, neither e, y, 7)
Boson :
Y 9y = 2 _
Fermions : (+antiparticles) g, x #I1 x(, 1)
VeV Ve Gy = 1, #vy=3 1x 3 x2=6
JFermions=06
7
9+ = JBoson +§X9Ferm
=2 +§X6= 7.25 (Assuming T, =T,)
Note : Actually, g. = 3.4 sinceT, > T, (duetoe™ + et — 2y increasing T, ) annihilation

1) Neutrino decoupling (around kzT =~ 0.8MeV or t = 2sec)

t tgp =0 2 sec
kgT = oo 0.8 MeV
I'>H '~H '<H
weak inter:  thermal equil v-decoupling,  out of equil
n freeze-out
Relativistic Y, Y,
e, et e~
Vi, 171', Vi, Vi'
Nonrelativisitc p,n, pn, *myc? = 939.6 MeV
myc? = 938.3 MeV
o g—Pamc? v-decoupled Amc? = 1.3MeV
P
Interaction rate Hubble parameter
_ T3~ om2 —a® 1 1 2
I'=nov (n~T3 ov~GT?) H(t)—a(t) -~ ~T
~T5
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- __amc? _13MevV 4
Note 2) n—n ~ e kBTdec = e 08MeV =~ g
dec

Note 3) After decoupling (t > tg.. = 2sec),
neutron density decreases only by f-decay (n = p+e~ +v,, 71, =880 sec)
t

1 _
G gnp(tdec)e m

1) Nucleosynthesis (around t~min)

Nucleosynthesis
t tgp =0 360sec
kgT = Tp ~0.06MeV
D-formation
_ _ 4\1/3

Relativistic v;, V; (decoupled) v;, V; (decoupled) T, = (H) T,

e” e”

14
Nonrelativisitc p,m, p ,*He,?D ,3He,3H, Li, Be

N —— ‘-ig ‘-v-_'9
0.75 0.25 10~5 10~5 1075 107° 10

Minutes: 1/60 1 5 15 60
10' + s 4 PSS 7 ST n

g ’
210
&
£
S0
10
107 L ; Hoeo d
10 10 , 10 10
Temperature (10 K)
- Neutron n

t

1 -
Ny (t) = Enp(tdec)e n

- Deuterium D (= (n, p) bounds, E2, 4 = 2.2MeV) when
kpT 32 Efina
o~y (—B—> e *8T  ~1 when kgTp < 0.06MeV or tp ~ 360sec

2
mpc

- Heavier elements (He, Li, etc.) forms after t, =~ 360sec (T < Tp)
All neutrons at t =t = 360sec,

n 4+——360.
;: (tp) = ;e w0 = 0.13

are bound to *He (El‘:il'r[f1 ~ 28MeV)

e — /2 - 07 (# fraction= 0.07, mass fraction= 0.28)

ny Np—Np
Helium occupies 25% of the baryonic mass. (Remaining 75% Hydrogen)
cf) Mass fraction of

Deuterium D ~1075 (EZ 4 = 2.2MeV)

Helium-3 3He~10"5 (E ¢ = 7.7MeV)

Note : Dark Matter decoupling around kT =~ 102GeV DM decoupling
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History of the Universe
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Neutral Hydrogen Forms
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3
(24

001s 3 min 380,000 yrs 13.8 Billion yrs
Age of the Universe

History of the Universe — gravitational waves are hypothesized to arise from cosmic inflation, a faster-than-light expansion just after

the Big Bang

EX: <https://en.wikipedia.org/wiki/Physical cosmology>

DM QCD phstr e~e*-annih  v-decpl Nucleosynthesis
t tgg =0 decoupling 107°s 1sec 2sec 360sec
Tpm Tqacp To-et Ty.dcpl Tp
kgT = 102GeV 200MeV 1MeV 0.8MeV 0.06MeV
Deuterium formation
Relativistic quarks, qijf_lil Vi, 17,:, Vi, 17i, Vi, 171" Vi, 17i,
leptons 1;,l; e, et e~ e~ e”
9y, W*Z,H 12 12 12 v
Nonrelativisitc (DM) p,n, 1, p,n, p, Het+ D+
T,=T, T,=T, T, =T, T, #T,
=Tpu #* Tpyu # Tpm # Tpy
(y,v.DM y, v :atequil v : out of equil
allequil) DM : out of equil (decouped) (v & DM decoupled)

Standard Model of Elementary Particles and Gravity

three generations of matter Interactions / force carrlers
{termions) (bosons)
I I
u c t g H G
up cham top gluon higgs graviton
—
d s b Y.
dawn stanye buttomn phatan
e 1} T 2
electron muon tau 2 hoson
Ve Vu Vi W
et “uan "
—

The Standard Model of elementary particles + hypothetical Graviton

22-2 PhnomPenh H|O| X| 30


https://en.wikipedia.org/wiki/Universe
https://en.wikipedia.org/wiki/Gravitational_wave
https://en.wikipedia.org/wiki/Inflation_(cosmology)
https://en.wikipedia.org/wiki/Faster-than-light#Universal_expansion
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=X : <https://en.wikipedia.org/wiki/Unified field theory>

Strength
Electroweak TOE
100 10" 10'°
Energy
Inflation EW Phase Tr. QCD phs tr e~e™-annih/ v-decpl
t tgg=0 10736s 10712 s 10765 1sec
Tinfi Tew Tqco Te-e+
kgT =00 10%5GeV 102%GeV 200MeV 1MeV
Inflation EW Quark Hadron
epoch epoch epoch epoch
>
Relativistic quarks, g;, g;, quarks, g;, g;, vi, Vi, v;, Vi,
leptons [;,1; leptons [;,l; e, et e~
g!y’ Wi’Z’H g!y’ y’ ]/,
Nonrelativisitc pn, p,n,

. the electroweak epoch :
16OGeV ~ TEW <T<s TGUT =~ 1olsGeV 10_3656(: =~ tGUT StsS tEW =~ 10_1ZSEC
the strong force separated from the electroweak interaction,

electromagnetism & the weak interaction remain merged into a single electroweak interaction

the critical temperature for electroweak symmetry breaking Tgy, =159.5+1.5 GeV .

the electroweak epoch may be at the start of the inflationary epoch, t~103¢ sec

or at 10732 sec the inflaton field filling the universe with a dense, hot quark—gluon plasma.

large numbers of W and Z bosons and Higgs bosons in this phase.

when t=~ tgy, ~ 10712sec, W and Z bosons ceased to be created at observable rates. The remaining W and Z bosons decayed

quickly, and the weak interaction became a short-range force in the following quark epoch.

The electroweak epoch ended with an electroweak phase transition.
If first order, this could source a gravitational wave background.lell

The electroweak phase transition is also a potential source of baryogenesis, provided the Sakharov conditions are satisfied.

In the minimal Standard Model, the transition during the electroweak epoch was not a first- or a second-order phase
transition but a continuous crossover, preventing any baryogenesis, or the production of an observable gravitational wave

background.
many extensions to the Standard Model including supersymmetry and the two-Higgs-doublet model have a first-order

electroweak phase transition (but require additional CP violation).
See also

Chronology of the universe

ZEX: <https://en.wikipedia.org/wiki/Electroweak epoch>

Baryogenesis

(Redirected from Electroweak baryogenesis)

baryogenesis :
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the physical process to produce baryonic asymmetry,

i.e. the imbalance of matter (baryons) and antimatter (antibaryons) in the observed universe.

One of the outstanding problems in modern physics is the predominance of matter over antimatter in the universe.
A number of theoretical mechanisms are proposed to account for this discrepancy, namely identifying conditions that
favour symmetry breaking and the creation of normal matter (as opposed to antimatter).

This imbalance has to be exceptionally small, on the order of 1 in every 1630000000 (~2x10~%) particles.

Two main Baryogenesis theories are

1) electroweak baryogenesis (standard model), which would occur during the electroweak epoch,

2) and the GUT baryogenesis, which would occur during or shortly after the grand unification epoch.

Baryogenesis is followed by primordial nucleosynthesis, when atomic nuclei began to form.

Background

Once the universe expanded and cooled to a critical temperature of approximately 2x102 K, quarks combined into normal
matter and antimatter and proceeded to annihilate up to the small initial asymmetry of about one part in five billion, leaving
the matter around us.

GUT Baryogenesis under Sakharov conditions[edit]

In 1967, Andrei Sakharov proposed: a set of three necessary conditions that a baryon-generating interaction must satisfy to
produce matter and antimatter at different rates.

The three necessary "Sakharov conditions" are:

Baryon number violation.

C-symmetry and CP-symmetry violation.

Interactions out of thermal equilibrium.

Baryon # violation is a necessary condition to produce an excess of baryons over anti-baryons.

But C-symmetry violation is also needed so that the interactions which produce more baryons than anti-baryons will not be
counterbalanced by interactions which produce more anti-baryons than baryons.

CP-symmetry violation is similarly required because otherwise equal numbers of |left-handed baryons and right-handed anti-
baryons would be produced, as well as equal numbers of left-handed anti-baryons and right-handed baryons.

Finally, the interactions must be out of thermal equilibrium, since otherwise CPT symmetry would assure compensation
between processes increasing and decreasing the baryon number.:

Currently, there is no experimental evidence of particle interactions where the conservation of baryon number is
broken perturbatively: this would appear to suggest that all observed particle reactions have equal baryon number before
and after.

However, the Standard Model is known to violate the conservation of baryon number only non-perturbatively: a global U(1)
anomaly.

To account for baryon violation in baryogenesis, such events (including proton decay) can occur in Grand Unification
Theories (GUTs) and supersymmetric (SUSY) models via hypothetical massive bosons such as the X boson.

The second condition — violation of CP-symmetry — was discovered in 1964 (direct CP-violation, that is violation of CP-

symmetry in a decay process, was discovered later, in 1999)..

Due to CPT symmetry, violation of CP-symmetry demands violation of time inversion symmetry, or T-symmetry.

In the out-of-equilibrium decay scenario,= the last condition states that the rate of a reaction which generates baryon-
asymmetry must be less than the rate of expansion of the universe. In this situation the particles and their corresponding
antiparticles do not achieve thermal equilibrium due to rapid expansion decreasing the occurrence of pair-annihilation.

Baryogenesis within the Standard Model [edit
The Standard Model can incorporate baryogenesis, though the amount of net baryons (and leptons) thus created may not
be sufficient to account for the present baryon asymmetry.

Baryogenesis within the Standard Model requires the electroweak symmetry breaking to be a first-order phase transition,
since otherwise sphalerons wipe off any baryon asymmetry that happened up to the phase transition.

Beyond this, the remaining amount of baryon non-conserving interactions is negligible.

The phase transition domain wall breaks the P-symmetry spontaneously, allowing for CP-symmetry violating interactions to
break C-symmetry on both its sides.

Quarks tend to accumulate on the broken phase side of the domain wall, while anti-quarks tend to accumulate on its
unbroken phase side.

Due to CP-symmetry violating electroweak interactions, some amplitudes involving quarks are not equal to the
corresponding amplitudes involving anti-quarks, but rather have opposite phase (see CKM matrix and Kaon);

since time reversal takes an amplitude to its complex conjugate, CPT-symmetry is conserved in this entire process.
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- Though some of their amplitudes have opposite phases, both quarks and anti-quarks have positive energy, and hence
acquire the same phase as they move in space-time. This phase also depends on their mass, which is identical but depends
both on flavor and on the Higgs VEV which changes along the domain wall.:

Thus certain sums of amplitudes for quarks have different absolute values compared to those of anti-quarks.

In all, quarks and anti-quarks may have different reflection and transmission probabilities through the domain wall, and it
turns out that more quarks coming from the unbroken phase are transmitted compared to anti-quarks.

Thus there is a net baryonic flux through the domain wall. Due to sphaleron transitions, which are abundant in the unbroken
phase, the net anti-baryonic content of the unbroken phase is wiped off as anti-baryons are transformed into leptons.:
However, sphalerons are rare enough in the broken phase as not to wipe off the excess of baryons there.

In total, there is net creation of baryons (as well as leptons).

In this scenario, non-perturbative electroweak interactions (i.e. the sphaleron) are responsible for the B-violation, the
perturbative electroweak Lagrangian is responsible for the CP-violation, and the domain wall is responsible for the lack of
thermal equilibrium and the P-violation; together with the CP-violation it also creates a C-violation in each of its sides.
Matter content in the universe[edit]

See also: Baryon asymmetry

The central question to Baryogenesis is what causes the preference for matter over antimatter in the universe, as well as the

magnitude of this asymmetry. An important quantifier is the asymmetry parameter, given by
_np—Ng

ny
where ng and ng refer to the number density of baryons and antibaryons respectively and n, is the number density of cosmic
background radiation photons.:
According to the Big Bang model, matter decoupled from the cosmic background radiation (CBR) at a temperature of
roughly 3000 kelvin, corresponding to an average kinetic energy of 3000 K / (10.08x10: K/eV) = 0.3 eV. After the decoupling,
the tota/ number of CBR photons remains constant. Therefore, due to space-time expansion, the photon density decreases.
The photon density at equilibrium temperature T per cubic centimeter, is given by

T

3
~ - -3
n, = 20.3 (11() cm

with k. as the Boltzmann constant, » as the Planck constant divided by 27 and ¢ as the speed of light in vacuum, and ¢(3)
as Apéry's constant.
At the current CBR photon temperature of 2.725 K, this corresponds to a photon density n, of around 411 CBR photons per
cubic centimeter.
Therefore, the asymmetry parameter n, as defined above, is not the "best" parameter. Instead, the preferred asymmetry
parameter uses the entropy density s,

np —Np

Ns = s

because the entropy density of the universe remained reasonably constant throughout most of its evolution. The entropy
density is

with p and o as the pressure and density from the energy density tensor 7., and g. as the effective number of degrees of
freedom for "massless” particles at temperature 7 (in so far as me: < k1 holds),

for bosons and fermions with g and g degrees of freedom at temperatures 7 and T, respectively. At the present
epoch, s = 7.04 n,.=

X <https://en.wikipedia.org/wiki/Bar troweak_baryogenesis >

. the Quark epoch

In this period the fundamental interactions of gravitation, electromagnetism, the strong interaction and the weak

interaction had taken their present forms,

but the temperature of the universe was still too high to allow quarks to bind together to form hadrons.

The quark epoch began approximately 10" sec after the Big Bang, when the preceding electroweak epoch ended as

the electroweak interaction separated into the weak interaction and electromagnetism.

During the quark epoch the universe was filled with a dense, hot quark—gluon plasma, containing quarks, leptons and

their antiparticles. Collisions between particles were too energetic to allow quarks to combine into mesons or baryons.

The quark epoch ended when the universe was about 10" seconds old, when the average energy of particle interactions had
fallen below the binding energy of hadrons.
The following period, when quarks became confined within hadrons, is known as the hadron epoch.

EX: <https://en.wikipedia.org/wiki/Quark_epoch>
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